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Abstract

For more than two decades, remarkable progress has been made in the construc-
tion of supersymmetric Standard Model-like theories from the heterotic string the-
ory. In particular, considerable effort has been invested in studying the abun-
dant phenomenological features of heterotic strings exhibiting A/ = 1 spacetime
supersymmetry. At the same time, their non-supersymmetric counterparts have re-
ceived little attention on the grounds that strings which do not exhibit spacetime
supersymmetry admit large one-loop dilaton tadpoles, and are therefore unsta-
ble. Nonetheless, in this epoch of data acquisition from high-luminosity exper-
iments, the observational absence of supersymmetry is striking. Consequently,
non-supersymmetric theories receive a profound interest in the particle physics
community.

In this thesis, a class of non-supersymmetric, tachyon-free, four-dimensional string
models is constructed via a string generalisation of Scherk-Schwarz compactifica-
tion. Such models demonstrate greatly enhanced finiteness and stability proper-
ties, and exhibit some general features on their mass spectra, the behaviour of
the one-loop cosmological constant and their interpolation properties. Special at-
tention is paid to how from an exponentially suppressed one-loop cosmological
constant, and therefore from an almost vanishing dilaton tadpole, finiteness and
stability ensue. The existence of such models is characterised by prominent phe-
nomenological features which involve their natural energy scales, particle-charge
assignments, and the magnitudes of the associated Yukawa couplings and scalar
masses. A radical result is the existence of Standard Model-like theories emerging
as the low energy limit of non-supersymmetric strings; there are no light superpart-

ners and supersymmetry is absent at all energy scales.
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A Calabi-Yau manifold in String Theory

“According to String Theory, what appears to be empty space is actually a tumultuous
ocean of strings vibrating at the precise frequencies that create the four dimensions

you and I call height, width, depth and time.”

Roy H. Williams



Chapter 1

Introduction

Knowledge must come through
action; you can have no test which is

not fanciful, save by trial.

Sophocles

Over the course of time, the irresistible challenge to understand and be able to
describe all natural phenomena has inevitably led to a significant evolution in
physics. As a result, the history of physics is marked by events when different
and seemingly unrelated phenomena were found to be related through theories
which had undergone considerable reformulation. A renowned example of such
an event is the unification of electricity and magnetism. The theoretical devel-
opments, followed by their experimental verification, established the success of
connecting various natural phenomena, with the most notable efforts starting in
the nineteenth century. That was the critical point, defining the genesis of unifi-
cation, the area in physics which aspires to provide an accurate description of all
the fundamental physical forces in terms of a unified set of mathematical relations
and theoretical laws, able to agree with experimental results and predict further
experimental observations.

The ultimate intellectual achievement of mankind will be the invention of a
theory that unifies all known fundamental forces - electromagnetic, gravitational,
strong and weak - and which will provide physicists with the ability to understand

what rules govern the various complex operations of nature. The Standard Model
1
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(SM) is only the first step in the ambitious scheme of constructing this long sought
after theory. Originally, the construction of the SM was attempted in 1973 by
Georgi and Glashow in an effort to shed some light on the principles underlying the
electroweak and strong interactions. By that time, the idea of obtaining a Grand
Unified Theory (GUT) had begun to take root and was inevitably influencing the
course of theoretical research. The mathematical model proposed in Ref. [1], was
the first instance of a GUT which postulates that all the SM gauge interactions are
embedded in a single, simple gauge group: the S U(5) GUT group. The embedding
relies on the relation 3 ® 2 = 5, which is better realised in the form of a block

diagonal matrix:

(1.0.1)

[SU(3)]Isx3 o
* [S U2)]2x2 555

This model bears the brunt of a couple of successes at a qualitative level and as
many failures at a quantitative level. Focusing first on its phenomenal successes, a

brief account is provided as follows:

« Unification in the aforementioned framework calls for the spontaneous break-
ing of SU(5) into SU(3) ® SU(2) ® U(1), which is successfully implemented
via the celebrated Brout-Englert-Higgs mechanism. The weak hypercharge is
generated by a traceless, diagonal matrix which commutes with the SU(3) ®
SU(?2), ie.

(1.0.2)

2 2 2
YEdiag( ),

N
so as to be consistent with the weak hypercharge values demanded in the
SM. A distinct feature of the emerging theory is the prediction for the ex-
istence of additional gauge bosons, identified as X and Y, as well as ad-
ditional fermions. These particles correspond to the off-diagonal blocks in
Eq. (1.0.1). There is plenty of information provided with regards to the
number of the existing particles. Conversely, there is limited to no informa-
tion regarding to the properties of the known particles, and most specifically
about the gauge bosons that had been discovered. The enlarged particle

content is a question unto itself concerning the assignment of the additional
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gauge bosons, and most importantly of the SM particle spectrum into S U(5)
representations. Here is the point at which the first advantage of having
an SU(5) GUT comes into play; in this framework all particles of a single
SM generation fall nicely into two irreducible representations of S U(5) and
the particles within either of the two irreducible representations are related
to one another through gauge transformations. For a mathematical clar-
ification, the left-handed particles fit into the five-dimensional vector rep-
resentation in conjunction with the ten-dimensional antisymmetric tensor
representation of S U(5), while the right-handed particles (antiparticles) suit
themselves into the conjugate representations. The representations for the

left-handed particles are defined as

de 0 uy -uy —ut —d'
dy —-ug 0 uj —u? —d?
5= d; | 1047 = us, —uf 0 —u® —d°| (1.0.3)
e” oW w0 —et
v, d & 4@ e 0
L L

which are expressed in terms of the S U(3) and S U(2) representations as well

as the U(1)y values as:

_ _ 1 — 1 — 2 1
= 1,+— 1.2. ——|: 10 = 1, —— 2, +— 1,1.1. (1.0.
5 (3, ,+3)ea(, : 2), 0 (3, , 3)ea(s, ,+6)ea(, ). (1.0.4)

A remarkable outcome of this decomposition is that the anomaly from the 5
representation is equal and opposite to the anomaly from the 10 representa-

tion, thus anomalies are cancelled and the S U(5) GUT is anomaly free [1].

» A noteworthy characteristic of the model is that there is an identification of
five distinct colour charges; three of these (blue, green, red) are the estab-
lished colour charges involved in the strong interactions and the other two
are novel colour charges involved in the weak interactions. It is notable that
there is no need for a sixth colour to be involved in the electromagnetic in-
teractions. Instead, the five colour charges are sufficient for the consistency
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of this proposed GUT. The colour charge assignment is immensely useful
in determining the only coupling constant of the unified theory, the electric
charge [2]. To assign the charge it is essential to utilise the weak hyper-
charge distribution on particles, as defined in Eq. (1.0.2). The charge is then
determined by

111
0= Iy + 1Y = diag( - 5, -5,~5.1.0), (1.0.5)

where I3 is a traceless generator of the SU(5) group. Subsequently, the
charge of quarks and leptons is inferred from the 5 multiplet in conjunction

with the fact that the overall electric charge Q is traceless. This yields

o= 1
30(@)+ Q) + Q) = 0 2= 0(d) = ~50(e). (1.0.6)
which construes charge quantisation; a phenomenon which cannot be ex-

plained within the SM context.

The spotlights are now turned on the failures of the proposed model. In the fol-

lowing, a brief account of those failures will be provided.

» All gauge interactions exhibit different coupling strengths. The strong force,
as befits its name, has the greatest coupling strength of interactions followed
by the weak force which has a slightly greater coupling strength than the
electromagnetic force. At the level of unified theories this observation is in
direct contrast with the concept of unification, which predicts that all unified
gauge interactions have a unique gauge coupling, and thus the strength of
their interactions is exactly equal. So, what kind of conspiracy could be

lurking amidst the gauge interactions that would allow true unification?

e The X and Y gauge bosons permit the occurrence of proton decay, i.e. they
mediate process such as p — e*n® that destabilise the proton. However, so
far there are no reported findings of a decaying proton. Indeed the proton
lifetime is experimentally found to be 103! years; a direct contradiction to the
lifetime predicted by this theory. It is only natural to assume that this theory

is at fault due to the extra gauge bosons that seem to have vastly different
September 20, 2016
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properties compared to the known ones.

Building on this prior work, Georgi, Quinn, and Weinberg addressed these failures
by demonstrating that unification is feasible provided that the S U(5) GUT group is
spontaneously broken to the S U(3)®S U(2),®U(1)y at an energy scale of the order
of 10'% GeV [3]. A good scientific strategy for checking the consistency of GUTs
with the experimental outcomes is to measure the coupling of each theory when
unification occurs. The unified coupling is related to the electromagnetic, strong
and weak couplings through a relation that is expressed in terms of the weak
mixing angle 6. The crucial measurement needed is that of sin’6y, which in the
case of this SU(5) GUT model is evaluated to be sin?6y, ~ 0.20 - about the same
value as that determined by experimental tests. Note that the unified coupling
runs according to the Renormalisation Group Equations (RGEs) and hence for its
computation one needs to consider a logarithmic scale. Indeed, what is taken
into account is the logarithm of the GUT scale. Therefore, a GUT scale of 10
GeV is considered to be in fact close enough to the Planck scale of 10 GeV - the
maximum energy scale that nature handles. Furthermore, a GUT with this order
of magnitude accords the appropriate framework for the incorporation of gravity,
and predicts a proton lifetime of 10%° years; a big enough value that it could be
considered compatible with the experimental data.

Even though these outcomes contribute to a vast amelioration in the SU(5)
GUT, they are still far from what one could define as ‘ideal’. The realisation
that there is still room for improvement is what prompted the theoretical physi-
cists to attempt the construction of other four-dimensional GUTs. In hot pursuit
of a desirable theory, an avalanche of ideas emerged in an effort to investigate
whether all fermions (and antifermions) could possibly be accommodated into
one irreducible representation. A prominent idea is that which promotes the lep-
ton number of fermions to a colour charge and in consequence claims the exis-
tence of a left-handed antineutrino. As it is argued in Refs. [4, 5], for the ful-
filment of this scenario the simplest course of action is to extend the SU(5) to
the S O(10) gauge group. There are thirty fermion fields of the S U(5) model plus
two heavy lepton fields which are neutral in charge. The thirty-two fermion fields
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(and antifermions) are accommodated into the reducible representation of S O(10):
16 @ 16. The Pati-Salam (SU(4) ® SU(2) ® SU(2)) representations can be unified
into S O(10) as 16 = (4,2, 1)®(4, 1, 2) and the S U(5) representations can be unified

into S O(10) as 1065@®1. A generation of fermions is then identified as follows [5]:

c c c C 1 2 3
u, ug veluw u* u v,

uy
16 = 1 2 g3

C C (4 + —

di dy d; e'|d d° d° e .

(1.0.7)

where the numbers 1,2,3 represent the colour charge of fermions. This is the
simplest unique extension of SU(5) and the allocation of the fermion fields to
two 16-dimensional irreducible complex spinor representations leaves the theory
anomaly free. It should be noted that the left-handed antineutrino is a SM singlet
and therefore in this framework is expected to get a GUT scale mass. This is what
inspired the idea of the see-saw mechanism, a subject which would be a diversion
from the purposes of this thesis.
Another interesting model that reproduces somehow the S O(10) results is the
Eg model proposed by Ref. [6]. The Eg group is the only exceptional group that
admits chiral representations and is big enough to allow the embedding of the
S 0(10) group. In this case, six quarks and nine leptons of both left- and right-
chirality fit into two 27-dimensional complex representations of the Eg, as follows
[6]:
27=(3,3,1)9(3,1,3)®(1,3,3), (1.0.8)

where the representation is decomposed into representations of the SU(3); ®
SUB3)r ® SU(3).!. A noteworthy characteristic of this model is that even if an-
other representation is chosen for the fermions, the resulting theory will always
be anomaly-free. Furthermore, the Eg group could be embedded in the E; group;
specifically the 56-dimensional of E; accommodates the two 27 representations
of Eg along with two singlets. This is what enables the unification of all fermions
into one irreducible representation, as it happens in the case of the S 0(10) GUT.

Despite the promising findings there is still a flood of theoretical questions that

IThis is the maximal compact subgroup of the Eg.
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cannot be addressed in the context of four-dimensional theories [7]. Among these
issues are the gauge hierarchy problem - the immense ambiguity in stabilising the
quantum effects of the GUT scale at the level of the electroweak scale, which
take the form of Ultraviolet (UV) divergences - and the fact that the unification
of Higgs or gauge bosons with leptons and quarks seems to be an insurmountable
hurdle. Throughout the years, the various developments in the field altered the
face of GUTs. The most outstanding development is the discovery of Supersym-
metry (SUSY). This is the only existing symmetry which allows the grouping of
particles with different spins. The fundamental operation of SUSY is to transform
fields of integer spins to fields with half-integer spins, i.e. to transform bosons
to fermions and vice versa. Originally, the idea of SUSY surfaced in the early
construction of string theories; a point that is extensively discussed in Chapter 3.
As proposed in a celebrated model by Ramond and Neveu-Schwarz [8], SUSY is
a substantial symmetry of the two-dimensional worldsheet for the theory to be
successful. In 1974, this model gave a big impetus to the expansion of SUSY to
a spacetime symmetry which was formulated by Wess and Zumino [9] and led
auspiciously to the supersymmetrisation of the SM.

No signs of spacetime SUSY in nature have so far been observed, and nor there
have been any hints. It is an undeniable fact of nature that the four-dimensional
world is non-supersymmetric. This leads to the conclusion that SUSY must be
a symmetry which is broken during the evolution of the universe. Nevertheless,
many theoretical physicists still support the idea that SUSY is a necessary ingredi-
ent in the description of nature. The primary goal of spacetime SUSY is to amend
one of the greatest flaws in the SM, which is none other than the aforementioned
gauge hierarchy problem. What makes SUSY a strong contender for this achieve-
ment is the fact that shields an Effective Field Theory (EFT), such as the SM,
against unwanted UV completions of any kind. As a result, there have been pio-
neering attempts to construct a supersymmetric theory which would be consistent
with current realistic particle physics models. A widely known example of such
a theory is the simplest extension of the SM, the Minimal Supersymmetric Stan-

dard Model (MSSM). This model demands that for every SM particle there exists
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a supersymmetric counterpart, differing by a half-integer spin. For the MSSM to
serve its theoretical purposes, the masses of the superpartners need to be at the
TeV scale.

Besides complementing the SM symmetries, the inclusion of supersymmetric
particles has many implications in the structure of GUTs. First, SUSY raises the
GUT scale, and thus brings it even closer to the Planck scale, without causing
any drastic changes in the relation among the couplings. As a consequence, the
predicted value of sin® 6y is altered such that it is more compatible with the ex-
perimental results. This value is a splendid indication that the electromagnetic,
strong and weak coupling strengths converge to a single point at the GUT scale,
and greatly reinforces the necessity for a unified theory of the fundamental forces.
Second, the raised GUT scale lifts the predicted value of proton lifetime into a
value that could be consistent with experimental measurements. These appealing
outcomes opened the path for the exploration of the SUSY-GUTs.

As a matter of fact, the four-dimensional GUTs fail spectacularly to incorpo-
rate gravity - the least comprehensible fundamental force in nature, and thus are
rendered as unsuitable frameworks for the unification of all fundamental forces.
This shortcoming could in a sense be rectified through the SUSY-GUTs; it is es-
tablished that when spacetime SUSY is promoted to a local gauge theory, gravity
appears to venture into the realm of unification and the emerging EFT is termed
supergravity [10]. The four-dimensional GUTs also fail on another level: Any at-
tempt to unify all three chiral generations into a single irreducible representation
of a gauge group has turned out to be futile. From this observation stems another
interesting development which is the suggestion of the possible existence of extra
spacetime dimensions. All these developments merge exceptionally well in the
content of a single framework; string theory.

The earlier model of Ramond and Neveu-Schwarz has only worldsheet SUSY.
This was succeeded by the breakthrough discovery of spacetime SUSY on strings,
formulated by Gliozzi, Olive and Scherk [11]. The subsequent construction of
the heterotic string theory formulated by [12] as well as the Green-Schwarz (GS)

anomaly cancellation theorem [13] imparted a great boost to the accession of
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SUSY-GUTs into string theory and thus to the unification of all fundamental in-
teractions. In this framework, gravity manifests itself through the existence of a
massless spin-2 field, the graviton, whose interactions are in agreement with gen-
eral relativity. Henceforth, quantum mechanics and general relativity are brought
together forming a consistent quantum theory of gravity. This means that all gauge
bosons plus the graviton, the three generations of chiral matter fields and the
Higgs boson could be unified into a single irreducible representation of a simple
compact gauge group.

There are in total five superstring theories, the Type IA, 1B, Type IIA, IIB and
the Heterotic. Each one of this is related to another via symmetries that hold at a
quantum mechanical level and are called dualities. In the modern history of string
theory all theories are realised as different limiting cases of a single, grander the-
ory known as the M-theory. Among these, the Type I and Type II theories could
not be considered as realistic models of particle physics — where “realistic” is usu-
ally taken to mean that the string spectrum bears a resemblance to the MSSM.
However, in the heterotic formulation it was demonstrated by Ref. [14] that there
exist only two models that could accomplish the purpose of unification, could be
considered as realistic and at the same time allow the cancellation of anomalies:
the ten-dimensional heterotic Eg® Eg and S O(32). Of these two options, the former
works remarkably well. The starting point of the Eg ® Eg theory is a geometrical
space of R* ® K¢, where R* is the four-dimensional Minkowski space which is nec-
essary to preserve spacetime SUSY in four dimensions and K® is a six-dimensional
compact manifold [14]. The Eg group breaks down to a subgroup which is usu-
ally one of the GUT groups discussed above. The breaking occurs when the gauge
fields on K° that lie in other Eg subgroups are assigned a Vacuum Expectation
Value (VEV) so that there remains an unbroken gauge group. The upshot of this
is the fact that all the chiral fields fit into the correct representations [14]. Note
that due to an abundance of choices for assigning VEVs to the K° fields there is in
general an ambiguity concerning the total number of chiral generations one could
get in the model.

Even though the Eg®Ej is a ten-dimensional GUT, it yields quite similar results
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Chapter 1. Introduction 10

to those of four-dimensional GUTs with regards to the value of sin® 6y, the proton
lifetime and the quantum numbers of fermions. A considerable point is that the
scale of grand unification in string theories is raised so that the difference to the
Plank scale is reduced even more. However, the Eg ® Eg bears many differences to
four-dimensional GUTs and a cursory explanation about these differences is given
by Ref. [7]. It is therefore inferred that the enrichment of GUTs with SUSY, in
addition to the inclusion of string theory, makes the quest for a unified theory of
all fundamental interactions appear even more promising.

Over the last three decades, the idea that unification is such an appealing world
that it would be a shame to give it up without a fight has been dramatically re-
inforced. This is due to many interesting developments both on the theoretical
and the experimental side of particle physics. First, the proton decay suggested
by the models of grand unification is being probed by experiments, such as Super-
Kamiokande, with great sensitivity and the experimental value is currently in the
range of the theoretical prediction. Second, the precision measurements of sin” 6y
are consistent with the GUTSs results. Third is the discovery of neutrino oscillations
which imply that neutrinos have masses albeit very small ones. The GUT models
predict that neutrinos have masses which are in the range of the experimental
results, a prediction expected to be confirmed by the next generation of neutrino-
less double beta decay experiments. The most recent splendid finding in particle
physics that greatly encourages the case for unification was the discovery of Higgs
boson at the Large Hadron Collider (LHC) on July 2012. The Higgs boson is the
manifestation of the Higgs field and had been a missing piece in the completion of
the SM puzzle. With this discovery, it is confirmed that theory is on the right track
and new paths beyond the SM physics are now available for exploration.

Ultimately, the biggest dream of theoretical particle physicists is the formula-
tion of a correct consistent quantum theory of gravity. This dream is now one step
closer to reality by virtue of the detection of gravitational waves for the first time,
by the Laser Interferometer Gravitational-Wave Observatory (LIGO) collaboration
earlier this year. The existence of gravitational waves is postulated in the theory

of general relativity and their direct observation took place a century after the
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waves were predicted by Albert Einstein. The detection of gravitational waves has
been the only missing piece from the ingenious formulation of general relativity.
The evidence of their existence establishes the superiority of general relativity at
a classical level and confirms everything that has been predicted years ago. This
discovery is expected to give a big impetus to the elucidation of gravity and con-
sequently to the advancement of quantum gravity theories. On the account of
deciphering gravity the future irrefutably shines bright.

The same argument cannot be applied for SUSY, the framework that is sup-
posed to expand the foundations of the SM into a more solid and comprehensive
picture of the universe mechanism. The LHC has been tuned on a relentless race in
search of SUSY but so far has not buzzed with any signs. An indisputable observa-
tion is that SUSY has not been detected amongst the elementary particles or their
fundamental interactions at the presently accessible energy scales, nor are there
at the present time any signs or even hints of its imminent appearance at higher
energies. Indeed, the recent LHC data seem to be giving indications against even
the most minimal version of SUSY, therefore implying that it would no longer be
capable of addressing the gauge hierarchy problem. Especially after the recent
discovery of the Higgs, the issue of stabilising the gauge hierarchy becomes all the
more pressing. While many theoretical physicists continue to feel that SUSY lurks
somewhere ready to be found, and support the idea that its discovery is only a
matter of time, there is increasing room for doubt and thus much interest in alter-
natives. So this appears to be a good moment to ponder what the implications are
for string theories and even more for string phenomenology.

As it is, there have always been distinct choices available to string model-
builders: The first one is to assume that nature is fundamentally supersymmet-
ric and that SUSY is broken so as to produce the observable non-supersymmetric
world. The second one, is to assume that nature is, by contrast, non-supersymmetric
at all levels, and then to follow what this path entails. In string theory, non-
supersymmetric and supersymmetric theories are radically different, even when
they might seem to be closely related. For most of the modern history of string

theory, and specifically after the discovery of spacetime SUSY on strings, the first
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¢

(a)The one-loop Casimir energy (b)The one-loop one-point dilaton
(cosmological constant) A. “tadpole” diagram.

Figure 1.1: In general, the value of the dilaton tadpole is always proportional to
A. As a result, a non-zero cosmological constant implies a non-vanishing one-
loop dilaton tadpole diagram, in turn indicating a linear term ~ ¢ in the effective
potential. This figure is adapted from Refs. [15,16].

option has been tremendously favoured over the second option. As a result, string
phenomenology has largely consisted of constructing realistic or semi-realistic
string models with A/ = 1 SUSY which is then broken by the operation of some
field-theoretic SUSY-breaking mechanism. Meanwhile the second option, that
of constructing non-supersymmetric models of which the low energy limit corre-
sponds to the SM, has not been dealt with an overly enthusiastic response. Hence
the possibility of developing a genuinely non-supersymmetric string phenomenol-
ogy for the weakly coupled heterotic string has not attracted the attention it de-
serves.

One of the major hurdles in constructing a string model without spacetime
SUSY is to tackle the issue of dilaton stability. As shall be discussed in Chapter 4,
non-supersymmetric strings are generally unstable, giving rise to non-zero dila-
ton tadpole diagrams. The existence of such tadpole diagrams has proved to be
extremely problematic, indicating that such strings are generally formulated on
destabilised vacua. At one-loop order, a non-vanishing value of the dilaton tad-
pole always results in a non-vanishing value for the cosmological constant which
in turn implies a non-vanishing dilaton tadpole diagram. This effect is realised by
having an extra linear term ¢ appearing in the effective potential of the theory,
as sketched in Fig. 1.1. In general, this is what string theorists describe as the
cosmological constant problem.

By and large, the dilaton tadpoles could be absorbed via the Fischler-Susskind

mechanism [17], as in Refs. [18,19]. However, if such tadpoles are unsuppressed
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there would be some dire consequences, in the sense that the new resulting back-
ground is expected to be very different from the initial one, thereby invalidating
the original construction. Thus, in any complete discussion of non-supersymmetric
string phenomenology, the challenge of overcoming the instabilities associated
with the dilaton tadpoles will play a crucial role. It goes without saying that this
realisation is very advantageous as regards to the cosmological constant problem.
Indeed, in any non-supersymmetric string theory it is of utmost importance to ob-
tain a value for the cosmological constant that is hierarchically smaller than the
generic value. In this way, only those special theories in which the cosmologi-
cal constant becomes zero to leading order could be deemed to be consistently
stabilised.

It is the purpose of this thesis to show that it is possible to overcome the hin-
drance of non-zero dilaton tadpoles and build non-supersymmetric perturbative het-
erotic string models which are essentially stable. In this thesis, is undertaken a ded-
icated and systematic exploration of this class of models for which the degree of
instability associated with the dilaton tadpole is exponentially suppressed, at least
at one-loop. On that account, these models could be considered as standing on
equal footing with their SUSY cousins. Moreover, it shall be demonstrated through
explicit construction that models within this class exhibit a semi-realistic particle
content, with the massless states resembling the SM while their erstwhile super-
partners have masses that can be tuned to literally any value, including values at
the TeV scale! It is thus shown that the dilaton tadpole and the associated non-
supersymmetric instabilities are suppressed while simultaneously retaining an aus-
picious low-energy phenomenology, all without any light superpartners for the SM
particles and hence no remnant of SUSY in the spectrum of the resulting string the-
ory. It is worth emphasising that these are entirely non-supersymmetric string mod-
els at all scales, including their fundamental Planck scales, and it would therefore
be a big mistake to view them as having been supersymmetric at the Planck scale
but subsequently subjected to some sort of purely field-theoretic SUSY-breaking
mechanism at lower energies.

The existence of such models establishes the beginning of a new framework
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for the development of an entirely non-supersymmetric string phenomenology. The
significant advantage of building models in this framework is that the models are
UV complete, with finiteness ensured through entirely stringy mechanisms such as
the modular invariance and “misaligned SUSY” [20-22]. Both the modular invari-
ance and misaligned SUSY are additional symmetries ingrained in string theory
and always guarantee the finiteness of the theory, even when there is no spacetime
SUSY on strings. However, they have no equivalent counterparts within Quantum
Field Theory (QFT). From this standpoint, it is only natural to wonder whether
progress in non-supersymmetric, UV complete phenomenology could provide an-
swers or explanations for possible physics beyond the SM - such as the gauge
hierarchy problem for example - which might descend directly from string theory
but which nevertheless has no traces of SUSY at any energy scale.

A large part in this thesis is invested in the methods by which suitable non-
supersymmetric UV complete strings might be constructed, the criteria for their
stabilisation and the low-energy phenomenologies to which they give rise. The
string models presented in this work are first constructed in Ref. [15] and have the
innovative advantage that their one-loop cosmological constants are exponentially
suppressed. Their dilatons are thus essentially stable, at least to one-loop order,
rendering these models as suitable platforms upon which to build a study of non-
supersymmetric string phenomenology.

The results of Ref. [15] demonstrate that hierarchically separated scales can be
natural within the context of non-supersymmetric string theories. In this, what-
ever spacetime SUSY might have otherwise existed has been destroyed through
purely string-theoretic steps in the primordial model-construction process. This
could occur through particular choices of SUSY-breaking compactifications from
ten dimensions that nevertheless respect modular invariance. Such compactifi-
cations are often considered to be generalised versions of Scherk-Schwarz com-
pactification. It is important to clarify a critical point regarding the mechanism
of Scherk-Schwarz compactification. It is common to use a heuristic language
when talking about the various steps taken in the construction of a given string

model and one might then refer to a “SUSY-breaking” step. For example, this
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applies for Scherk-Schwarz compactifications, in which case the terminology is
slightly abused so that one often speaks of this as a spontaneous breaking of
spacetime SUSY. This terminology is repeatedly used throughout this thesis, there-
fore it should be stressed that spacetime SUSY is not broken according to any
time-ordered or energy-ordered dynamics. A non-supersymmetric self-consistent
model is produced from another string model via a set of well-defined proce-
dures. As it shall be demonstrated, it is possible to produce a four-dimensional
non-supersymmetric string model from a higher-dimensional (parent) supersym-
metric theory. However, the resulting model is not inferior to the original one as it
is fundamentally non-supersymmetric at every energy level of the theory.

It is crucial to realise that the set of well-defined procedures involves purely
string-theoretic construction methods that ensure the UV-finiteness of the emerg-
ing theory with or without SUSY. Specifically, the modular invariance imposes
powerful constraints which enable the truncation of the one-loop integrals ex-
cluding those regions where the UV divergences reside, thus the finiteness of the
theory remains intact. More physically, at the level of the string spectrum, this
finiteness is maintained via the “misaligned SUSY”. This is a hidden residual sym-
metry that always remains in the spectrum of any self-consistent string theory, even
if spacetime SUSY itself is absent [20-22]. It entails a subtle configuration of
bosonic and fermionic states throughout the string spectrum and one of its dis-
tinct characteristics is the absence of any boson/fermion pairing, either exact or
approximate. Finiteness is then achieved through the contribution of all the states
in the spectrum which distribute themselves in such a way so as to produce finite
amplitudes. Given this, the major accomplishment of the semi-realistic models
constructed in Ref. [15] has been to demonstrate that these models can tolerate
large scale separations and all the while preserve their UV-finiteness.

This work by no means claims that the string models presented here are com-
pletely satisfactory as bona-fide models of the universe, or even as phenomeno-
logically acceptable string vacua. Just as with the SUSY string models, these non-
supersymmetric heterotic string models generally contain many unfixed moduli

whose VEVs ultimately remain to be determined. The main point, however, is
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to demonstrate that these non-supersymmetric models could be just as viable as
the supersymmetric ones, in the sense that the instabilities associated with the
absence of spacetime SUSY could be exponentially suppressed. Henceforth, the
phenomenology of such non-supersymmetric heterotic strings could be viewed as
mirroring that developed over the past thirty years for their traditional supersym-
metric counterparts.

However, it would be remiss of me not to mention that even though the past
three decades there has been a torrent of work focusing on supersymmetric string
model-building, there has likewise been a steady trickle of work focusing on the
diverse properties of non-supersymmetric strings. An interest on this work was
sparked by the original studies of the ten-dimensional S O(16) ® S O(16) heterotic
strings [23] — the first known model of non-supersymmetric theory which is com-
pletely free of tree-level tachyons. This includes studies of the one-loop cosmolog-
ical constants of non-supersymmetric strings [20,21,24-37], their finiteness prop-
erties [20, 21, 38] and their strong/weak coupling duality symmetries [39-42].
The landscapes of such strings have also been studied [43, 44], and all studies
of strings at finite temperature are also implicitly studies of non-supersymmetric
strings. An early work on this area is found in Refs. [45-49]. Generally, the
non-supersymmetric string models studied in previous works were either non-
supersymmetric by construction or exhibited a form of Spontaneous Supersymme-
try Breaking (SSSB) [19,24,50-56] by adapting the Scherk-Schwarz mechanism to
string theory [57]. Within this class, there have been constructed a number of po-
tentially viable models which are presented in Refs. [18,25,42,58-63]. Moreover,
non-supersymmetric string models have also been studied in various other config-
urations [64-77], including studies of how the energy scales of different schemes
could possibly be related [78-84]. Eventually, moving into more recent times,
there has been a continuing progress in the study and progress of phenomenology

for non-supersymmetric string theory [15, 85-90].

The rest of this thesis will be devoted to a discussion on the construction of four-
dimensional, tachyon-free, non-supersymmetric models with a low energy spectrum

that resembles either the Pati-Salam or the SM theory. The centre of attention will
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be on their properties as well as in some future ideas regarding the development of
non-supersymmetric string phenomenologies. This thesis is then organised in four
main parts. The first part, consisting of Chapter 2 through Chapter 3 lays the gen-
eral groundwork of the study presented, which is independent of the model con-
struction formalism. Chapter 2 is the preface chapter of the thesis which imparts
an overview of the theoretical foundations of the SM and SUSY, with a special
emphasis on the MSSM. Chapter 3 is an overview of the string theory framework.
It summarises the mathematical development of string theory to the present and
points at some of the possible paths that lie open ahead in the future.

The second part, consisting of Chapter 4 through Chapter 5 gives the general
theoretical features of all non-supersymmetric string models. It provides a de-
tailed explanation of the expected phenomenological properties of interpolating
models - a special class of non-supersymmetric models which interpolate between
two higher-dimensional theories at their two endpoints R — o and R — 0, with R
being a generic radius of compactification. Moving on then to Chapter 4 there is
an introduction on the formalism used throughout this thesis for the construction
of the desired models. This is followed by details regarding the theoretical prop-
erties of all such non-supersymmetric, tachyon-free heterotic strings and a general
account on the associated finiteness and stability properties. In Chapter 5 the dis-
cussion is focused on a specific class of models, the so-called interpolating models.
There is presented the link between interpolation and the enhanced stability prop-
erties of the models constructed; the one-loop cosmological constants associated
with such strings sit at the root of this explanation. Overall, this chapter provides
a derivation of the leading and subleading terms that govern the behaviour of the
cosmological constant, paying particular attention to the role played by off-shell
string states and their contributions.

The stage having thus been set, the third part of this thesis, consisting of Chap-
ter 6 through Chapter 8 focuses on the actual construction of semi-realistic non-
supersymmetric heterotic string models with suppressed cosmological constants.
This is done in several steps, for which a general outline is provided in Chapter

6. It is first shown a particular six-dimensional free-fermionic string model from
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which the ultimate four-dimensional string models emerge upon compactification.
For comparison purposes it is also shown a traditional SUSY-preserving z, orbifold
compactification, along with a description of the associated theoretical and phe-
nomenological features. Then, in Chapter 7, there are presented two different
types of SUSY-breaking by applying different Coordinate Dependent Compactifi-
cations (CDCs). The first one is a CDC performed on a two-dimensional torus
thereby producing a non-chiral N = 2 - N = 0 four-dimensional theory, whereas
the second one is a CDC performed on Z, orbifold thereby producing a chiral
N =1—- N = 0 four-dimensional theory. For the latter, an analysis of the emerg-
ing low energy spectrum and of the cosmological constant’s behaviour is provided.
In Chapter 8 it is then shown how this model can be altered in different ways in
order to achieve the desired goal, namely models with exponentially suppressed
dilaton tadpole instabilities. Indeed, several models of this type are presented,
one whose low-energy spectrum resembles the SM, and others resembling either
Pati-Salam-like or GUT-like “unified” extensions thereof.

The fourth and final part of this thesis, consisting of Chapter 9 through Chap-
ter 11 then presents the phenomenological properties of models with exponen-
tially suppressed cosmological constants, including their Yukawa couplings and
scalar masses. There is also a brief account of the potential implications of hav-
ing a non-supersymmetric theory which is consistent with the naturalness prob-
lem in string theory. In Chapter 9 there are first discussed two theoretical prop-
erties of these models: the behaviour of the degeneracies associated with their
physical-state spectra as functions of energy, and the behaviour of their cosmolog-
ical constants as functions of their compactification radii. For both properties, it
is deduced that there are special features which are unique and which reflect the
fact that these models exhibit enhanced stability properties relative to typical non-
supersymmetric string models. Next discussed are their phenomenological prop-
erties, focusing on particle assignments, Yukawa couplings, and scalar masses. In
Chapter 10, there is a reference to the danger of having extremely large gauge
couplings at large volumes in weakly coupled heterotic strings. It is therefore pro-

posed that such dangers could be overcome through models which admit extra
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states known as “GUT precursors”. In order to demonstrate this, there is shown
an example of a ‘stable’ non-supersymmetric SM-like theory which allows a GUT
precursor structure. Chapter 11 ends the narrative with a concise summary of
everything presented in this thesis and provides an outline of some avenues for

further study in the future.

This thesis also contains five Appendices. The first three provide some additional
information on the theoretical background of this work. The next one describes
the notation and conventions used in the analytic computation of the partition
functions and subsequently of the cosmological constants. The final Appendix

presents an alternative way of breaking SUSY, known as discrete torsion.
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Chapter 2

Theoretical Foundations

The world is a construct of our
sensations, perceptions, memories. It
is convenient to regard it as existing
objectively on its own. But it
certainly does not become manifest

by its mere existence.

Erwin Schrodinger

2.1 The Standard Model of particle physics

All of the natural phenomena occurring at the microscopic level are understood
in terms of the electromagnetic, weak and strong fundamental forces. A complete
description of the behaviour of all known subatomic particles can be provided
within a single, theoretical framework which incorporates the basic principles of
the Quantum Mechanics (QM) and Special Relativity (SR). The relativistic QFT
which emerges from this framework is none other than the illustrious SM of el-
ementary particle physics. The SM, as it is discussed below, is only a very tiny
fraction of the optimum GUT that will unify the gravitational force with the re-
maining three fundamental forces and will depict the fundamental laws operating

at the roots of our world.
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2.1. The Standard Model of particle physics 21

In particle physics the concept of symmetry plays a crucial role for the successful
development of accurate and ‘elegant’ unified theories. The existence of various
symmetries points to the underlying principles of nature and these symmetries are
generally classified as either global or local. Exact symmetries are realised through
the latter and require the existence of gauge fields, whereas the former are usually
only approximate.

The electromagnetic, strong and weak interactions are all related to local sym-
metries described by Abelian and non-Abelian gauge theories. Consequently, the

SM is a well-defined gauge theory with the non-Abelian symmetry group
SUB)c® SU2),® Uy, (2.1.1)

where C, L and Y denote the colour, weak isospin and electroweak hypercharge
respectively. The first gauge group encompasses the strong interactions, while
the remaining two encompass the weak and electromagnetic interactions [91].
Specifically, the electromagnetic interactions are associated with a combination of

SU(2) and U(1) generators, i.e. Q,, =Ts+7Y.

2.1.1 Technical Overview

The SM is a theory of fields with spin 0,1 and 1; its particle content is shown in
Fig. 2.1. The gauge interactions of the particles involved are determined by their
spin as well as their mass and quantum numbers (charges). The spin-; particles
are fermions which are either leptons or quarks. Since all of the observed mat-
ter in the universe is made up of leptons and quarks, the SM fermionic fields are
defined to be the matter fields. As it turns out, there exist sets of fermions which
have identical quantum numbers but different masses. Based on their mass hierar-
chies the fermions are organised in three families or generations. Generations with
larger masses are unstable and will eventually decay into the lightest, stable gen-
eration which forms the ordinary matter in the universe, including us! As shown
in Fig. 2.1, each column corresponds to a generation which consists of two quarks

and two leptons, distinguished by their charges under the electromagnetic and

September 20, 2016



2.1. The Standard Model of particle physics 22
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Figure 2.1: Particle content of the Standard Model.

strong interactions. The leptons participate solely in the electromagnetic and weak
gauge interactions, therefore they only carry an electromagnetic charge (Q.,,). The
quarks participate in all three gauge interactions, carrying an extra charge under
the strong interactions, the colour charge. Specifically, the quarks come in triplets
of colour, i.e. they carry an index a = 1,2, 3 which in the experimental observa-
tions are identified with the blue, green and red colours. Among the leptons, the
neutrinos appear to have the most bizarre behaviour: although they participate
in the weak interactions they are not charged under any of the three gauge in-
teractions in the SM. In addition, the neutrinos are experimentally found to have
masses which are several orders of magnitude lighter than the masses of the other
SM fermions.

From a theoretical point of view, the spin-; fermions are associated with the
two irreducible representations of the S O(1,3) Lorentz group, which are distin-
guished by what is known as the chirality. A massive fermion has two components

of different chirality, forming what is known as a Dirac spinor ¢ which is therefore
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expressed as the sum of a left-handed part ¢, and a right-handed part yx,

Y=y +yr, (2.1.2)

where
Yp=Pw  with  Pp=3(1-7v;) (2.1.3a)
Yr=Pry  with  Pp=i(1+7ys). (2.1.3b)

The P; and Pj are projection operators, projecting out the left-handed (or nega-
tive) and the right-handed (or positive) chirality states of the fermion, respectively.

They satisfy
PLPL:PL, PRPR:PRa PLPR:PRPL:O and PL+PR:I[. (2.14)

As a result, each SM matter field is a chiral fermion. Although chirality is a definite
property of the fermions it is not a physical observable. In the case of massless
fermions, chirality is conserved and coincides with the helicity. In the SM, the
total number of chiral fermions organised in three generations is 48. Therefore,
each generation consists of 16 chiral fermions with the left-handed leptons and

quarks coming in doublets of the weak isospin S U(2),

. Ve . . 4@ 1
lL = . = (1, 2,—5) and QL = it = (3’ 2’+§), (2.1.5a)
L L

and the right-handed leptons and quarks being S U(2) gauge singlets

e =(LLD:  fvge= (L LD (2.1.5b)
— 2 — 1
Uge = (3, 1, —g), dre = (3, 1, +§) . (215C)

Here ¢ = 1,2,3 is the family index, and the quantities in brackets represent the
SU(@3),SU(2) representations and U(1)y value respectively. Experimentally it is

found that only the left-handed components of the fermions participate in the

September 20, 2016



2.1. The Standard Model of particle physics 24

charged current weak interactions. There are no right-handed neutrinos in the SM,
but if they exist, they could provide answers for several phenomena that cannot be
explained within the SM, including some which are discussed in the next section.
Experimental evidence from the neutrino oscillations hint to their existence but
they remain yet to be observed.

The spin-1 particles are the gauge bosons whose exchange is associated with the
fundamental interactions in the SM. These particles include the photon mediating
the electromagnetic interactions, the eight gluons mediating the strong interac-
tions and the W*, Z° bosons mediating the weak interactions, as per Fig. 2.1.

Evidently, our world is not quite as symmetric as the theories of interactions
used for its description. The reason for this lies in the fact that nature favours many
symmetries which are broken. Symmetries can be explicitly broken due to the
presence of non-invariant terms in the Lagrangian (L) of the theory. Sometimes,
the quantisation of a theory may also lead to an explicit Symmetry Breaking (SB)
even if the Lagrangian is invariant. In such a case, the explicit SB occurs in the
measure of the Feynman path integral introducing anomalies. Only theories in
which a global symmetry is explicitly broken are regarded as consistent theories. In
the SM, the explicit breaking of the gauge symmetries introduces gauge anomalies.
The consistency of the SM as a theory is guaranteed by the cancellation of all the
gauge anomalies as a consequence of the properly arranged chiral matter fields in
each generation.

Symmetries can be also spontaneously broken, a dynamical effect which takes
place when the ground state of the system is not symmetric, so the system itself
breaks that symmetry in a ‘spontaneous’ way. When a continuous global symmetry
is spontaneously broken by the choice of the vacuum, a massless field known as
Goldstone field appears for each broken generator of the symmetry. The Goldstone
modes carry the same quantum numbers as the corresponding broken symme-
try generators. This implies that if a global symmetry with bosonic generators is
spontaneously broken the resulting massless Goldstone particles will be neutral
bosons; the so-called Goldstone bosons. The choice of the true vacuum of the the-

ory is equivalent to choosing a suitable gauge for the quantisation of that theory.
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The Goldstone bosons which can, in principle, transform the chosen vacuum state
into any other degenerate vacuum state, now influence transformations into states
which are inconsisted with the original chosen gauge. This leads to the conclusion
that the Goldstone bosons are in fact ‘unphysical’.

On the other hand, the Spontaneous Symmetry Breaking (SSB) of a gauge
(or local) invariance results in the well-known Higgs effect, where after a gauge
coupling the Degrees of Freedom (d.o.f) of a Goldstone boson associated with the
broken generator of the symmetry provide an extra helicity state, a longitudinal
component for the spin-1 local gauge boson which now becomes massive!. The
scalar fields responsible for the spontaneous breaking of such a gauge symmetry
are known as Higgs fields.

The fundamental interactions described by the symmetry group in Eq. (2.1.1)
are only valid when the gauge bosons and chiral matter fields are massless and
the gauge invariance is preserved. However, a series of accurate and successful
experimental results revealed that the weak force interactions are short range and
are mediated by the W* and Z° bosons which are massive. The chiral fields also
get a mass at low energies, while the gluons and the photon remain massless.
These results directly contradict SM gauge invariance, so the logical explanation is
that SSB must occur. Indeed, the electroweak symmetry is spontaneously broken,

preserving only the unbroken group
SUB)c® ULy, - (2.1.6)

The spontaneous breaking of the electroweak symmetry in the vacuum is due
to the self-interactions of the scalar Higgs field (®) which permeates the entire
universe and when excited takes the form of a scalar (spin-0) particle, the famed
Higgs boson (H). The Higgs field is a complex doublet with ¥ = 1 under SU(2), ®
U(1)y and a singlet under S U(3)c.

Having introduced all the ingredients of the SM, it is now possible to write the

1A massless spin-1 gauge boson, i.e. the photon has only two d.o.f which are its polarisation
states. A massive spin-1 gauge boson has three d.o.f - helicity states.
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complete Lagrangian of the theory which is rather simple:

L5V = psM + L3 ionkr + Liom + Ly (2.1.7)

gauge bosons fermion masses

with

Laugevosons = ~3 17 [FurF™"] (2.1.8a)
f"g‘[minn KT = @LE'}"“Dy‘PLé (2.1.8b)
;ﬁfmz’on masses = —3 P12 Ch®Y 1, + h.c (2.1.8¢)
Lt = DO - PP + L (07D’ (2.1.8d)

The C and h in the third term are the charge conjugation matrix and the Yukawa
coupling matrix respectively. The explicit form of the terms in Eq. (2.1.8) is given
in the Appendix A.1. All coupling constants are dimensionless and as it is noted
above there is no direct mass term for any of the leptons, quarks or vector bosons.
The masses of all the SM particles, except those of neutrinos, are generated via
the Higgs mechanism in which case the arrangement of all the renormalisable
interactions causes the neutral component of the Higgs field to acquire a VEV,
v = 246.22 GeV [92]. This outcome sets the scale of the electroweak symmetry
breaking [93].

SU(3)c has eight generators in total that remain unbroken. Hence the cor-
responding gauge fields, the gluons remain massless. The SU(2), ® U(1)y group
has four generators in total and the Higgs field has initially four real, scalar d.o.f.
When the electroweak symmetry breaks spontaneously (only for u? > 0) there is
a generator that remains unbroken and which is associated with the U(1),,, gauge
symmetry. Its corresponding gauge field is none other than the massless photon.
The remaining three generators correspond to the gauge fields which mix with one
neutral and two charged massless Goldstone d.o.f (G° and G* respectively). The
unphysical Goldstone bosons can be removed by a transformation to the unitary
gauge. In this gauge, their d.o.f become the longitudinal components of the Z° and

W* physical gauge bosons respectively. At the same time two d.o.f of the Higgs
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field are absorbed by the W* and one by the Z° gauge bosons which now become
massive. The fourth d.o.f of the Higgs field becomes a new fundamental spin-0
particle; this is the physical Higgs boson H. In the unitary gauge the Higgs field is

parametrized as

1 0

O =—

. (2.1.9)
NG

v+ H(x)

The Higgs boson is a singlet under S U(3)¢ and is neutral under electromagnetic
interactions, therefore it does not couple at tree level to the massless gluons and
photon. The chiral matter fields become massive when the Higgs doublet field
couples to them through Yukawa interactions. However, the masses of neutrinos
are not generated by Yukawa interactions but instead through another process.
The most prevalent scenario is that of the see-saw mechanism. The masses of the
particles in the SM are beyond the scope of this thesis, however, for the enthusi-
astic readers the formulas for the computation of their values are presented in the

Appendix A.2.

2.1.2 Phenomenological Overview

Over the past few decades, the SM has been subjected to a series of experimental
tests at energies up to several hundred GeV and even after the results of the first
LHC run, it passes all tests with flying colours. At present it is the theory that
provides the best phenomenological understanding of the fundamental world with
a great accuracy. Undeniably, the rich structure of the theory has led to different
areas of research such as Quantum Chromodynamics (QCD), flavour physics which
is mainly focused on the Cabbibo-Kobayashi-Maskawa (CKM) model of flavour
mixing and Charge-Parity (CP) violation, and of course Higgs physics.

For more than 40 years, it was predicted that the missing piece required to
complete the SM puzzle was the Higgs boson, responsible for the origin of mass.
As stated in [94-96], without the Higgs boson the SM no longer exhibits pertur-
bative unitarity at high energies because the longitudinal scattering amplitude of
the W* and Z° bosons would be allowed to grow proportionate to the increase in

the centre-of-mass energy. Furthermore, the longitudinal components of the ra-
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diative corrections to the self-energies of the gauge bosons would certainly exhibit
unpredictable logarithmic divergences [93].

The hunt for the elusive Higgs boson, finally came to fruition in July of 2012
at the LHC. The Higgs boson is measured by both ATLAS and CMS experiments
to have a combined mass of my = 125.09 + 0.24 GeV [97]. Although at the first
stages of its discovery physicists seemed to be suspicious whether it actually was
the SM Higgs boson, evidence shows that it is as predicted: the possibility of the
boson found at the LHC having spin-1 is excluded and the experimental results
exclude also the possibility of it having spin-2, confirming that it is in fact a spin-0
particle. Moreover, flavour calculations and CP violation measurements regarding
the Higgs are consistent with SM predictions [98].

Consequently, the long-awaited discovery of the Higgs boson validates the
Higgs mechanism and confirms the SM to be one of the greatest triumphs of 20th
century particle physics. With this discovery, the experimental verification that my
< 1 TeV establishes that indeed the WW scattering cross-section does not violate
the perturbative unitarity as predicted in [94-96]. Most importantly, it can be seen
as the first step into finding and understanding the properties of the so significant
Higgs field. Nonetheless, the multitude of experimental results strongly imply that
the SM is a gauge theory with the potential to form part of a consistent theory all
the way to the Planck scale.

Currently, all the LHC results indicate a rich and diverse phenomenology re-
garding the Higgs physical properties, interactions with fundamental particles and
CP violation measurements. It does not come as a surprise that these outcomes, in
conjuction with other results from the first LHC run [98], point the way to Beyond
Standard Model (BSM) physics, with the SM being an EFT at the low energies (< 1
TeV). Certainly, with the discovery of the Higgs boson, the door to BSM physics
research is now wide open and the experimental results from the second LHC run
are expected to shed light on this.

Despite the astounding success of the SM, phenomenological observations leave
no room for doubt that there are still many theoretical problems to be addressed

where the SM fails spectacularly to provide answers. Given the strong experimen-
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tal indications, it is widely thought that the SM is just a small part of a bigger
picture; it is simply the low energy limit of a more fundamental theory. There are
numerous issues that render the SM a highly insufficient theory, and short descrip-

tions of some of the most important ones are provided below.

Gauge Coupling Unification

A fortuitous occurrence regarding the foundations of the SM is that each of the
gauge interactions is accompanied by a different coupling constant (or coupling
strength), with all three being independent and seemingly unrelated. In this case,
the crucial idea which arises due to the effect of higher-order quantum corrections
in the gauge boson propagators is that of running coupling constants - a termi-
nology used to describe the variation of the coupling strength as a function of a
typical energy scale fi. A mathematical account of the running of the gauge cou-
plings is provided by the specification of a renormalisable scheme. Variation of
the coupling strengths is then solely determined by the particle content and their
couplings inside the higher-order loops of the gauge bosons. The value of this vari-
ation is expressed by a set of RGEs. The one-loop RGE for the SM gauge couplings,

as computed in the MS are

da, 1 i
i pa?, 1= zog(#); i=1,2.3. (2.1.10)
dt Ar Mo

where a; = 4—1”g? and fi, is a very high energy scale which is arbitrarily chosen. For

the SM the coefficients, as given in Ref. [99] are

4 1 a1
bi| |0 3 w| |1

bi=|by|=|-2|+Nram|5 |+ Nuges | : | =|-2| (2.1.11)
bs -11 %1 0 -7

with Nrsy = 3 being the number of chiral matter families and Ny;66s = 1 being the

number of Higgs doublets. The evolution of the inverse of the coupling strengths
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Figure 2.2: The two-loop Renormalisation Group (RG) evolution of the three
gauge coupling constants g; with energy scale Q = i (GeV) in the SM and MSSM.
The evolution is calculated according to the formulas in Ref. [100], p.199 assum-
ing that the masses of the superpartners are in the range of the TeV scale. The
red, green and blue lines correspond to the running of the electromagnetic, weak
and strong couplings respectively. Shown is the inverse gauge coupling strength
«; which is parametrized as «;' = 4ng;*. The line thickness is a representation of
the errors in the coupling constant measurements.

as a function of the logarithm of energy is described by the solution to Eq. (2.1.10):

1 (B
" oD 47rb,ln('ug). (2.1.12)

~2

Based on experimental data, a graphical representation of this result was origi-
nally presented in the renowned paper of Ref. [99]. A modified form of the origi-
nal graph is adopted by Ref. [101] and is shown in Fig. 2.2. A significant aspect of
the interpretation of the behaviour of each gauge interaction’s coupling strength
is the self-interaction of gauge fields that yield an antiscreening effect and hence
a negative contribution in the overall value of the gauge couplings. On the other
hand, the matter multiplets produce a counter effect - screening - which yields a
positive contribution. The S U(3) coupling is affected by asymptotic freedom to a
much greater extent than the other couplings. This is due to the numerical supe-

riority of gluons which are responsible for an antiscreening effect that outweighs
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the screening effect from the quarks. Therefore, the strong coupling strength de-
creases as the energy scale increases. In the case of the S U(2) the antiscreening
effect is slightly stronger than screening. The weak coupling strength therefore
decreases at higher energy scales but at a much slower rate than the strong cou-
pling. The U(1) group is free from gauge field self-interactions so nothing hinders
the screening effects from completely taking over. This leads to an increasing elec-
tromagnetic coupling strength at increasing energy scales. Finally, one has to take
into account the Higgs fields which are able to influence the running of the weak
coupling at one-loop. They are also able to influence the electromagnetic coupling
but to a lesser extent. In both cases, the coupling strengths increase with energy.

At one-loop the evolution is a straight line. At two-loops there is no observable
deviation from the straight line plots because the effects are relatively small and
therefore unable to cause any significant alterations. The directions of the gauge
couplings provide an indication that the couplings could possibly meet at a single
point. This indication fuels the idea for the existence of a GUT in which all three
gauge couplings become equal at a unification point. A good scientific strategy
is to check whether such claims have a reasonable ground by using the RGEs to
calculate the running of each gauge coupling at very high energy scales. It is
found that all three gauge couplings meet at an energy of O (10'%) GeV, something
that forms strongly suggestive evidence for the existence of a theory at very high
energy scales which incorporates greatly enhanced gauge symmetries and allows
the unification of gauge couplings.

For a notable change in the logarithmic energy scale of gauge couplings it is
necessary to have an enormous change in the energy scale itself. Indeed, the
proposed unification scale of O (10'%) GeV, is consistent with the large difference
required between the SM and the GUT energy scales. Nevertheless, Fig. 2.2a
demonstrates that within the SM the unification of gauge couplings is an imprac-

ticable dream.
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The Hierarchy problem

On gauge theories there is an imposing, order of magnitude, restriction at every
energy scale 1 which is a physical parameter or a set of physical parameters «;(x).
These parameters are allowed to be very small provided that the a;(7) = O re-
placement would enhance the symmetry of the theory. This enhancement is what
is defined to be the “naturalness”, a property of the gauge theories. Naturalness
arises in the case that a not well comprehended theory with strong interactions
yields a mass spectrum with various symmetry properties at energy scales i>fi.
If at the fi=fiy scale some of the parameters in the uncomprehended theory are
determined to be several orders of magnitude smaller than that energy scale, then
it must be because of some form of a symmetry [102].

The basic framework for naturalness assumes the existence of a fundamental
energy scale (1) which is the real cut-off of the theory. It is generally assumed
that the cut-off A is the Planck scale, O (10') GeV. The basic parameters of gauge
theories with such a cut-off are a set of dimensionless bare couplings (go) and
masses (mq). The dimensionless bare masses are renormalised with respect to

(w.r.t) the cut-off energy scale as

m=—. (2.1.13)

According to the principle of naturalness, the physical properties of a theory at
low energies must be stable when the coupling, g, and the renormalised masses
are subjected to very small variations. Since the ‘light’ physical mass spectrum
of the theory emerges at energies many orders of magnitude smaller than the
fundamental scale, there is clearly a large difference between the physical and
the fundamental scale. In order to ensure that the quantum effects of the higher
energy scale preserve the stability of the theory at low energies the parameters
must be adjusted in such a way so as to account for the quantum effects. The
most common quantum effect which is in conflict with naturalness occurs when a

particle receives a self-energy which is quadratic in A. If the mass corrections are
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of the form

m’ = m +6m = my + g5, (2.1.14)

then the bare mass parameter from Eq. (2.1.13) must obey
m*=— —g;. (2.1.15)
If m is a physical mass of O (10%) GeV and 1 ~ O (10") GeV then
m? =107 - g2. (2.1.16)

What Eq. (2.1.16) means is that for the naturalness to manifest itself, the renor-
malisable mass m’ must be adjusted in such a way so as to produce a result of the
order of ~ 10734, If m’ is taken to be instead of the order of ~ g, then the physical
mass will come out to be m ~ O (10*) GeV [103].

Such a scenario which involves unnatural renormalisable mass parameters only
occurs in theories with scalar particles, such as the SM. The only fundamen-
tal scalar particle in the SM is the Higgs boson and as deduced from Ly, in
Eq. (A.1.7) of Appendix A.1, the mass-squared [(my)*] is up to a constant coeffi-
cient a parameter of £5¥. Since the Higgs boson is established as a light scalar
at energy scales ji>>my, there arises the question as to whether a symmetry ex-
ists that protects its mass when the renormalised Higgs mass parameter is very
small, ie. myo — 0. This is due to the naturalness criterion which distinctly
states that without a symmetry to protect the mass of the Higgs, the light scalar is
left exposed to a sensitivity in the UV region of the theory. This can be verified an-
alytically when the Higgs mass parameter is renormalised from a fermionic loop as
seen in Fig. 2.3. For the renormalisation the relevant terms in the SM Lagrangian
are the last three components of Eq. (2.1.7). Computation of the fermionic loop

yields the correction to the Higgs mass,
2 7.2 ! 4 1
om ~ —h d’p Tr| ——
~ —hf,/lZ . (2.1.17)

September 20, 2016



2.1. The Standard Model of particle physics 34

Figure 2.3: Higgs mass renormalisation from a fermion loop.

It is obvious that the Higgs mass diverges quadratically! From a theoretical per-
spective, the quadratic singularities which are sensitive to the cut-off scale A are
not cancelled, suggesting that the Higgs mass is of the order of the Planck mass.
This is not consistent with the experimental data which verify that the Higgs boson
is a light scalar with a mass my ~ 125 GeV - about 15 orders of magnitude smaller
than the Planck mass. Due to the nature of this elementary particle, there is cur-
rently no experimental verification of a mechanism which could protect its mass
by providing a natural way to cancel the quantum corrections. There is, however,
compelling evidence that there are other symmetries underlying the fundamental
interactions.

The faux pas of theoretical particle physics to explain this huge discrepancy
between prediction and the experimental measurement leads to the troublesome
result:

M) pure = My + Omy; + counter term, (2.1.18)

where my = %mH is the renormalised mass parameter. The counter term accounts
for the additional radiative corrections that the mass of the Higgs boson acquires
due to the symmetry (or other mechanism) that protects the my from becoming
very large. The consequence of adding a counter term is that for the theoretical
and experimental values to be agreeable the counter term must be ‘fine tuned’ so
that it will cancel the quadratically divergent contributions to m3,. Moreover, this
adjustment must be made at every order in perturbation theory.

In general the Higgs mass parameter is affected by heavy particles, especially
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Figure 2.4: The Feynman diagrams for the one-loop quantum divergences to the
Higgs boson mass in the SM.

by fermions, such as the top quark which has a mass m, = 172.3 + 1.3 GeV [104].
Aside from fermions, the Higgs boson mass is also renormalised from scalar loops.
Although the resulting corrections to my are quite different, the dominant term
still causes the physical value of my to diverge quadratically. Therefore the heavy
particles that couple to the Higgs induce very large radiative corrections to the
Higgs mass parameter which in turn demand a very large fine tuning to justify the
small my. This problem is the result of introducing a physical significance to the
cut-off energy scale A [105] with the light Higgs scalar being unable to survive in
the presence of heavy states at much higher energy scales. This disparity between
the theory and experiment is known as the hierarchy problem in the SM.

For the avid readers, an explicit calculation of the one-loop quantum diver-
gences to the Higgs boson mass due to heavy scalars and fermions is presented in
Appendix A.3 based on the work in Ref. [106]. In the SM, these divergences are
induced as depicted in Fig. 2.4.

Gravity

The most significant hole in the SM is the lack of gravitational interactions. Grav-
ity is by far the weakest fundamental force in nature, but unlike the other three
fundamental forces that are related to local symmetries, gravity has a global effect
and thus is a universal force. Gravity is thought to have its own force-carrier, a
spin—2 particle known as the ‘graviton’, which has not been observed yet. QFT
is not consistent with the framework needed to describe the gravitational interac-

tions. The impenetrable barrier to the attempt to incorporate gravity in the SM is
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the fact that all theories turn out to be non-renormalisable. In a more precise way,
any attempt for renormalising gravity results in an infinite scattering cross-section
for interactions. This requires a very fine tuning at each order in the interaction so
as to yield a finite result [107]. At the microscopic scale, the gravitational effects

are almost negligible, in contrast to the macroscopic scale where they dominate.

Dark Matter and Dark Energy

Cosmological observations lead to the staggering conclusion that there is an un-
known form of matter which does not interact with the electromagnetic force and
hence does not absorb, reflect or emit light. It is thought to be extremely weakly
coupled and has only been detected by the gravitational effects that has on the
visible matter. Visible matter constitutes only 5% of the universe while the dark
matter constitutes the 27%. There are many conjectures about the nature of dark
matter, but there is one definite fact: it cannot possibly be a part of the SM! An-
other mystery of the universe, which has no place in the SM is dark energy which
is distributed evenly throughout spacetime and is associated with the vacuum in
space. The even distribution of dark energy causes global gravitational effects on
the universe resulting in a repulsive force. This force is believed to drive the accel-
erating expansion of the universe. The existence of dark energy is experimentally

confirmed and constitutes 68% of our universe.

Electroweak Vacuum

In the SM the electroweak vacuum is measured to be v = 246.22 GeV. However the
measured values of m, and my, indicate that the effective potential of the theory
is shifted to a more unstable state. This is due to the dominant contribution of
the top quark in the renormalisation of the Higgs self-coupling. With these results,
the electroweak vacuum is in principle regarded to be unstable in the SM. With
more accurate results from the second LHC run the stability of the vacuum may
be improved but it is not guaranteed. BSM physics is therefore unavoidable for

dealing with this problem.
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Neutrino Masses

In the SM, neutrinos are assumed to be massless due to a global chiral lepton num-
ber symmetry [108]. This is in stark disagreement with observations of neutrino
mixing and oscillations, which can only be possible if neutrinos are massive. In-
deed, experimental results have revealed the masses of neutrinos to be small but
not negligible. The undeniable fact that neutrinos are light elementary particles
raises many questions: why is their mass many orders of magnitude smaller than
that of the other chiral matter fields, do they have Dirac or Majorana masses, are
baryon and lepton numbers conserved etc. A model that demonstrates how neu-
trinos may carry such a small mass was proposed by [109] and is widely known as
the see-saw mechanism. This is a natural way of obtaining small neutrino masses
provided that there exist heavy singlet neutrinos vg. Such a mechanism cannot be
accommodated in the SM framework, leading once again to the labyrinthine paths

of BSM physics.

Baryon Asymmetry

The observed lack of antimatter is in direct contrast with the abundance of ordi-
nary matter in the universe. It is unknown exactly why matter dominates over
antimatter, especially since the Big Bang should have created an equal amount of

each, but the answer for this asymmetry is believed to lie with CP violation [110].

2.2 Supersymmetry

In 1967, a new kind of geometrical symmetry, supersymmetry, was proposed in
the paper All possible Symmetries of the S-Matrix’, by Coleman and Mandula.
Therein, they state that there are only certain symmetries of the S-matrix: the
C, P, T symmetries and Poincaré invariance, postulating the Coleman-Mandula

theorem [111].

Theorem 2.2.1 In a theory with non-trivial scattering in more than 1+1 dimensions,

the only possible conserved quantities that transform as tensors under the Lorentz
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group (i.e. without spinor indices) are the energy-momentum vector P,, the gener-
ators of Lorentz transformations J,,, as well as possible scalar ‘internal’ symmetry

charges Z; which commute with P, and J,,.

Hence the most general algebra of the bosonic symmetry commuting generators of
the S-matrix is obtained by the direct sum of a Poincaré algebra and a compact Lie
algebra which contains internal symmetries. Furthermore, this algebra generates
symmetries of the S-matrix consistent with relativistic QFT. Haag, Lopuszanski
and Sophnius proved that the only additional symmetry of the §-matrix is the
unique extension of this general algebra by including fermionic generators with
anticommutation relations. This forms the Super-Poincaré algebra [112]. In any
number of dimensions, the Super-Poincaré - or supersymmetry - algebra has the

form:

{Q(I/A7 @,BB} = 20—(1/3um 6AB

{QGA’ QﬁB} = {Q-,A,Q;B} =0
[P, Q"] = [P Qial =0

where the Greek indices (a,8,...,d,0,...) are in the range (1,2) and denote two-
component Weyl spinors. The Latin indices (m,n,...) are in the range (1,...,4)
and denote Lorentz four-vectors. Finally, the indices (A, B,...) are in the range
(1,...,N > 1). The supersymmetric algebra has N = 1, while the extended super-
symmetric algebras have N > 1.

The anticommutating generators of the SUSY transformations are the Q and
Q fermionic operators. A SUSY transformation is responsible for generating a

bosonic state from a fermionic one and vice versa:
Q |fermion) = |boson), Q |boson) = |fermion) . (2.2.2)

Since the SUSY generators carry a spin angular momentum, it is concluded that

SUSY is a spacetime symmetry. However, the SUSY operation is applied in a math-
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ematical space which extends the ordinary Minkowski spacetime R* by Grassman
variables (6%, 6,),

= 040%0,), (2.2.3)

where (6%)* = 6.

The commuting and anticommuting generators transform in the spinor repre-
sentation of the Lorentz group. This implies that fermions and bosons form dif-
ferent spin states of a single fundamental supersymmetric entity, related by their
masses and their couplings. The irreducible representations of the Super-Poincaré
algebra must contain several irreducible representations of the Poincaré algebra
in such a way that particles are grouped together. These groupings are known as
superfields or supermultiplets and contain particles differing in spin by 1, related
by the action of the anticommutating generators. Furthermore, the commutation
relations between the SUSY generators and the generators of gauge transforma-
tions imply that particles which fall in the same supermultiplet must also fall in the
same representation of the gauge group. As a result, particles that are in the same
supermultiplet carry the same quantum numbers such as electric charge, weak
isospin and colour d.o.f. So for each ordinary fermion there exists a correspond-
ing particle in the supermultiplet which is interpreted as a boson superpartner and
similarly for each ordinary boson there is a corresponding fermion superpartner.

Supersymmetry is the only complex mathematical structure extended beyond
the SM framework which has been developed for many years. The primary the-
oretical goal of SUSY is to provide a complete solution for the stability of the
electroweak vacuum and the hierarchy problem. Over the last decades, research
has unveiled that SUSY has the potential to address many other issues that are
beyond the realm of SM. In the context of cosmology, SUSY predicts the existence
of supersymmetric particles which form good candidates for being dark matter
particles. In the context of particle theory, SUSY theories accommodate the uni-
fication of the couplings of the weak, strong and electromagnetic interactions at
high energies, reinforcing the theoretical idea that the three interactions originate

from a single fundamental theory [99].
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In a supersymmetric generalisation of the SM, such as the MSSM discussed
presently, the particle content of the theory is enlarged due to the inclusion of
the superpartners which are assumed to appear at an energy scale of O (1) TeV.
The superpartners contribute to the screening and antiscreening effects in such a
drastic way that the RG evolution of the three gauge couplings is modified and is

now based on a new set of coefficients:

by 0 2 % %
bi=|by|=|-6|+ Nram|2|+ Nuiccs % =l1]{, (2.2.4)
bs -9 2 0 -3

with Npay = 3 and Nyjgas = 2.

The RG evolution of the gauge couplings in the MSSM model is demonstrated
in Fig. 2.2b. It is notable that the running of the strong coupling is much weaker
than the one demonstrated in Fig. 2.2a. This occurrence is mainly due to the
dominating one-loop b; contributions. Similarly, the running of the weak coupling
has opposite direction while the running of the electromagnetic coupling is faster
than in the SM case. Finally, there is a contribution from all the Higgs fields and
their supersymmetric counterparts. However, their contribution to the running
gauge couplings in comparison with the contribution of the fermions and gauge
bosons is quantitatively minor. The results of Fig. 2.2b provide a splendid evidence
for the likelihood of a GUT with the masses of superpartners at the range of 1 TeV.

To illustrate how SUSY addresses the hierarchy problem it is adequate to con-
sider the simplest supersymmetric Lagrangian with a superfield that contains a

scalar field S and a two-component Majorana spinor ¢
L=-0,8"0S —il7"0,L — im(( + D) — ¢SLL— " S —mS + ¢S, (2.2.5)

where o# = (1,-0), & are the Pauli matrices, ¢ is an arbitrary coupling constant
and m is the mass which is the same for both the scalar and fermion. This La-

grangian is invariant under the SUSY transformations and the scalar self-interactions
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Figure 2.5: The Feynman diagrams for the one-loop quantum divergences to the
Higgs boson mass due to the supersymmetric partner particles. The contribution
to the Higgs boson mass from these diagrams exactly cancels the contribution
induced from the diagrams of Fig. 2.4, thus solving the hierarchy problem.

yield a positive definite potential,
V(S,8%) =|mS +cS** > 0. (2.2.6)

This is a general feature of all theories in which SUSY is an exact symmetry. This
means that the strengths of the interactions between the proposed superpartners
is expected to be identical to the strengths of the interactions between the various
ordinary partners. As a result, the theory has its minimum at (V) = 0. It is straight-
forward to deduce from Eq. (2.2.5) that both the boson and fermion interactions
have the same couplings. So SUSY relates particles that differ by a spin-; but
have identical quantum numbers and masses. Revisiting Egs. (A.3.2) and (A.3.3)
of Appendix A.3, it is obvious that the quadratic divergences from a fermion loop
cancel against those from a scalar loop, provided that the scalar and fermion inter-
actions have the same coupling. This is precisely what occurs in supersymmetric
theories. Therefore, theories with spacetime SUSY are automatically free from the
quadratic divergences and it is inferred that if there existed supersymmetric part-
ners for the SM particles then the one-loop corrections to the Higgs boson mass
would be attainable as depicted in Fig. 2.5.

However, it has been observed that there is a difference between the masses of
ordinary bosons and fermions. A striking experimental observation is that there
are no candidate supersymmetric fermion partners with the same mass and quan-

tum numbers as the scalar particles in the SM, and vice versa. Therefore, if super-
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symmetry exists it must be a broken symmetry.

2.2.1 The Minimal Supersymmetric Standard Model

The supersymmetric extension of the SM that respects the same S U(3)c®S U(2); ®
U(1)y gauge symmetries is known as the MSSM. The MSSM is constructed by intro-
ducing a chiral superfield for every fermion (xS F) and a vector superfield (VS F)
for every gauge boson of the SM. Each postulated superfield contains the observed
SM particle along with the corresponding superpartner. Note that the MSSM
is constructed as an N = 1 theory, which means that the superpartners of the
fermions are necessarily scalar particles whereas the superpartners of the gauge
and Higgs boson(s) are spin-; fermions. The superfields [ and Q thus consists of
an S U(2); doublet of left-handed leptons and quarks (as presented in Eq. (2.1.5))
along with their scalar partners, the left-handed sleptons and squarks which are

also in S U(2); doublets,

~ Vep
le =
€

Similarly, the superfields £, U and D contain the right-handed, gauge singlets

and Q% = [ﬁc] : (2.2.7a)
L

L ¢

leptons and quarks along with their scalar partners, the right-handed sleptons and

squarks,
re;  fige;  dre (2.2.7b)

In the MSSM all the gauge bosons acquire a Majorana fermion partner, the gaug-
ino. In consistency with this particle partnering, the superfield B contains the U(1)y
gauge field (B*) and its fermionic counterpart (b - bino). Similarly, the superfields
G* contain the gluon fields (G*#) and gluinos (g*) whereas the superfields W* con-
tain the S U(2); gauge fields (W*#) and their fermionic counterparts (@“ - winos).
The particle content of the MSSM is summarised in Tables 2.1 and 2.2.

One important feature of the MSSM is the existence of two Higgs doublet fields

(H,,H;) and the corresponding superpartners - the Higgsinos (H,, H;) which are
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Superfield | Spin-0 | Spin—3; | SU®) | SUQ@). | UMy
0 (i dre) | (upe,drz) 3 2 é
U Upge Uge 3 1 -2
D dre dre 3 1 é
] (e, Vie) | (ere,vie) 1 2 -1
E CRe eRre 1 1 1
Lo R | R | 2 :
14 (h0,hy) | (W0, 1)) 1 9 -1

Table 2.1: Chiral superfields of the MSSM with their particle content and repre-
sentations under the SM gauge group. There are three copies of the quark and
lepton superfields, one for each chiral generation. The superscripts +, 0 indicate
the Q.,, of the Higgs and Higgsino fields.

S U(2); doublets of Majorana fermion fields, as it is shown in Table 2.1. The Hig-
gsino superpartner of the SM Higgs doublet contributes to the triangle of SU(2),
and U(1)y gauge anomalies. Although the SM fermions have the correct quantum
numbers to guarantee the cancellation of these anomalies, the contribution from
the Higgsino remains uncancelled. Since the MSSM is a gauge theory and hence
cannot have anomalies, these contributions must also cancel. This is achieved by
adding a second Higgs doublet field with the opposite U(1)y quantum numbers to
the SM Higgs doublet field. The fermionic partner of the second Higgs doublet
will contribute to the gauge anomalies and will precisely cancel the contribution
from the first Higgsino, leaving the theory anomaly free [113]. The presence of
two Higgs doublets is also necessary for giving masses to both the up-type and
down-type quarks. Specifically, once the electroweak symmetry is spontaneously
broken the neutral component of the H, acquires a VEV (h)) = v,, giving mass
to the down-type quarks, while the neutral component of the H, acquires a VEV
(h%) = v,, giving mass to the up-type quarks. A detailed description of the MSSM
Higgs sector is provided in Appendix B.

Due to the extended Higgs sector in the MSSM, the phenomenology of Higgs
scalar particles is quite diverse. At this point it is worth noting that in MSSM theo-

ries the particles that contribute to the cancellation of quadratic divergences in the
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Superfield | Spin—; | Spin-1 | SU@B) | SU@2), | Uy

G* g GAH 8 1 0
we @ wear 1 3 0
B b B 1 1 0

Table 2.2: Vector superfields of the MSSM with their particle content and repre-
sentations under the SM gauge group.

Higgs boson mass renormalisation are the SM particles along with the gauginos,
Higgsinos and sfermions. Revisiting Eqs. (A.3.2)-(A.3.4) of Appendix A.3, if one
identifies the scalar and fermion couplings as equal, i.e. g% = gs, as SUSY requires,
and m; = m, then the total contribution to the Higgs boson mass renormalisation

becomes
(6m?1)total = g_S[m?r In (i) - mf In (i)

472 mys my

; 0(%) (2.2.8)

If the difference between the fermion and the scalar masses is relatively small
then the overall cancellation has a very small net value, free from quadratic di-
vergences. From this perspective, the theory obeys the ‘naturalness’ requirements.
Because of this, the theory supports the requirement that supersymmetric particles
must have masses below the 1 TeV energy scale if SUSY is to be the theory that
addresses the hierarchy problem.
Having introduced all the ingredients of the MSSM, it is now possible to write
a supersymmetric renormalisable Lagrangian for chiral superfields ®; and vector
superfields VA:
[SUSY _ pSusY L LSUSY L psusy (2.2.9)

Kinetic Energy interactions superpotential

The component fields of ®; are the SM chiral fermion fields y; and their SUSY
partners ¢;, as listed in Table 2.1. The component fields of V* are the SM gauge
fields and their SUSY partners A,, as listed in Table 2.2. The explicit form of
Eq. (2.2.9) is then given by:
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f(%seti Energy — Z {(D,u()o):r(Duso)l + %“ﬁto-u(D,uJ)t - %l (Duw)i O-HJI}

Z { _ iFﬁvF“VA " %MAUI‘(DJA) - %i(DﬂﬂA)aﬂﬁA} (2.2.10a)
A

‘Litgjefa);nons - \/_lzg‘//zfl Tl] ‘10] + \/ilzg‘pj-T;j lr//j /lA

ij,A ij, A
-1 Z (gpiTh o, + K'Y (2.2.10b)
L3U8Y =L oW oW oW (2.2.10c)
superpotential — =W = Z (9(,0 — 3 (990[(,0/ 91’:'%‘ 8 16 T"l’ '7[’] .4.10C

The covariant derivative D is the SU(3)c ® SU(2), ® U(1)y gauge invariant deriva-
tive; for the fermion fields it is defined in Egs. (A.1.3)-(A.1.5) of Appendix A.1.
The strengths of interactions are determined by the gauge couplings and g stands

for the relevant gauge coupling. The last term of Eq. (2.2.10b), ggoTT

1

e+ k= DA
is defined as the D-term while the first term of Eq. (2.2.10c¢), a—% = F; is defined as
the F-term. Both terms play a crucial role on the breaking of SUSY. Due to the lack
of a proper kinetic term for each of the fields corresponding to the D- and F-terms
in the supersymmetric Lagrangian, both fields are auxiliary. However, the sum of

D- and F-terms forms the positive definite potential of the theory,

oW |2
ol = § - E 2
V(Qota QD/) = i '690,‘ (890, UQDJ +kA) . (2211)
There is no freedom in constructing the £3i°F . and L3757 = since all the

parameters they carry are non adjustable. However, there is freedom in construct-
ing the superpotential, W which is an analytic function of the chiral superfields of
Table 2.1 only. The W contains terms up to three chiral superfields (four or more
result in non-renormalisable interactions). It is not allowed to contain the com-
plex conjugates of the superfields neither any derivative interactions. The most

general gauge invariant MSSM superpotential is
WMSSM = €j|Ye llﬁéﬁ + Ya Qi i,D + Yu QJI:I;U - E,J/J[:I:iﬁ; s (2212)

with the two-dimensional Levi-Civita symbol: €5 = —€; =1, €1 = €9 = 0.
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The term uﬁ;ﬁi, often called the u-term, gives mass terms for the Higgs bosons
once the electroweak symmetry is spontaneously broken. The mass is determined
from the first term of the £y and u is considered to be the Higgs mass parameter.
The coefficients y,, y4, y, are the supersymmetric equivalents of Yukawa couplings
since their corresponding terms produce the usual Yukawa interactions from the
remaining terms of the Ly in Eq. (2.2.10c). Due to the fact that these coefficients
are determined by the fermion masses and the VEVs acquired by the neutral com-
ponents of the scalar Higgs doublets, they are not free parameters of the theory.

Apart from the terms in Eq. (2.2.12), there are more gauge invariant contribu-

tions in the superpotential,
+y'UDD. (2.2.13)

However, these terms contribute to a lepton number violation (the first three)
and baryon number violation (the last one). Consequentially, this leads to proton
decay, mediated at tree-level through the exchange of down-type squark [114].
This result is avoided in the SM due to gauge symmetries, hence the lepton and
baryon number conservation is accidental. To strategically avoid the lepton and
baryon number violating terms in MSSM theories, an additional symmetry is re-
quired, R-parity which forbids any violating contributions ad hoc. It is a discrete
Z, symmetry - a multiplicative quantum number through which the SM particles

are clearly distinguished from their supersymmetric partners. It is defined as

+1 SM particles
R = (—1)3B+L+25 — (2.2.14)

-1 SUSY particles

where B, L and S stand for the baryon, lepton and spin quantum numbers of the
particles respectively. Assuming that R-parity is conserved, its multiplicative na-
ture requires an even number of supersymmetric particles produced in any inter-
action. Hence all SUSY particles are expected to be produced in pairs with their
SM partners. Another consequence of this assumption is that a supersymmet-

ric particle will undergo a chain decay until it decays to a final state producing
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the Lightest Supersymmetric Particle (LSP). The LSP is expected to be stable and
neutral. Hence, as in the case of neutrinos, the LSP is expected to interact with
ordinary matter via the weak force and is not expected to be observed by the

experimental detectors.

2.2.2 Supersymmetry Breaking

Although it is well known that SUSY is a broken symmetry, the mechanism under-
lying its breaking is not well understood. It is, however, well-known that if the
SUSY breaking scale is at the order of the GUT scale or the string scale then the
minimal theory that emerges as the low energy limit EFT is the SM.

Revisiting the Lagrangian of the unbroken MSSM, in Eq. (2.2.9), it is easy to
deduce that a breaking of SUSY will lift the masses of all the currently massless
particles, resulting in the SM particles and their corresponding superpartners hav-
ing an equal mass. This is in direct contrast with the mechanisms of nature that
are inclined to favour non-equal but larger masses for the superpartners of the SM
particles. Following the breaking of the electroweak symmetry, the most conve-
nient way to break SUSY is spontaneously, by giving some scalar fields VEVs. The
spontaneous breaking causes the ground state |0) to be no longer invariant under

SUSY, ie. Q,|0)# 0.

Global SUSY breaking

In globally supersymmetric theories, the Hamiltonian operator is defined in terms

of the generators of the theory according to the algebra in Eq. (2.2.1):

1 . : _
H =P’ = (010 + Q)01 + 020, + 0,0). (2.2.15)

A significant property of globally supersymmetric theories, as manifest in Eq. (2.2.15),
is that the Hamiltonian operator is bounded from below such that for any state |s)
the result is (s|H|s) > 0. In the unlike scenario of unbroken SUSY, the vacuum
state has 0 energy and obeys H|0) = 0. Conversely, in the occurrence of SSSB the
vacuum energy is shifted and therefore implies that (0|]H|0) > 0. The new vacuum
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is strictly restricted to have a positive energy

1
(O[H|0) = Z(IIQI 0)P + 1101 10)IIZ + 1123 [0)I + 11 Q2 10)II*) > 0, (2.2.16)

as a direct consequence of the requirement that the Hilbert space of the theory
must have a positive norm. This can only be true iff the minimum of the scalar
potential is also taken to be strictly positive, V,,;, > 0. Since Eq. (2.2.11) is the sum
of the D- and F-terms, then for the above requirement to be satisfied it is necessary
that either Vr,,;, > 0 or Vp,,, > 0 or some combination of both must be positive.

In the event that the condition V,,;, > 0 is met then an F-term breaking occurs
of which the canonical example is the O’ Raifeartaigh model [115]. Although this
procedure requires that at least one scalar field ¢ gets a VEV, it is not phenomeno-
logically successful as some of the scalar superpartners of the chiral matter fields
end up having a lower mass contrary to the expectation of a higher mass. In
general, the phenomenological results of this procedure, at tree level only, are
summarised by

Str (M%) = Y (-1°(2S + mf =0, (2.2.17)

where mg is the mass associated with the real component of a spin-S field and the
supertrace is a sum over all component fields. Even though some superpartners
are lighter then the SM particles some others superpartners are heavier so the net
result in the average mass is as implied by Eq. (2.2.17). Loop corrections result
in a shift in the masses of the superpartners, violating the tree-level result while
at the same time opening the possibility of SSSB mediation by loop effects from a
hidden sector of a greater theory into the visible sector, the MSSM sector.

On the other hand, if the condition Vjp,,, > 0 is met then a D-term breaking
occurs. Contrary to the F-term breaking, the scalar field ¢ is not strictly required
to get a VEV. This is due to the Fayet-Iliopoulos term k%, which is present only for
U(1) gauge fields and means that the potential is always positive. The first scenario
is that of the scalar field acquiring a non-vanishing VEV. The general consequence
of this scenario is that instead of achieving a SSSB there is a spontaneous breaking

of a gauge symmetry resulting in the SM particles and their superpartners getting
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the same mass [116]. The second scenario is a prevention of the scalar fields
from acquiring a VEV by giving them large masses through U(1) gauge invariant
superpotential terms. The MSSM has only the U(1)y gauge group and as it turns
out, the superpotential in Eq. (2.2.12) does not contain any U(1)y gauge invariant
terms that can induce large masses in the scalar fields. Hence the D-term breaking
in the MSSM is also phenomenologically unsuccessful unless it occurs in a hidden
sector with a different U(1) group and then mediated to the MSSM sector.

The MSSM is a theory at the electroweak scale thus is considered as an effec-
tive low energy theory which cannot accommodate with phenomenological viabil-
ity the spontaneous breaking of SUSY. It is, therefore, expected that a complete
theory exists which also includes gravity, with its unknown or unobserved sector
introduced as a hidden sector. The breaking of SUSY is assumed to occur sponta-
neously in a hidden sector by some other fields at high energy scales. For a detailed
discussion of the hidden sector see Ref. [101]. The breaking is then mediated to
the MSSM - the visible sector of the theory via messenger fields. There are many
speculations on how the breaking is mediated to the visible sector. Among these
the most popular are the GMSB [117] and mSUGRA [118]. It is beyond the scope
of this thesis to discuss these in depth but more details are available in the relevant
references.

Due to the ambiguity in characterising the hidden sector, the terms implement-
ing the SUSY breaking are inserted by hand. These terms are basically mass terms
for the SM particles’ superpartners, i.e. the scalar components of the chiral multi-
plets and the gauginos of the vector multiplets in the supersymmetric Lagrangian.
The mass terms are defined to be ‘soft’ as they preserve the cancellation of the
quadratic divergences. The terms allowed in the soft breaking Lagrangian are de-
termined by dimensional analysis. The mass dimension of the correction to the
Higgs mass-squared is [6m3] = 2 and the couplings gr and gs in Egs. (A.3.2)-
(A.3.4) are dimensionless. To prevent terms of the form g5 1% appearing in
[6m%,] = 2, thus hindering the established cancellation of quadratic divergences,
the operators in the soft breaking Lagrangian must have dimension three or less,

whereas their corresponding couplings must have dimension one or more respec-
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tively. This means that the only possible soft operators allowed are mass terms for
the scalars and gauginos as well as bilinear and trilinear scalar mixing terms, pro-
vided that the gauge invariance remains intact. So the general form of soft SUSY
breaking terms which respect the MSSM gauge symmetry and R-parity is given by

the Lagrangian [114]:

LYSSM = i, HIH, — m? H)Hy = B(HHy + ho) = S(My Bb + My &0 + M3 38 + h.c)
—M2Q~ (ﬁzéﬁLg + JZ@JLi) — Ml? (ézééLg + 172617145) - ML% ljt;reélth@ — Mz JLEC’ZRS - Mg éjq@éRE

~(A, Ore Hy ity — Ay Ore Hydyo — A Tre Hy &l + hic). (2.2.18)

C

In Eq. (2.2.18), each of the Mgy, M, M, M; ., is a 3 X 3 matrix in family space
with complex, hermitian entries. Similarly, each of the A,, A;, A, is a 3 x 3 matrix
in family space that has a mass dimension [m]. The MSSM introduces 105 new
parameters in addition to the 19 that exist in the SM, all of which are analysed
in Ref. [119]. A positive of this is the knowledge that a measurement of these
parameters might actually reveal the particulars needed to infer the theory behind
SUSY breaking. On the negative side, however lies the difficulty in fully examining
this huge parameter space. It might be indeed a challenge to determine so many
parameters but it is certainly not an impossibility thanks to some assumptions that

dramatically restrict the parameter space. At a GUT scale:

» the gauginos have three real mass parameters which are assumed to be ex-

actly equal,

 the sfermion masses and trilinear couplings are diagonal, real and universal

for all three generations, and
» the Higgs mass parameters are real.

These assumptions are well explained in Ref. [119] and are derived by theoreti-
cal arguments that have almost no phenomenological consequences regarding the
MSSM Higgs sector. As a result, the parameter space is reduced down to just five!
It is worth emphasising that this constrained form of the MSSM requires only the

GUT scale in contrast to the mSUGRA models of Refs. [118] that require a Planck
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scale.

As per the discussion in Section 2.1.1, regardless of the mechanisms that govern
the breaking of global SUSY, the spontaneous breaking implies the existence of a
massless Goldstone mode which shares the same quantum numbers as the broken
generator of the symmetry. In supersymmetric theories the broken generators are
the fermionic charges Q, so the resulting massless Goldstone particles will be neu-
tral Weyl fermions; the so-called Goldstinos. Following the SSSB, the Goldstinos
are in fact the fermionic components of the supermultiplets whose auxiliary fields
D” or F; acquire a VEV. There is an effective Lagrangian associated with the Gold-
stino field [114], from which one is able to derive the Goldstino interactions with
other boson-fermion pairs in a supermultiplet [120,121]. The effective Lagrangian

applies for every theory with global SUSY irrespective of how the breaking occurs.

Local SUSY breaking

A topic of great interest is the construction of supersymmetric GUTs which calls
for the inclusion of gravity in the SUSY framework. On this ground, SUSY must
be promoted to a local symmetry which means that the SUSY fields depend on
a spacetime parameter. The locally supersymmetric EFT that stems from this re-
alisation is the vaunted theory of supergravity [10]. In Supergravity (SUGRA)
theories, the symmetries of spacetime are unified with Einstein’s general relativity
in a set of equations that come under the guise of local SUSY transformations. The
superpartner of the spin—2 graviton is the spin—2 gravitino, which carries both a
spinor index « and a spacetime index y and is therefore symbolised as y;. Fol-
lowing the definition of Eq. (2.2.14), the gravitino has an odd R-parity. At the
four-dimensional level of an unbroken local SUSY, both the graviton and gravitino
are massless and each has two d.o.f which are spin helicity states. The spon-
taneous breaking of SUSY changes this picture quite drastically: The Goldstino
associated with the broken fermionic generator of SUSY supplies its two d.o.f to
the gravitino. These absorbed d.o.f consequently become two extra helicity states

( + %) that constitute the longitudinal component of the gravitino. As a result, the
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gravitino now becomes massive with a total of four helicity states. This effect is
the supersymmetric analogy to the ordinary Higgs effect so it doesn’t come as a
surprise that scientists define it as the super-Higgs mechanism [122]. All the while,
the graviton remains completely unaffected by the super-Higgs effects.

In general, the gravitino mass is estimated as

(2.2.19)

~|

¢

where A is the SUSY breaking scale. One look at the result of Eq. (2.2.19) would
naively trick someone into believing that an estimation for the mass of gravitino is
straightforward. The reality is far more complex; the gravitino mass is a subject of
theoretical dispute. Revisiting the brief discussion on SSSB mediation, it is worth
emphasising that different methods of mediation postulate different high energy
scales which in turn yield different values for the gravitino mass. The mSUGRA
models, which postulate a Planck scale, predict a gravitino mass of at least O (100)
GeV. This value is comparable to the masses predicted for the MSSM particles. The
GMSB models postulate a much smaller energy scale than the Planck scale which
in turn predict a gravitino mass much smaller than that of the MSSM sparticles.
This leaves no room for doubt that in the GMSB models, the gravitino is considered

to be the LSP.
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Chapter 3

A glimpse into the world of string

theory

Gravity must be caused by an Agent
acting constantly according to

certain laws, but whether this Agent
be material or immaterial I have left

to the consideration of my readers.

Isaac Newton

3.1 A quantum theory of gravity?

As alluded to Section 2.1.2 of Chapter 2, there is an elephant in the room when
one attempts to unify all fundamental interactions in nature into a single consis-
tent mathematical framework; this is of course the gravitational force. A century
ago Albert Einstein put forward the theory of general relativity, a revolutionary
theory that irrevocably transformed the Newtonian definition of gravity, taking it
to an entirely different level. One consequence of gravity’s redefinition has been
the prediction of gravitational waves whose detection was confirmed by the LIGO
instruments on the 14th of September, 2015. Indeed, this is an incontrovertible
evidence of general’s relativity validity as the true theory of gravity on a classi-
cal level and makes the issue of understanding gravity on a quantum level all the
53
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more pressing. The word ‘understand’ is used in the sense that one needs to know
what Lagrangian interprets the interaction of the gravitational force with matter
and how could provide quantitative results for making predictions.

The major stumbling block when one attempts to include gravity within the
framework of quantum gauge theories is the phenomenal incompatibility between
quantum mechanics and general relativity. The former describes remarkably well
the world at microscopic scales whereas the latter is the par excellence theory
that describes the world at macroscopic scales. In principle, it is understandable
how quantum mechanical effects could be included into gravity as long as the
energy of interactions is below the Planck scale. The clash between the two be-
comes prominent at energies of the order of Planck scale where the perturbative
non-renormalisability of gravitational interactions becomes manifest. This con-
trasts with the established renormalisability of the gauge interactions for which it is
known how to include quantum effects at all energy scales. Given this background,
the main differences between the gravitational and renormalisable gauge forces
are: The graviton (g,,) is a spin-2 particle whereas all the existent gauge bosons
are spin-1; the gravitational coupling constant Gy has a negative mass dimension,
[Gy] = M;} whereas the gauge couplings are dimensionless. This is a very impor-
tant point since it turns out to be a courtesy of the gravitational coupling’s dimen-
sionality the fact that gravity is perturbatively non-renormalisable. This means
that in the regime of Planck scale, the gravitational interactions, i.e. the scat-
tering processes involving gravitons, become so large that they give rise to UV
infinities. The associated Feynman diagram is depicted in Fig. 3.1. These infinities
cannot be absorbed by a finite number of parameters (local counter terms such
as masses and couplings) as required by the processes of renormalisation. It is
instead required an infinite number of parameters to absorb the UV divergences
which in turn demand measurement, thus rendering the general relativity unquan-
tifiable at energies comparable with the Planck scale. Therefore, it is precisely in
this regime that the need for a quantum theory of gravity becomes mandatory.

As was mentioned, there is some degree of understanding how to include quan-

tum effects with gravity but the failure to formulate a complete quantum theory
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won(F o, = o0

“Graviton

Figure 3.1: The gravitational force is mediated by gravitons whose scattering pro-
cesses, like the self-interaction presented in this figure, lead to UV divergences at
energies of the Planck scale’s order. As a result, the quantisation of gravity at these
energies is plagued by non-renormalisability. The figure is adapted from a review
on “Recent developments in String Theory”, extended version of Ref. [123].

of gravity gives strong indications that there is a deeply rooted inconsistency be-
tween the two. Nature has emitted unequivocal signals that in order to bypass the
mathematical complexities of gravity, a theory with new methods and concepts is
required. The most significant feature of this theory must be the definition of grav-
ity as a consistent quantum theory. Conceptually, a promising framework for this
theory is one based on perturbative expansions, with the emerging theory being
string theory [124]. Originally, string theory was descended from the “dual reso-
nance models” of hadrons in the pre-QCD era. However, the theory has so many
alluring features that over the years it has been established as the most privileged
contender for being a consistent perturbative theory of quantum gravity.

The issue of non-renormalisability is tackled within the formalism of perturba-
tive string theory, in which there is a set of rules that govern the computation of
on-shell amplitudes in on-shell background. In this context, as the point particles
are replaced by strings, the individual lines of Feynman diagrams are expanded
into strips and the worldlines are replaced by worldsheets of strings. Consequently,
the infinitely many gravitational interaction vertices of a Feynman diagram are re-
placed by a finite number of basic three-point interactions, as depicted in Fig. 3.2.
This modification guarantees the UV finiteness of string amplitudes [125]. In ad-
dition to the quantum corrections imposed on classical physics, there are now
stringy corrections which are related to the finite size of the strings. This size is
essentially the string length /; which takes over the role of the fundamental scale.
Except from having finite integrals in the computation of UV divergences there are

other benefits that stem from making use of finite objects. Firstly, the string length
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Figure 3.2: An interaction vertex in field theory is replaced by a strip or tube of
three-point interactions. The figure is adapted from Ref. [125].

becomes the sole unknown parameter in the Lagrangian of the theory hence there
is no need to introduce new parameters to absorb the divergences. This could
conceptually give a great predictive power to the theory since this is the only pa-
rameter that needs to be measured and set by the experiment. Secondly, the string
is the only fundamental object and has vibrational excitation modes which corre-
spond to different elementary particles. Since it necessarily includes a massless
spin-2 particle, gravity is automatically included in the picture in toto. Further-
more, there are certain symmetry transformations, known as dualities, that allow
the mutual exchange of quantum and stringy corrections.

The rich structure of string theory induced developments in a range of top-
ics such as non-perturbative dualities, gauge theories at strong couplings, alge-
braic geometry, entropy of black holes, holography and AdS/CFT correspondence
and the theory of branes. However, it is beyond the bounds of possibility to ac-
cess the energy scale of the gravitational coupling with the current technological
means available. Even though in theory it is possible to detect the point-like os-
cillations of the strings that correspond to elementary particles, the existence of
strings cannot be confirmed experimentally and thus all of the attractive features
of the theory cannot be explored in depth. Nevertheless, it still remains a huge
and rapidly expanding growing field and currently provides favourable guidelines

for the quantisation of gravity.
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3.2 Strings in D-dimensional spacetime

To start with, strings are one-dimensional extended fundamental objects - loops
known as closed strings or lines known as open strings - that propagate in a D-
dimensional background spacetime. The strings sweep out a two-dimensional
worldsheet X, which is a curved surface embedded in the D-dimensional space-
time. This is parametrized by o* = (r, o), with 7 being the timelike coordinate and
o being spacelike. To define the embedding of the worldsheet into the Minkowski
background spacetime there exists a set of scalar fields, defined as X*(r, 0); with
u=0,...,D—1. These fields describe how the string propagates and oscillates in
the given spacetime. The worldsheet of a freely propagating closed string has the
topology of a cylinder and the boundary conditions imposed on X*(r, o) state that

the fields are periodic in o on the cylinder:
XH(t,0) = X*(1,0 + 2m) ; o €(0,2n]. (3.2.1)

On the other hand, the topology of a freely propagating open string is a strip
and the boundary conditions imposed on the fields could be either Dirichlet (D)
or Neumann (N) at both ends of the string. The physical interpretation of N
boundary conditions specifies that there is no spacetime momentum transfer from
the string ends to the background spacetime. With D boundary conditions, one
end of the string is fixed on a dynamical object which absorbs the flow of spacetime
momentum. Such an object is called Dirichlet brane (D-brane). If p of the special
components of the fields have N boundary conditions at one end of the string while
the remaining D — p — 1 components have D boundary conditions then the other
end of the string is attached to a Dp-brane. Note that the fundamental strings
discussed here are different objects from branes, which are higher dimensional
objects. The particles that correspond to the excitations of an open string are able
to propagate only on the world-volume of the D-brane. However, the particles that
correspond to the excitations of a closed string are free to propagate throughout
the D-dimensional spacetime. For the remaining part of this thesis the discussion

encompasses only closed strings, hence branes are not relevant objects for the work
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presented in the upcoming chapters.

3.2.1 The bosonic string

The dynamics of the freely propagating bosonic string in D-dimensional Minkowski
spacetime is governed by the Nambu—Goto action, which is proportional to the area

of the worldsheet:

Sng =T | d*o~[—det . (3.2.2)
z

Here the constant of proportionality T is the tension (or mass per unit length) of
the string and is defined as T = (2ne’)™"; « is the fine structure constant and the
length of the string is given by /, = v’. The induced metric on the worldsheet is

the pull-back of the flat metric on Minkowski space,

Yop = Nuv (3.2.3)

X" OX” X XX
Ao doB X .X X2

where X# = 2% and X = 22, So the Nambu-Goto action for a relativistic string is

reduced down to

Sng = -T f do XX+ (X X2, (3.2.4)
z

For the quantisation of the string, the square root in Eq. (3.2.4) poses a compli-
cation. However, the quantisation procedure is simplified in another form of the
string action, which gets rid of the square root by introducing the auxiliary field

hap(t, o). This is the Polyakov action given by

Sp:—

f d*oN=det h h™8,X 95X’ g, . (3.2.5)

4ra’

What this action describes is that the D scalar fields X*(r, o) are coupled to two-
dimensional gravity, with the field /,4(t, o) being a dynamical metric on the world-
sheet. Note that the action in Eq. (3.2.5) holds for a general background with
metric g,, and that at the classical level is equivalent to the Nambu-Goto action.
The Polyakov action by itself is invariant under a set of symmetries, both global
and local. These symmetries are related to:
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1. Global spacetime Poincaré transformations:
X' = ad, X"+ aﬁ a. =M (3.2.6)

in which the parameters ¢*,, b* are constants.

2. Local reparametrization of the worldsheet: ¢® +— %(r,o). This is a gauge
symmetry which reflects the fact that since the worldsheet coordinates o
have no physical meaning, there is a redundancy in the description. The
fields X* transform as worldsheet scalars, while 4,; transforms as a two-

dimensional metric,

X o) - XHNE) = XM o)

- 00790
haﬁ(O') g I’laﬂ(O') = ﬁﬁ hy(s(O') . (327)
3. Local Weyl invariance on the metric:
hog > €T Ry (3.2.8)

This implies the tracelessness of the energy-momentum tensor as defined in
Eq. (3.2.10), i.e. h“/"Taﬂ = 0, and signals the conformal invariance of the
action. In contrast with the other two symmetries, the Weyl invariance is a
symmetry that does not appear in the Nambu-Goto action. It is considered
to be another gauge symmetry of Polyakov action that reflects the fact that
local dilations are an additional redundancy and the w(r, o) is not a physical

field, hence no d.o.f are associated with it.

If one sets g,, = 1,, and chooses a flat metric on the worldsheet in Minkowski
coordinates, ie. h,s = 1,3, the Polyakov action is reduced to a theory of D free
scalar fields. As a result, the equations of motion for X* are simplified to the

equation of a free wave,

1
Sp=-— fdzo' 9,X-0°X = 9,0°X*=0. (3.2.9)

4o’
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There is also an equation of motion associated with the metric 4,5. The variation

of the action in Eq. (3.2.5) w.r.t to the metric gives rise to the stress-energy tensor

A oS P flat metric

Tpp= ——r merie 5 X - 95X — LnaPT0,X - 0, X, (3.2.10)
B V_det h Oh®® pA ~ 3Map p

which satisfies 7,5 = 0. In a more explicit form:

T01 = X X' =0 (3.2113)

Too=Tu=3X*+X%=0. (3.2.11b)

From this it is deduced that the equations of motion of the classical string are the
equations of a free wave that obey the constraints of Eq. (3.2.11). These can be
easily solved in terms of the lightcone coordinates on the worldsheet, o* = 7 + 0,
such that

0,0_X"=0; (3.2.12)

with a general solution
Xt (r,0) = X5 (o) + Xiy(07), (3.2.13)

where the X} and Xj, functions are the left- and right-moving waves which propa-
gate through space at the speed of light. These functions obey the constraints of

Eqg. (3.2.11) and in the case of closed strings they are expanded in Fourier modes

as follows:
LI
X{(o) = fa P i [T Y e (3.2.14a)
n#0
’ 1 I
Xy(o™) = J 4 ja'pro + iy 5 ; afe . (3.2.14b)

The x* and p* are the position and momentum of the centre of mass of the string
respectively. In addition, the Fourier modes in Eq. (3.2.14) obey o, = (o*,)* and
&, = (&) as a consequence of the fact that X* must be real. Note that Eq. (3.2.13)

is invariant under o — o + 27 whereas the X, and X} individually are not. Revis-
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iting the constraints of Eq. (3.2.11), it is found that

0. X)) =(0_X)*=0, (3.2.15)
which in turn gives
o ~u —inot
0.X" = \|5 Z @' e (3.2.16a)
o’ —ino~
0-X" = \|5 Z ot e (3.2.16b)

A noteworthy result that plays a key role in the string quantisation is that the zero

modes for both the left- and right-moving waves are identified as being the same,

with & = of, = {/%<p". Going back to Eq. (3.2.15), the constraints are written as
((9+X)2 =a Z Zln e—ina'+ =0; zn = % Z Ay * Ay (3.2173)
OX? =d Z Le™ =0; L,=1 Z A Uy - (3.2.17b)

As stated, the I, and L, are the sum of the oscillator modes and for the classical

string they further obey the condition

L,=L,=0 VneZ. (3.2.18)

In this case, the L, and L, have a pivotal role as they provide expressions both for
the Hamiltonian () and the effective mass of a classical bosonic closed string in

terms of the excited oscillator modes (mg):

H = Z(ZO + L()) 5 (3.2.19)
4 4
2 _ A E .
mg = o nio a, - a_, o 2. a, - a_, or
2
2 — ~n . ~—n +a, a_,). 3.2.20
myg p E (@, -a a, - a_,) ( )

n>0

The result of Eq. (3.2.20) is the so-called mass-shell level-matching condition which
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comes in handy for the quantisation of the string. It is worth mentioning that the

elements of the set {L,, L,} form a commuting algebra, known as the Witt algebra:

(L., L,] = (I’l —m) L,y

(Ly, L] = (n=m) Ly . (3.2.21)

These elements are physically interpreted as the infinitesimal generators of an
additional set of gauge transformations that leave the action of the bosonic string
theory invariant. This additional symmetry combines both reparametrizations and
Weyl rescalings into a new symmetry, the conformal symmetry.

After presenting the main properties and the basic structure of the classical
bosonic string theory with closed strings, the next step is to proceed with its quan-
tisation. Although the quantisation of the bosonic string deviates from the scope
of this thesis, it is still relevant for the consistency of the remaining sections in this

chapter. Therefore, an account of this topic is given in Appendix C.

3.2.2 The superstring

The upshot of studying the bosonic string theory is the realisation that it falls short
as a consistent, unified quantum theory of gravity due to two missing ingredients;
stability and fermions. First, as it is discussed in Appendix C, the bosonic string is
plagued by unphysical tachyonic states implying that the vacuum of the bosonic
string theory is unstable. Second and most important, is the striking absence of
fermions from the physical mass spectrum of the theory. In string theory, the incor-
poration of fermions is described by a set of fermionic fields W*(r, o) and requires
SUSY. There are two approaches on this construction: one approach requires
worldsheet SUSY and is known as the Ramond-Neveu-Schwarz (RNS) formalism
whereas the other requires spacetime SUSY in the ten-dimensional Minkowski
background and is known as the GS formalism. In both formalisms, the resulting
theories are termed as superstring theories.

In this work, the only formalism used is the RNS in which D free fermionic

fields are added to the D-dimensional bosonic string, so that the overall number
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of bosonic and fermionic d.o.f matches. The fermionic fields are two-component
spinors which reside on the worldsheet and transform as vectors under a Lorentz
transformation on the D-dimensional background spacetime. The action of a su-
perstring theory is found by adding the Dirac action for D massless fermionic fields

to the bosonic action:
1 1 —
S = —— | drdo 8,X'0°X, — — | drdo ¥ p?8,¥, . (3.2.22)
2r 2

Here o = 0,1, ¥ = (P#)7ip® and p® is the two-dimensional representation of Dirac
matrices that satisfies the Clifford algebra {p?, o’} = 27°¢. In this case, the compo-
nents of the matrices are all real, hence this is a Majorana representation of Dirac

matrices, defined as

0 -1 01
o’ = and o= . (3.2.23)

The fermionic fields are in fact Weyl-Majorana spinors which carry a spacetime
index u. Hence, the reality condition could be imposed on them such that ¥ =
(P)TC with C being a 2 x 2 charge conjugation matrix. In terms of lightcone
coordinates, the fermionic part of the superstring action defined in Eq. (3.2.22) is
given by

Sp= é f do*do™ (0" 0., + 0" 0.0_) (3.2.24)

where ¥/, y* are the explicit components of the two-dimensional Weyl-Majorana
spinors. The fermionic action yields two equations of motion: one that describes
a left-moving wave and one that describes a right-moving wave. They are deter-

mined respectively as
o,y =0 and a_y =0. (3.2.25)

This implies that the left- and right-handed fermions are functions of the o* and
o~ coordinates respectively. Similar to the case of the bosonic string theory, the

timelike spinors ¢ , would yield negative norm states that need a new local sym-
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metry to be removed. This symmetry is the super-reparametrization invariance on
the worldsheet. In addition to global Poincaré symmetry, the action in Eq. (3.2.22)
has an additional global symmetry. This is the worldsheet SUSY whose action on

the worldsheet fields is given by
€
oxXt = e €= [ } ;
SPH = p%9,XMe, (3.2.26)

where € is an infinitesimal Majorana spinor with real, constant components. As a

result, there are two conserved currents associated with the global symmetries,

J3 = =1 (PP, )a 9pX* (3.2.27)
Top = X 0pX, + LW p, 05¥, + L ¥ ps8,%,,. (3.2.28)

The stress-energy tensor (7,p) arises from the translational symmetries, and the
supercurrent (J¢) arises from SUSY. In terms of lightcone coordinates, these are

expressed as

jr = YL0.X, and jo=y"o_X,, (3.2.29)
Tio = 0X,0X+ L0k 0y
T = 9.X,0.X"+ é;z/i a_w_,
T, = T..=0. (3.2.30)

The RNS superstring theory has a number of constraints imposed on quantisation,
which are given by

jo=j=Tw=T_=0. (3.2.31)

Likewise to the bosonic string, the constraints in Eq. (3.2.31) imply that the su-
perstring theory has superconformal invariance which is used to fix the lightcone
gauge and remove the unphysical states from the quantised theory.

In order to solve the equations of motion, boundary conditions are required.
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The boundary condition for the closed string leads to two sets of fermionic modes,
one that is left- and one that is right-moving. The periodicity conditions in accor-

dance with the Lorentz invariance are

Vi, o) = 2 yi(r,o+ 7). (3.2.32)

The positive sign implies periodic or Ramond (R) boundary conditions whereas
the negative sign implies antiperiodic or Neveu-Schwarz (NS) boundary condi-
tions. Either one of the two boundary conditions could be imposed on the left- and
right-movers, therefore there are two different mode expansions for the fermionic

movers. The left-movers could be expanded either as

R: M(T, o) = ng e 2in(r+o) or NS : M(T’ o) = Z B,tr;e—Zir(Ha') ,
1

nez rEZ+§

(3.2.33)

and the right-movers could be similarly expanded either as

R:yh(rno)= Y die® 0  or  NS:y(ro)= ) Be?.

nez reZ+%

(3.2.34)
Note that #*" = p*, and ¢" = @",. Since a state is formed by the tensor product of
a right-mover with a left-mover, there are four choices and hence four sectors in
the superstring theory: the NS-NS and the R-R sectors that consist of spacetime
bosonic states, as well as the NS-R and R-NS sectors that consist of spacetime

fermionic states.

3.3 Quantising the RNS superstring theory

In the same manner as to the bosonic string theory, the RNS superstring theory
can be quantised either via the covariant or the lightcone quantisation methods.
In this section, only the covariant quantisation is presented in detail and lightcone
quantisation will only be briefly mentioned.

Promoting both X* and W* to operator valued fields one obtains the canonical
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equal-time commutation and anticommutation relations respectively. This means
that the modes a, @ derived from the bosonic fields obey the algebraic relations
in Eq. (C.2.10), and the modes b, b, d, d derived from the fermionic fields become

operators and obey the following algebraic relations:

‘;} = {[A?f’ B;} = Umlé‘r+s,0
Aﬁ’ AZ} = nuyé‘m+n,0

~ A

) = (A =B d) =0, (3.3.1)

r n

Superstrings have two distinct sectors in the spectrum: the R and the NS sectors,

thus for each sector there is a corresponding oscillator ground state defined by

a0y = d“10)g=0  Vm>0, (3.3.2)
" 0)ns = PlOns=0  Vmr>0. (3.3.3)

The excited states are then constructed by acting on the ground states with the
creation operators as demonstrated for the bosonic string theory in Appendix C.
The ground state of the NS sector is unique and gives rise to a spin-0 spacetime bo-
son. Note that the oscillators &/, and 5 behave as spacetime vectors under Lorentz
transformations, hence the excited states in the NS sector, created by acting on the
vacuum by negative mode oscillators, all give rise to massless and massive space-
time bosons. Contrary to this, the ground state of the R sector is degenerate and
gives rise to a spin-; spacetime spinor of dimension 27 . The fermionic coordinates,

d", have zero-modes which obey the anticommutation relations
{0?/6,626} =00 =1 (3.3.4)

This is a representation of the Dirac algebra and allows the set of degenerate states

to be written in the following form

V2idyla) =4, 18) . (3.3.5)
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where y* is a D-dimensional matrix representation of d° and «, 8 are spinor indices.
Similar to before, the oscillators &% and d", transform as spacetime vectors hence
the excited states in the R sector, created in the usual way, all give rise to massless
and massive spacetime fermions.

The elements forming the set {ﬁm,im}, m € Z, are generators of the RNS su-
perstring theory, known as the super-Virasoro generators. There are two sets of
them; each one is associated with the mode expansions corresponding to the
two different sectors of the theory. The super-Virasoro generators consist of the
mode expansions of the stress-energy tensor and the supercurrent, as defined in
Eq. (3.2.29), and are determined by adding to the corresponding Virasoro gener-

ator of the bosonic part the Virasoro generator of the fermionic part:

2 1 ¢ . 2 L/ p

L, = —fd(f emoT, ., =LY+ [V
T -

) 1. O

L, = —f do "T__ =1V 4+ [V (3.3.6)
TJr

The generators from the bosonic part are defined as in Eq. (C.1.8) whereas the
fermionic part yields two Virasoro generators and two mode expansions of the

supercurrent.

e NS sector: The super-Virasoro operators for a closed superstring are ex-

pressed as
=13 (wﬂ) by - b (3.3.72)
m 9 9 m—r r Je.
1
reZ+§
B =4 (r+ %) burebs (3.3.7b)
1
r€Z+§
and the modes of the supercurrent are given by
2 \/Q T . 2 2
G =— I ¢"Tje= ) by b (3.3.8a)
G, = 2 f Za_ DBrin; (3.3.8b)
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where m,n € Z, and : : indicates normal ordering. The zero-mode operators

are then defined as follows

Lo=1&2+N; Vs = > G, &H+Zrb_, b,
n=1 1
=3
. 122 1 N o PN
Ly=3a5+N; Nys = Q_p, -, + Z rb_,.-b,. (3.3.9)
n=1 1
=3

The eigenvalues of the number operators N and N determine the mass-

squared value for the excited states of the theory, which is given by
a/mgs :NNS —% :ﬁNS —%. (3310)

As usual, the elements of the set {£,,, L, G, G,}, where m € Z and r € Z + !
form the super-Virasoro algebra which consists of the following general alge-

braic relations:

PN D
[Lma Ln] = (m - I’l) Ly + g m (m2 - 1) 6m,—n

[i‘m’ ér] = (g - I’) Guir
A A D 2 1
(Gr Gl =2 Ly + (= 1) 0. (3.3.11)

The central charge is denoted by D and is equal to the dimension of the

background spacetime for the RNS superstring theory.

» R sector: The super-Virasoro operators for a closed superstring are expressed

as
i(.f)ZLZ(n+m)~£ d,: (3.3.12a)
m 9 9 « Ym-n n - i
B =3 3 (n+ %) dnn- o (3.3.12b)
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and the modes of the supercurrent are given by

2 \/i T . 2 5

Fm = 7 ‘[ﬂ elmO']+ = Za'_n . dm+n (3.3133)

A 2 (" . A

Fm — if elmo—j_ = Zd’_n . dm+n; (33.13b)
T J., -

where m, n € Z. The mass-squared value for the excited states in this sector

of the theory is determined by
a/mgs = INR = IVRp, (3314)

where the number operators are now defined as
Np= Y &,-Gy+ Y rd,-d;  Np=) a,-a+) rd, d. (33.15)
n=1 1 n=1 1
r=g r=5

In the R sector, the super-Virasoro algebra is different because it is now
formed by the elements of the set {£,, Ly, £, £} (m, n € Z) and the gen-

eral algebraic relations are:

~”oa D
[Lma Ln] = (m - I’l) Lm+n + gmgém,—n

A A m
[Lm7 n] = (E - l’l) Fm+n
. D,
(B B} = 2 Lovon + =m0y . (3.3.16)

2

Having presented the basic elements of the quantised closed superstring, the next
step is to examine the conditions imposed on the physical states (|¢)) emerging

from each sector of the RNS superstring theory.

e NS sector: The mass-shell conditions satisfy

Lold) =Lmld)=0  m>0, (3.3.17a)
G lpy=C, 16y =0  r>0, (3.3.17b)
(Lo — zns)16) = (Fo — 2ns) 16) = 0, (3.3.170)
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where zys is a constant which arises due to the normal ordering ambiguity

of Z:(), io.

* R sector: The mass-shell conditions satisfy

Lolgy=L,lpy=0 m>0, (3.3.18a)
Fsy=Fole)=0 n>0, (3.3.18b)
(Lo — zp) 1) = (Lo — 2p) 16 = 0, (3.3.18¢)

where zz is a constant like the zys. In general, the two constants are not
equal as they depend on the zero-mode super-Virasoro generators which are

different for each sector.

The last condition in Egs. (3.3.17) and (3.3.18) implies that the mass of the phys-

ical states arising from a closed superstring is given by
a'mig = Nysg — zvsk = Nysg — Znsg - (3.3.19)

In the covariant quantisation there are unphysical states emerging through the
same procedure as discussed for the bosonic string. It is possible to eliminate
these states from the mass spectrum of the theory if the constants are evaluated
as zys = % and zz = 0, where the central charge is found to be D = 10 [126].
These constraints imply that the background spacetime of a covariantly quantised
superstring free from unphysical states and manifestly Lorentz invariant is ten-
dimensional. Furthermore, a superstring that lives in ten dimensions is free of any
conformal anomalies [127].

Unitarity in RNS superstring theory is manifest in the lightcone quantisation.
Recall that in the bosonic theory, the conformal symmetry of the action is a residual
bosonic symmetry which allows the lightcone gauge condition defined in Eq. (C.2.6)
to be imposed on the theory. This condition is also valid in the RNS superstring
theory, however, the theory has a superconformal symmetry. This means that there

is an additional residual fermionic symmetry which allows an extra condition to

be imposed on the lightcone gauge. As a result, the lightcone gauge in RNS super-
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string theory requires

X' (r,o)=x"+p'r and Y(1,0)=0. (3.3.20)

Each sector of the theory contributes a different set of states to the physical
mass spectrum and the lightcone formalism provides an easy way to understand
it. As deduced from Eq. (3.3.19), the mass-squared of the physical states in the

NS and R sectors is determined respectively as

a/mlz\,S: Ed,,d/,,+ rbrbr—%: Q- + rb,br—%
n=1 1 n=1 1
=3 =9
a'ms = E Oy Qu+ » rd,-do=) @, -G,+ » rd_,-d, (3.3.21a)
n=1 1 n=1 1
=3 =3

Hence it is demonstrated that the mass spectrum surviving the super-Virasoro con-

straints consists of states such as the ones presented below.

» The NS ground state is defined to be annihilated by all positive mode oscil-

lators,

& 10 ks = & 103 ks = 07 bL10s K )ws = B [0k s =0, (3.3.22)

along with
& 10; K yys = @4 10; K )ys = V20K 10; Ky . (3.3.23)
The mass-squared value of the ground state is given by &/m%¢ = —3 which im-

plies that the ground state gives rise to a tachyon. At this point the existence

of a tachyon jeopardizes the stability of the theory.

» The NS first excited state consists of one left- and one right-moving oscillator
mode. However, there are two oscillator modes, the bosonic ¢/, and the
fermionic b’ |, so there are two options for creating this state. It turns out
however, th212t the first excited state in the NS sector is formed by acting

on the vacuum state with the lowest frequency oscillator mode such that
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QYUY = b 1[7 . 10;k*). These states are formed by the tensor product between
two mass%esszspacetime vectors acting on a scalar ground state. Thus, they
give rise to massless spacetime vector particles that fill out the representations
of the little group S O(8). The particles have eight d.o.f which are transverse
directions or polarizations, as required for a massless vector living in ten

dimensions.

» The R ground state is similarly defined to be annihilated by all mode oscilla-

tors with n > 0,
F 10 kR = & 10; K = 05 d |0k = di [0k =0,  (3.3.24)

along with

F10: K% = F10; k) = 0. (3.3.25)

This condition implies that I', k*|0; k#*)g = k|0;k*)z = 0, which is the Dirac
equation in the momentum representation. From this result one could sur-
mise that the R ground state is a massless ten-dimensional spinor with 32
independent components and thus gives rise to massless spacetime fermions.
However, the fermionic fields on the worldsheet of the superstring theory
are Weyl-Majorana spinors. Therefore, it is acceptable to impose the Majo-
rana reality condition on the R ground state. This reduces the number of
independent components down to 16, but the 16-component Weyl-Majorana
spinor has to also obey the Dirac equation. As a result, the number of inde-
pendent components is further reduced down to eight and hence this state

carries eight d.o.f and corresponds to an irreducible spinor of S O(8).

» The R first excited state similarly consists of a left- and a right-moving os-
cillator mode. Unlike what happens in the NS sector, the R first excited
states are obtained by acting on the vacuum state with either the bosonic
oscillator mode ¢, or the fermionic oscillator mode d',. These states are
the tensor product between two spacetime vectors acting on a spinor ground

state. Thus, they give rise to massive spacetime spinors.
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There are some immediate problems with the above spectrum. For one thing as
explained in Section C.2 of Appendix C, the existence of tachyon is a hindrance,
thus the tachyon must be projected from the spectrum. Another observation is
that even though the bosonic d.o.f for the first NS excited state are equal to the
fermionic d.o.f for the R ground state, they are not level matched as required
by spacetime SUSY. The local SUSY manifests itself in the form of a massless
gravitino, hence the absence of SUSY from the spectrum is problematic. Moreover,
the spectrum is inconsistent with the worldsheet modular invariance, a symmetry
that guarantees the absence of global anomalies [127].

All is not lost because the consistency of the theory at one-loop implies that
there is an additional condition imposed on the states. This is the Gliozzi, Scherk

and Olive (GSO) projection defined as
(=) =-1, (3.3.26)

where F is the fermion number operator:

Fys=y b, bl =>"0 b Fp=)d,d=>4d,d. (3327
1 1 n=1 n=1
r:§ r:i

The primary achievement of the GSO projection is the elimination of the tachyon
from the NS sector. For the projection to be satisfied, the Fys must be equal to an
odd number. Hence, the only states in the NS sector that survive this additional
constraint are those states created by an odd number of b and b oscillator excita-
tions. In the case of the R sector, the GSO projection acts as a spacetime chirality

and satisfies the anticommutation relation
{(0)F,d)}=0. (3.3.28)

Hence the operator (-)” is identified with the ten-dimensional y! matrix and in

the absence of oscillators the GSO projection satisfies

(=) = YHi(=)Zmdnds (3.3.29)
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Hence, the states in the R sector that survive this condition are those created
either by an even or an odd number of d and d oscillator excitations depending
on the chirality of the spinor ground state. Spinors with positive chirality satisfy
y1W+* = Pr whereas those with negative chirality satisfy y! ¥* = —*, This now
guarantees that at the massless level of the theory there are two ground states, a
vector boson with eight d.o.f along with a Weyl-Majorana spinor with the same
number of d.o.f. The two ground states form two different real, eight-dimensional
representations of S O(8) and produce all the massless states in the four sectors,
NS-NS, NS-R, R-NS, R-R of the closed RNS superstrings. A summary of the

massless spectrum is provided in Table 3.1.

Sector S O(8) Representation | Massless Fields
NS-NS|[8,88,=35,928,®1 v B &

NS-R 8,®8, = 8,856, k P
R - NS 8,®8, = 8,856, v,
R-R 8,®8,=p— forms R — R bosons

Table 3.1: The massless spectrum of the closed ten-dimensional RNS superstring
where the massless fields are identified according to the irreducible S O(8) repre-
sentations. The subscripts v and s denote the vector and spinor representations.
The NS — NS states denote the 2-index symmetric traceless, the antisymmetric and
trace combinations that correspond to the spin-2 graviton, 2-form and spin-0 dila-
ton respectively. The fermionic states ‘P, ¥, are spin-§ gravitino fields, while the
A, A are spin-1 dilatino fields. All fermions that fall in the same representations
have the same helicity. This spectrum coincides with the one obtained in Type IIA,
IIB N = 2 supergravity theories.

Having the same number of bosons and fermions in the massless level of the theory
is a direct consequence of spacetime SUSY and is most commonly expressed as
Bose-Fermi degeneracy. More generally, the Bose-Fermi degeneracy holds at each

mass level of the RNS superstring theory [126].
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3.4 The vacuum landscape of the RNS superstring

theory

For the formulation of a consistent quantum field theory of superstrings, the space-
time background must have ten dimensions. However, following the discovery of
anomaly cancellation by [13], in terms of the weak coupling perturbation theory
there exist five different consistent superstring theories. Three of them, known as
Type I SO(32), Type IIA, Type IIB, were introduced by [128] building on the earlier
work of Ref. [11]. The other two, known as S O(32) Heterotic and Eg ® Eg Heterotic
were formulated by [12]. The Type I SO(32) is a theory that contains both open
and closed strings, and N = 1 SUSY. The Type II theories are based on closed
strings with N’ = 2 and a U(1) gauge group. Depending on the relative chirality be-
tween the left- and right-movers different states in both the NS and R sectors are
projected out yielding the different Type II superstring theories with different mass
spectra, theoretical and phenomenological properties. The heterotic strings form
the central piece for the completion of this thesis, therefore they are discussed in
more detail in Chapter 4.

The five superstring theories are in fact five different solutions to a unique
underlying theory [129]. Specifically, they are just perturbative expansions of the
unique theory about five different, consistent quantum vacua which are related to

each other through symmetries, known as dualities [130,131],

1 1
T:R— —; S:gs > —. (3.4.1)
R 8s

T-duality is an exact quantum symmetry of perturbative closed strings and relates
one string theory compactified on a circle of radius R to another string theory
compactified on a circle of radius R™'. The two theories are called dual and are
physically equivalent, in the sense that the worldsheet quantum field theory is
invariant under the rewriting of the radius R theory in terms of the dual string
coordinates. Type II superstring theories are related to each other via T-duality,

and the same also holds for the two Heterotic superstring theories. So, a Type
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IIA theory formulated in a nine-dimensional Minkowski spacetime times a circle
of radius R is equivalent to a Type IIB theory formulated in a nine-dimensional
Minkowski spacetime times a circle of radius R™!. In ten dimensions both theories
are two limiting cases of a continuum of consistent vacua that are connected by
tuning the value of the radius R. The value of the radius is determined by the VEV
of a modulus field and ranges from zero to infinity.

S-duality is another symmetry of perturbative closed strings and relates one
string theory with a strong coupling to another string theory with a weak coupling.
Type I SO(32) superstring theory is related to the S 0(32) Heterotic superstring
theory and Type IIB is related to itself in a similar manner. The string coupling
constant gg is determined by the VEV of the dilaton. A direct implication of S-
duality is that two theories are continuously connected by varying the coupling
constant from zero to infinity. Furthermore, the strong coupling expansion of one
theory is determined by the weak coupling expansion of the other.

Even though it is not a primary goal to elaborate on dualities, there is a re-
markable upshot: all superstring theories are different manifestations of the same
“master entity”. This is on par with the expectations from a fundamental unified

theory.
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Chapter 4

Non-supersymmetric heterotic

strings

The important thing in science is not
so much to obtain new facts as to
discover new ways of thinking about

them.

Sir William Lawrence Bragg

4.1 The general framework

The heterotic string is an oriented closed string obtained by the tensor product
of the left- and the right-moving modes. All of the right-moving modes are su-
perstring modes in ten spacetime dimensions and all of the left-moving modes
are bosonic string modes in 26 spacetime dimensions'. The additional 16 di-
mensions for the right-moving modes are compactified on an internal momen-
tum lattice which bears gauge charges. The gauge charges are the momenta p;
I = (1,...,16), which under the one-loop modular invariance form an even self-

dual lattice (Pr - pr € Zand p? € 2Z) in 16 dimensions.

IThis assignment is consistent with the KLT notation.
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The massless spectrum of the heterotic string consists of the states in the NS-
NS and R-NS sector, as given in Table 3.1. This constitutes the particle content of
N = 1superstring theory in ten dimensions. The bosonic string modes contribute
to the formation of massless vector bosons in the spectrum. According to anomaly
cancellation, either an SO(32) or an Eg ® Eg gauge symmetry is required for the
heterotic theory to be consistent. Hence there are only two self-dual lattices in 16
dimensions, one generated by the roots of §O(32) and another generated by the
roots of Eg ® Eg.

There are two possible ways to express the additional 16 bosonic fields. The
first one is to keep the fields as bosons. The other, more common way, is to express
each bosonic field in terms of a Weyl-Majorana fermion 14, where A denotes the
d.o.f of the fermionic modes. Based on this approach, the action of the heterotic

string in the lightcone gauge is given by

1

S, =
" 4o’

f d’é ((%X”@“Xﬂ +20YH A, + 2i i ZAa_ZA) : (4.1.1)
A=1
The heterotic string is the only perturbative closed string theory that provides a
satisfactory description of the observable world and produces amazingly viable
phenomenological models in four dimensions. Since the holy grail of string phe-
nomenology is to extract the massless particle content of a theory constructed at
the string scale and to examine its properties, heterotic strings are the best can-
didates for this purpose. Of particular phenomenological interest is the E3 ® Eg
heterotic string, because the gauge group encompasses all the gauge groups re-

lated to the GUT scheme.

4.1.1 Weakly Coupled Free Fermionic Heterotic Strings

This study focuses on weakly coupled, perturbative non-supersymmetric heterotic
strings formulated in the free fermionic formalism. Such a framework is notably
termed the “Weakly Coupled Free Fermionic Heterotic String (WCFFHS)” and was
pioneered around the same time by two independent groups, ABK [132,133] and
KLT [134, 135]. In WCFFHS, all the worldsheet d.o.f - other than the string co-
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ordinates - are represented by free complex worldsheet fermions, which are two-
dimensional Weyl-Majorana spinors. This implies that the ten bosonic modes for
the left-movers and the ten bosonic modes for the right-movers are expressed in

terms of non-interacting fermionic modes as follows:
XM 0“X, = iYW Oy + ™ Ol — WY YUY, (4.1.2)

where £ is the Thirring coupling. In this formalism, the compactification of dimen-
sions is performed on tori with radii equal to the self-dual radius. The Thirring
coupling is a function of the radius of compactification, R. At the self-dual radius
this coupling is taken to zero [136], therefore the worldsheet fermions ¢ and ¢
are defined as free fermions. The bosonic coordinates compactified in d dimensions
undergo fermionization, i.e. from each bosonic coordinate that is compactified
on a flat torus originate two left- and two right-moving real free fermions [134].
As a result, for d compactified bosonic coordinates there are 2d left- and 2d right-
moving additional real free fermions.

The left- and right-moving fermions that correspond to the compact directions
have enhanced symmetries. The local reparametrization invariance and world-
sheet SUSY, which are essential to reconcile the Lorentz invariance with unitarity,
are inherent to the quantised action for the heterotic string. However, the two-
dimensional field theory that is defined on the string worldsheet of a consistent
string model and that naturally admits a massless graviton, must be invariant
under conformal symmetries. Conformal invariance of a compactified heterotic
string theory follows if the worldsheet d.o.f consist of the two string coordinates,
and N; = %(32 + 2d) left-moving and Ny = %(8 + 2d) right-moving complex world-
sheet fermions. Note that the numbers 32 and 8 are the original numbers of real
left- and right-moving worldsheet fermions respectively in the ten-dimensional

heterotic theory. Thus, the complex free-fermions are paired as

i fiy =i fi)s (4.1.3)

where i = 1,...,Ng and i; = 1,..., N;. Remarkably, the number of left- and right-
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moving free fermions is such that they provide all the necessary d.o.f so as to
ensure the cancellation of conformal anomalies. The free-fermionic construction
[132,133], [134, 135] serves as the anchor underpinning the models presented
in this work. In general, the rest of this section explores the salient features of
this construction for the special case of heterotic strings in six uncompactified
spacetime dimensions, which have Nz = 8 and N; = 20.

For the entire construction of a string model, it is important to understand and
implement the necessary ingredients that specify both the local and the global
structure. Having presented the ingredients which specify the local structure, the
next step is to present those which specify the global structure of the model. This
is achieved by assigning boundary conditions to the fields which live around the
non-contractible loops of a given worldsheet topology. Conveniently, the bound-
ary conditions assigned to the integer-spin fields are fixed by the worldsheet met-
ric. On the other hand, the boundary conditions assigned to the half-integer spin
fields could be trivial. In particular, the four real fermions originating from a sin-
gle bosonic coordinate are allowed to have different boundary conditions, which
are restricted by the underlying symmetries responsible for the consistency of the
theory. Hence the criteria for the consistent assignment of boundary conditions
are that the conformal invariance, the worldsheet SUSY (as treated in detail in
Refs. [134,136]) and, most importantly, the reparametrization invariance, must
be preserved. The latter criterion is of considerable importance because apart from
local reparametrizations, there is a special class of discrete reparametrizations not
connected to the identity. These are known as modular transformations, which un-
like local reparametrizations, play a crucial role in the boundary conditions of the
worldsheet fermions. Specifically, modular invariance is found to be a fundamental
symmetry of all closed string models.

Considering the worldsheet topology to be that of a two-dimensional torus,
there are non-contractible loops in two directions (o; and o), as depicted in
Fig. 4.1, around which the boundary conditions of the complex free fermions must
be specified. The modular transformations that leave the worldsheet action invari-

ant are expressed in terms of the one-loop modular parameter r = 7; + i, and are
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Figure 4.1: The topology of the string worldsheet is a two-dimensional torus with
non-contractible loops in two directions. The two directions that yield the non-
contractible loops are denoted by the ¢; and o, coordinates. The boundary condi-
tions of free fermions are determined by the set of phases these fermions acquire
when they are parallel transported around the two non-contractible loops.

generated by

1
o =St ——; oc9=T:tH>71+1. (4.1.4)
T

The S transformation corresponds to interchanging the o and o, coordinates,
which in physical terms means the interchanging of the UV with the Infrared (IR)
limit of the string theory. The T transformation corresponds to cutting the torus at
some constant o, slice, rotating one end through 27 and then reconnecting it back
to the other end.

The complex free fermions are parallel transported around the (o, 03) non-
contractible cycles of the one-loop worldsheet, acquiring a set of phases which

determine their respective boundary conditions,

. —2miv;
S: fiR/L — —e R/LfiR/L

T : fiR/L — _e—2ﬂiuiR/LﬁR/L‘ (415)

For toroidal compactifications the phases are collected in two sets of vectors for

each of the two non-contractible cycles of the torus,

VE{vrivi) = (Viesvig)
u={upsury = {uisu;,}, (4.1.6)
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where v;,, vi,, ui, u;, € [—3, 3). The allowable values these phases can take are con-
strained within the given range by modular invariance as well as the conditions
imposed on the left-movers by worldsheet SUSY. Specifically, modular invariance
restricts the values of phases to rational numbers, and further requires that the
sets of {v} and {u} vectors must be equivalent. As a result, there exists only one
set of such specified phases and it is called a spin structure. Since different mod-
els are characterised by different boundary conditions assigned to the worldsheet
free fermions, the spin structure is the key component which defines the models
constructed and, in general, is expressed in terms of a set of basis vectors V; [135].

Consistent models are constrained by the modular invariance conditions, in-
variance of the worldsheet supercurrent, and correct space-time spin-statistics; all

of these constraints will be satisfied so long as

m; kij =0 mod (1)
kij+kj = Vi-V; mod (1)
1
kij + kio + 5; = EVi -V mod (1), 4.1.7)

where the k;; are otherwise arbitrary structure constants that completely specify
the theory, m; is the lowest common denominator amongst the components of V;,
and s; = V! is the spin-statistics associated with the vector V;. The basis vectors
span a finite additive group G = Y, @;V, where a; € {0,...,m — 1}, each element
of which describes the boundary conditions associated with a different individ-
ual sector of the theory. Within each sector (aV ), the physical states are those
which are level-matched and whose fermion-number operators (N.y) satisfy the

generalised GSO projections:

Vi'NW:Zkijaj‘i'si_Vi'W mod(l) Vi. (418)
J
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The worldsheet energies associated with such states are given by

00 D oo
M}, = Z{EQV,+ Z} (g —aVh, + (g +aVi - 1)nf]]} - (Dz;z) + Z; ZIqM;,
q= =2 q=

(4.1.9)

where [ sums over left or right worldsheet fermions, n,, n, are the occupation num-

bers for complex fermions, M, are the occupation numbers for complex bosons, D
is the number of uncompactified spacetime dimensions, and E_; is the vacuum-

energy contribution of the /' complex worldsheet fermion:

E—;= % [(CZ_VZ)Z - é] : (4.1.10)

Level-matching then simply requires that M7 = M;. Explicitly, the fermions are

labelled in the conventional manner:

» two complex space-time fermions, denoted by ¢34, ¢, which correspond to

the transverse modes of the y#, where u =1,...,6;

« two complex internal fermions, denoted by y3, y°%, which are present in the

original ten-dimensional heterotic string model;

« eight real right-moving internal fermions, denoted by y*+6, w3, which are
obtained from the fermionization of each compactified bosonic coordinate in

the six-dimensional theory.

The left-moving worldsheet fermions consist of twenty complex degrees of free-

dom:

.....

 sixteen complex left-moving fermions, denoted by Jl TR 8, which

are present in the ten-dimensional heterotic theory;

o eight real left-moving internal fermions, denoted by y*°, &*°, correspond-
ing to the internal right-moving fermions obtained from the fermionization

procedure.
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In terms of the fields listed above, the worldsheet supercurrent is defined as

6
Tr(2) = Y"(2) 9.X,(2) + Z)('y'w’. (4.1.11)
1=3

Moreover, the vector of U(1) charges for each complex worldsheet fermion is given
by
Q= Ny +aV, (4.1.12)

where aV is 0/ —1 for an NS/R boundary condition. This has only been a quick
summary on the particulars of the free-fermionic construction. There are, how-
ever, numerous subtleties which come into play when dealing with necessarily real
worldsheet fermions, especially if there is to be a subsequent coordinate depen-
dent compactification, as in this work. For this reason, extreme care is required for
the construction and analysis of these models, and one must adopt a consistent set
of phase conventions in agreement with the GSO projections and real-fermionic
modes. For this study, however, the conventions adopted are exactly those of

Ref. [135].

4.2 Theoretical groundwork

In this section, a review of the aspects of those strings which will be important for
this work is presented, and in particular those aspects related to the theoretical

properties with which every heterotic string theory is endowed.

4.2.1 The partition function

The one-loop partition function Z(r) forms a powerful tool when examining the
stability properties of a given closed string. Generally, such a partition function is

expressed as the trace over the left- and right-moving string Fock spaces, and for
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a string formulated in D spacetime dimensions, it takes the form

Z(r) = Tr (1) g"q"

T21_% Z Amn amqn ) (421)

m,n

where g = ¢?". Here (Hg, H;) are the right- and left-moving worldsheet Hamiltoni-
ans whose eigenvalues are the right- and left-moving worldsheet energies (Ey, E;),
and F denotes the spacetime fermion number. In addition, 7; = Ret, 72 = Im,
and a,,, counts the net number of spacetime bosonic minus fermionic string states
with right- and left-moving worldsheet energies (Eg, E;) = (m, n).

The spacetime mass M of a given (m, n) state is given by o’ M* ~ m + n where
Mpying = \/L; is the string scale; as a result states with m + n < 0 are tachyonic.
Level-matched states with m = n are physical and can survive the generalised GSO
projections; these are the states that are usually described as being part of the
string spectrum. By contrast, states with m # n are unphysical or “off-shell”; such
states cannot survive in the string spectrum but can nevertheless propagate within
and hence contribute only to loop amplitudes. For heterotic strings, m > —%, n>-1
and the leading factors of 7, in Eq. (4.2.1) are obtained from the “traces” over the
continuum of states corresponding to the uncompactified transverse spacetime
dimensions.

Modular invariance requires that the partition function Z(r) be invariant under
the modular transformations in Eq. (4.1.4). Invariance under the T transformation
therefore requires that any (m, n) string states have m — n € z, with the physical
states satisfying m —n = 0. If the heterotic string in question has a spectrum
exhibiting spacetime SUSY, then a,, = 0 for all (m,n) and hence Z(r) = 0 for
every supersymmetric theory. On the other hand, string theories with Z(r) # 0
are therefore necessarily non-supersymmetric, which is one reason the partition
function is a particularly powerful tool for the exploration of non-supersymmetric
theories.

It is worth emphasising that modular invariance is a fundamental symmetry of

all closed perturbative strings, regardless of the absence of spacetime SUSY. There
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is still a surviving myth in some quarters that modular invariance somehow re-
quires spacetime SUSY. However, this is a misconception since there are a number
of non-supersymmetric theories that are nevertheless modular invariant. Another
misconception that still survives and deserves explicit refutation is that string the-
ories that do not exhibit spacetime SUSY have tachyons surviving in their spectra.
This assertion is not valid, at least at tree level; there exist many examples of
non-supersymmetric string models whose tree-level spectra are entirely tachyon-
free. Note that freedom from tachyonic states in this context merely requires that
a,, = 0 for all n < 0, i.e. that the number of bosonic tachyons match the number
of fermionic tachyons at all tachyonic mass levels. However, fermionic tachyons
with m = n < 0 are generally forbidden by Lorentz invariance, therefore the claim
that a,, = 0 for all n < 0 actually implies that there are no tachyonic states of
any spin whatsoever. Bear in mind that once quantum effects are included, the
vacua of non-supersymmetric theories which are tachyon-free at tree level can
generally shift, and tachyons might be generated at higher loops. A brilliant ex-
ample of a modular invariant, non-supersymmetric, tachyon-free model is the ten-
dimensional O(16) ® O(16) heterotic string theory which was originally constructed
in Ref. [23]. Indeed, all of the string theories that shall be discussed in this paper
are of this variety.

In the case that a D-dimensional string theory with partition function Z* is
compactified on a d-dimensional volume V,, then the resulting (D —d)-dimensional

string theory has a partition function Z°~¥, which is related to Z?’ via

AR Jim [M%Vd Z(D‘d)] : (4.2.2)
Here M = (27) ' Mying = (27 \/?)_1 is the reduced string scale. Likewise, for theo-
ries with closed strings, the V, — 0 limit generally yields a D-dimensional string,
as a result of T-duality. The relation is still the same as in Eq. (4.2.2) but with V,
replaced with a suitably identified T-dual volume V.

As a whole, there is a diversity in the kinds of physical and unphysical states

which contribute to Z(7) and there is a theorem pertaining to this feature of string
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theories. The theorem holds regardless of the specific class of non-supersymmetric
string model under study and regardless of the particular GSO projections that

might be imposed [30].

Theorem 4.2.1 Every non-supersymmetric string model necessarily contains off-shell

tachyonic states with (m,n) = (0, —1), leading to ay_; # 0.

To understand the origin of these states and their effect on the partition function,
recall that every string model contains an NS-NS sector from which the gravity
multiplet arises:

graviton C ¥, |0)z ® @”,|0),. (4.2.3)

T2
Here |0)z ;, are the right- and left-moving vacua of the heterotic string: "', rep-
resents the excitation of the right-moving worldsheet NS fermion *, and ai rep-
resents the excitation of the left-moving coordinate boson X*. There is no self-
consistent GSO projection which can possibly eliminate this gravity multiplet from
the string spectrum, hence it always contains the graviton. Along with the graviton
there always exists in the string spectrum a corresponding state for which the left-
moving vacuum is not excited. This state is called “proto-graviton” and is identified

as

proto-graviton — ' [0)z ® 0. 4.2.4)

The proto-graviton state has worldsheet energies (Eg, E;) = (m,n) = (0,-1), and is
thus both off-shell and tachyonic. Normally, such states are considered to be irrel-
evant for phenomenology purposes, as they cannot appear as asymptotic states in
any scattering. Furthermore, in a supersymmetric theory, there likewise exists in
the spectrum a superpartner state, known as the “proto-gravitino” which automati-
cally cancels any contribution to the partition function from the proto-graviton. As
a result, the full partition function lacks a contribution ~ ¢!, and hence vanishes
entirely. The “proto-gravitino” is ultimately related to the gravitino in exactly the

same way as the proto-graviton is related to the graviton and is identified as

proto-gravitino —  {o}*|0)z ® |0) . (4.2.5)
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Here {iJ,}* schematically indicates the R zero-mode combinations which collec-
tively give rise to the spacetime Lorentz spinor index u. In the context of non-
supersymmetric strings, however, any GSO projection that eliminates the gravitino
from the string spectrum, will also correspondingly eliminate the proto-gravitino
state. This is a direct consequence of the fact that GSO projections are ‘blind’ to the
excitations of the bosonic coordinates. Once the proto-gravitino is projected from
the spectrum, there is nothing to cancel the contribution from the proto-graviton
states, and the resulting non-supersymmetric partition function will necessarily
have ay_; > 0. As deduced from Eq. (4.2.4), the off-shell, tachyonic states trans-
form as vectors under the transverse spacetime Lorentz symmetry S O(D —2). Con-
sequently, the first term in the partition function of a non-supersymmetric string

theory in D uncompactified spacetime dimensions is always of the form

Z(1) = b-2 .. (4.2.6)

This outcome provides a convenient way of verifying the overall normalisation of

a given string partition function.

4.2.2 The one-loop cosmological constant

There is one known physical parameter which is not natural: the cosmological con-
stant A. Undeniably, various experimental tests verify that our world is quantum
mechanical and the value of the cosmological constant is found to be already at a
very low energy scale, A~ (1072 eV)%. Even if it is set to zero, there is no symmetry
enhancement of any form. This indicates that the gravitational phenomena violate
naturalness, something that no one can argue against since quantum gravity is not
fully yet understood. On a theoretical level, the value of the cosmological constant
is measured in QFT and is found to be many orders of magnitude greater than its
actual value. This discrepancy between the theory and experiment is known as
the cosmological constant problem [28].

If string theory is the framework for the unification of all fundamental forces in

nature, then it must provide convincing explanations about the observed vanishing
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of the cosmological constant. Similarly to QFTs, in superstring theories a zero
cosmological constant is attainable as a result of spacetime SUSY, at least in a
flat background [137-140]. Spacetime SUSY, however, is a broken symmetry and
hence string theory must be able to provide a mechanism for a vanishing or almost
vanishing cosmological constant which does not depend on SUSY. So far, no such
mechanism is known, therefore the purpose of this work is to open an investigation
into how the cosmological constant problem could be addressed in the context of
non-supersymmetric, tachyon-free string theories. To proceed on this course, it is
essential to give the background details on the cosmological constant calculations
in heterotic non-supersymmetric string theories.

Generally, the cosmological constant is the vacuum energy density and admits
contributions from both the physical and unphysical states of the theory. The
dominant contribution to this quantity comes at one-loop order because confor-
mal invariance eliminates the tree-level contribution. So, for any string model
in D uncompactified dimensions with partition function Z(r), the corresponding

D-dimensional one-loop vacuum energy density is evaluated as

2
AP = -1 MP f d—;Z(T), (4.2.7)

F T2

where M is the reduced string scale and
F ={r:|Ret| < %,ImT >0, || > 1) (4.2.8)

is the fundamental domain of the modular group. For convenience, the fundamen-
tal domain ¥ is regarded as being composed of two separate regions, an “upper”
region with 7, > 1 and a “lower” region with 7, < 1. The upper region extends
across the full width —1 < 7; < +3; in this region, the r;-integration then guaran-
tees that only the states with m = n survive as contributors to A. In addition, the
unphysical states with m —n € Z # 0 contribute to A through integration over the
curved lower region (1o < 1) within F.

In the case that a D-dimensional string with partition function Z'? is compact-

ified on a d-dimensional volume V,, resulting in a (D — d)-dimensional string with
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partition function Z?~9, then AP~ will typically diverge as V, — . To avoid
this, the cosmological constant of the (D — d)-dimensional theory is redefined as
AP-D = AP-d(y )1 Even though AP~? describes the (D — d)-dimensional theory,
it now has the mass dimensions appropriate for a D-dimensional vacuum energy

density. Substituting this result into Eq. (4.2.2) it is found that

AP = lim AP, (4.2.9)

Vd—>oo

The same relations also hold in the V; — 0 limit, provided that V;, is replaced
with the appropriate T-dual volume V,. In the following, the prefactor 1 M” in
Eq. (4.2.7) is disregarded and A remains a pure real number.

For reasons that will become clear in the next chapter, it is necessary to have a
frame of reference regarding the relative sizes of the contributions to the cosmo-
logical constant that arise from individual (m, n) string states. A given state with
(Eg, Er) = (m,n) contributes a term ¢"¢" to the partition function, which in turn

yields the following contribution to the one-loop cosmological constant:
d2
1P = f Clprgng, (4.2.10)
7_-

Taking into account all states that contribute in Eq. (4.2.10), it is a common sup-
position that massless physical states (i.e., states which satisfy m = n = 0) make
the dominant contributions to vacuum amplitudes. It can be demonstrated that
I, ~ e~ for large n, confirming the trend that the contributions from heavy phys-
ical states are exponentially suppressed relative to those from lighter states. It can
be also demonstrated that the contributions from states with m # n are generally
suppressed relative to those with m = n, even for fixed total energy/mass m + n.

A calculation of the contribution from relatively light states in a ten-dimensional
and four-dimensional heterotic string theory is presented in Table 4.1. It is evident
that the states that make the largest contributions to the cosmological constant are
actually the off-shell tachyonic states with (Eg, E;) = (m,n) = (0,-1)! These states
are the proto-gravitons discussed above and remarkably the contributions from

these states are actually bigger than those from the physical massless states by a
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m n i i

0 -1 —14.258 -12.192

1 -1 0.014 0.010
1/2 | —-1/2 -0.038 -0.032

0 0 0.257 0.549

2] -1 -2569x107° | —-1.803 x 10~°
3/2 | -1/2 | 4.682x107° | 3.456 x 107
1 0| -1.029 x10* | -8.463 x 1075
12| 1/2| 3.021x107* | 3.304x 107

Table 4.1: The contribution of the lightest states to the one-loop cosmological
constant of a heterotic string theory constructed in ten and four dimensions.

factor of ~ 55 for D = 10 and ~ 22 for D = 4. Thus, these large contributions to A
are necessarily present for any non-supersymmetric string model, and any attempt

to cancel A must therefore find a way of cancelling these contributions as well.

4.3 Exploring the finiteness and stability

In this section, a review of the aspects related to the finiteness and stability prop-

erties of non-supersymmetric strings, is presented.

4.3.1 Misaligned Supersymmetry

As was mentioned in the previous section, supersymmetric string theories neces-
sarily have vanishing one-loop partition functions, i.e. a,, = 0 for all n, and hence
A = 0. This cancellation is at the root of the finiteness properties which unbroken
spacetime SUSY bestows upon the theories in which it is exhibited. Moreover, this
cancellation makes spacetime SUSY an unparalleled candidate for solving the hier-
archy problems associated with the Higgs mass my; and the cosmological constant
A.

Finiteness effects are commonly quantified through the calculation of super-

traces, which are essentially statistics-weighted sums over the entire spectrum of
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the theory:
Str M% = Z (~)F (M)%E.. (4.3.1)

states i

In supersymmetric theories the direct pairing of degenerate bosonic and fermionic

states implies the vanishing of all supertraces:
SecM#¥P=0 VB>0. (4.3.2)

These supertraces are important because they relate directly to hierarchy issues by
governing the quantum-mechanical sensitivities of light energy scales (such as my

or A) to heavy mass scales (e.g., a cut-off 2):

sm% ~ (Str M®)A% + (Str M?) log A + . .. (4.3.3a)
A ~ (Str M®)A* + (Str M®)A% + (Str M*) log A + . .. (4.3.3b)

These relations hold supermultiplet by supermultiplet across the entire spectrum.
In the case of the cosmological constant, all states in the theory are included,
whereas in the case of the Higgs, only those states to which it is coupled are
included. Thus, from Eq. (4.3.2) it is proved that supersymmetric theories solve
both the hierarchy problem associated with the Higgs mass and cause A to vanish
completely.

Nature complicates things as it does not exhibit unbroken SUSY. Given how
well the properties of supersymmetric theories tackle the hierarchy issues, it is
only logical to wonder if the non-supersymmetric strings could possibly possess
any of these properties. It turns out that string theory maintains a degree of finite-
ness which stems directly from the nature of strings as extended objects. The
preeminent agent that sits at the root of the extra finiteness properties, even when
spacetime SUSY is completely absent, is none other than modular invariance.

At the level of a QFT without any trace of spacetime SUSY, it is well understood
how modular invariance achieves finiteness: the expected field-theoretic one-loop
divergences reside in the UV (i.e. 7 — 0) region of the modular-group’s funda-

mental domain. During the calculation of quantum effects, the emerging modular
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symmetries truncate the integrals and exclude this specific region, leaving the the-
ory UV finite. Hence, modular symmetries act as automatic ‘regulators’ of the
one-loop UV divergences. It turns out that in string theory, modular invariance
does amazingly well due to the fact that it provides a powerful restriction on the
degree to which SUSY can actually be broken. In principle, in any tachyon-free
closed string theory, spacetime SUSY may be broken but a residual so-called “mis-
aligned supersymmetry” must always remain in the string spectrum [20].

Misaligned SUSY is a general feature of all non-supersymmetric string models,
and forms the basic mechanism by which the spectrum of such theories manages
to configure itself at all mass levels so as to maintain finiteness. In supersymmetric
theories, there is an equal number of bosonic and fermionic states at each mass
level, hence all associated cancellations occur level by level across the entire spec-
trum. The marked contrast in non-supersymmetric theories is that level by level
cancellations are not possible. The reason lies in the fact that if at a given mass
level there is a surplus of spacetime bosonic states, then in the next higher mass
level there will be an even larger surplus of fermionic states, which is then fol-
lowed by an even larger surplus of bosonic states at an even higher energy level,
and so forth. This pattern, as illustrated in Fig. 4.2, is therefore characterised
by the exponential growth of bosonic states succeeded by fermionic states at al-
ternate mass levels. All states tend to oscillate and progress upwards across the
entire spectrum of the non-supersymmetric theory. It is deduced, therefore, that
the cancellation of UV divergences is achieved via a combination of contributions
from all the different levels across the whole string spectrum. This is the most
prominent phenomenological signature of misaligned SUSY, which is essential for
this study.

When a theory exhibits spacetime SUSY, the number of bosonic states matches
exactly the number of fermionic states at every mass level. So, even though each
number separately undergoes an exponential growth, their difference - a,, - re-
mains strictly zero and thus there are no oscillations in the string spectrum such
as that in Fig. 4.2. By contrast, in a theory with no spacetime SUSY, the bosonic

states are “misaligned” resulting in a discernible oscillatory behaviour.
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Figure 4.2: A plot of the boson/fermion oscillations which are the hallmark of a
hidden “misaligned supersymmetry” existing in the spectrum of all tachyon-free
non-supersymmetric closed strings. At each mass level n, the quantity plotted is
+log(la,.|), where a,, is the number of bosonic minus fermionic states at that level.
The overall sign is chosen according to the sign of a,,; thus in this convention the
positive values indicate surpluses of bosonic states over fermionic states, and neg-
ative values indicate the reverse. The points are connected in order of increasing n
so as to emphasise the alternating, oscillatory behaviour of the boson and fermion
surpluses throughout the spectrum. These oscillations represent the mechanism
through which non-supersymmetric string theories exhibit UV finiteness. The plot
is adapted from Ref. [15].

The plot shown in Fig. 4.2 is an ideal case for a simple system. The actual semi-
realistic string models admit quite complex oscillation patterns. Nevertheless, the
general signature of misaligned SUSY remains intact. Specifically, the string spec-
trum is characterised by repeating patterns of oscillations between bosonic and
fermionic degeneracies (a,,) which lie in an exponentially growing envelope. The
behaviour of the degeneracies as a function of the mass level n, is generally gov-
erned by the functional forms ®(n) ~ |a,,| ~ V. Thus, a given bosonic surplus
may have magnitude ®(n;), but this requires a corresponding fermionic surplus of
magnitude ®(n; + An), which in turn requires a corresponding bosonic surplus of
magnitude ®(n; + 2An), and so forth. To be more precise, different sectors of the
theory correspond to different bosonic and fermionic envelope functions @Z)(n)
and (Dg)(n), as discussed in Ref. [20]. There are well-defined methods to gener-
ate analytically exact expressions for the functional forms [141] and it is found

that these functional forms take the form of a leading “Hagedorn” exponential,
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followed by an infinite series of subleading exponential functions, followed ulti-
mately by terms which are polynomial in n. This is a well-known feature of all
string theories, supersymmetric or not, and leads directly to the string Hagedorn
transition [142]. Given this, misaligned SUSY requires that the sum of the bosonic
functional forms necessarily experiences a relative cancellation against the sum of

the fermionic functional forms, i.e.

% P = 3 PR

0 5 as n— oo, (4.3.4)
2Dy (n) + X, @ (n)

The precise degree to which }; (Dg) (n) cancels directly against ), @5?(11) as a func-
tion of n depends on the off-shell tachyonic structure of the theory as well as its
overall stability properties; this cancellation is even conjectured to be complete
under certain circumstances. Even for large n, the net degeneracies a,, never
head towards zero; the spacings between energy levels remain fixed, and the os-
cillations between bosonic and fermionic surpluses continue unabated with ever-
growing amplitudes. Alternating surpluses thus no longer cancel in any pairwise
fashion, and it is only through a combination between the states at all mass levels
across the entire string spectrum that finiteness is ultimately achieved. Further
technical details regarding the idea of misaligned SUSY are extensively presented
in Ref. [20].

In a sense, there is a fundamental limit on the extent to which spacetime SUSY
can be broken in string theory; it can be broken only to the extent that a “mis-
aligned” SUSY remains in the spectrum. Just as in the case of unbroken spacetime
SUSY, the finiteness inherent in misaligned SUSY is also encoded in supertrace
cancellations. Due to the infinite towers of states with exponentially growing de-
generacies, the string supertrace is regulated as shown [21]:

Str M% = |i n Z (=1)F M% M (4.3.5)

y=
states

Note that the regulator y, which respects modular invariance, leads to a convergent

sum over states and is then removed once the sum is evaluated. The spectrum of
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any non-supersymmetric, tachyon-free closed string theory, in D uncompactified

spacetime dimensions is then found to satisfy [21]:

Str M°=0, Str M*=0, ... StrMP*=0, (4.3.6a)
» (D A
D-2 __ =
st MP% = 6 (-amf (2 - 1)1 ——. (4.3.6b)

string

Here the convention used is the standard normalisation for closed strings, where
the spacetime mass of any state with worldsheet energies (m, n) is determined by
M? = 2(m + n)Mfm.ng.

The results in Egs. (4.3.5) and (4.3.6) are independent of the construction
method, the compactification manifold or the low energy phenomenology of the
associated theory, and represent the collective behaviour of states at all mass lev-
els simultaneously. A notable outcome of these supertrace relations is the fact that
Str MP~? is actually directly proportional to A. This is greatly encouraging because
the issues of finiteness and cancellation of the cosmological constant are deeply
intertwined, and modular invariance in conjuction with misaligned SUSY are pow-
erful tools in the quest to achieve both. Furthermore, as it is discussed below, in a
given string model the value of the cosmological constant is directly connected to
its ultimate stability. Thus in string theory, the issues of hierarchy, finiteness, and
stability are all connected to each other. Consequently, any mechanism that leads
to a suppressed cosmological constant for a given string model will simultaneously
help to stabilise it and enhance its finiteness properties, regardless of the absence

of spacetime SUSY.

4.3.2 Dilaton tadpoles and higher-loop tachyons

Having explored the finiteness of non-supersymmetric strings it is time to move
on the subject of self-consistency and examine whether such strings admit stable
ground states. Recall that in supersymmetric strings there are flat directions at all
orders of perturbation theory which correspond to massless moduli. So long as the
flat directions remain unchanged then superstrings exhibit an equilibrium. This

equilibrium is sensitive and is not de facto stable, as any attempt to lift these flat
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directions results in a runaway behaviour wherein moduli fields acquire VEVs that
tend to run off to infinity. One of these moduli fields is the dilaton ¢ whose VEV
determines the value of the string coupling thus such a runaway behaviour will
yield phenomenologically unacceptable string couplings. For non-supersymmetric
strings, the situation is considerably worse because a massive dilaton field implies
a non-vanishing one-loop cosmological constant as illustrated in Fig. 1.1, and vice
versa.

The existence of a non-zero dilaton tadpole is extremely dangerous as this en-
tails that a dilaton can simply be absorbed into (or emitted from) the vacuum
with no other consequences. Such a process can repeat itself ad nauseum, ren-
dering the ground state of the relevant theory totally unstable. As explained in
Chapter 1, the dilaton potential V(¢) contains a non-zero linear term proportional
to ¢ itself which destabilises the vacuum, thereby producing a non-consistent the-
ory. In the context of non-supersymmetric strings, the vacuum destabilisation is
taken to another level altogether. For one thing, there is no assurance at all that
there exists a “nearby” vacuum which continues to be non-supersymmetric but for
which stability is restored. One could attempt to absorb the non-zero dilaton tad-
poles via the Fischler-Susskind mechanism [17]. However, if such tadpoles remain
unsuppressed then the resulting new background will be vastly different to the
original one, thus invalidating the basic construction. For another thing, unsup-
pressed dilaton tadpoles could very well alter significantly the emerging spectra,
especially when quantum effects are taken into account. The most dangerous al-
teration, which could have a strongly negative impact on the consistency of such
non-supersymmetric strings, is the appearance of tachyonic states at higher orders,
even if they are absent at tree-level.

Over the past thirty years, there has been considerable effort in constructing
non-supersymmetric strings with (almost) vanishing, or suppressed cosmological
constants [28-30, 32-34], without success. It has been conjectured however in
Ref. [22] that if such theories are constructed, they could lead to an entirely new
approach towards string phenomenology. The conclusion derived from this sec-

tion is that the first and most critical issue when attempting to formulate a con-
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sistent non-supersymmetric string theory as an underlying platform for a non-
supersymmetric string phenomenology is to ensure the stability of the strings.
Since the experimental value of A is not absolutely set to zero, it is sufficient
to achieve a very small value for it so that it matches the observational limit.
Such a negligible value should be adequate for the suppression of the one-loop
dilaton tadpole and thereby ensuring that all the stability properties exhibited by

non-supersymmetric, tachyon-free theories remain unaltered.
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Chapter 5

Exploring the class of interpolating

heterotic string models

Nothing in life is to be feared, it is
only to be understood. Now is the
time to understand more, so that we

may fear less.

Marie Curie

5.1 Motivation for interpolation

The critical issue in this study is to construct non-supersymmetric strings for which
the corresponding one-loop cosmological constant A is almost vanishing. Before
proceeding with the construction of any such models, it is important to understand
what the mass scales are that come into play in a given theory. In general, string

theories (whether open or closed) are defined by a single mass scale M, =

1
Vo’

introduced due to the effect of the background geometry in which the strings are

where o’ is the string tension. There are, however, additional mass scales

formulated and propagate.
A common example of an additional mass scale is the one associated with the
compactification volume of a given theory. For strings with worldsheet SUSY the

background spacetime has a critical dimension D = 10, which in order to yield a
99



5.1. Motivation for interpolation 100

four-dimensional world, six of the spacetime dimensions have to be compactified.
The process of compactification then introduces a new mass scale M, into the
problem, which is associated with the six-dimensional compactification volume
M, = (V¢)™V/6. Both the string and compactification scales play a crucial role in
determining the masses of individual string states in a given string theory. On the
one hand, the string oscillator states that reflect the internal twisting and stretching
of a string depend solely on the former mass scale: My* ~ \/ZMS,,i,,g. On the other
hand, because the string sits within a compactified geometry, each string oscillator
state is accompanied by an infinite tower of Kaluza Klein (KK) excitations. Relative
to the mass of the zero-mode state, these excited KK modes have masses set by the
latter mass scale: MXX ~ mM,. Finally, a closed string state can stretch and wrap
around the compactified geometry, yielding winding-mode states whose masses
depend on both M,;,, and M, simultaneously: M,’ inding - nM? . gMC‘l. All three
kinds of states typically appear together within the spectra of closed strings and
contribute to the overall value of the one-loop cosmological constant. Therefore,
A is expect to be affected by the effects of both fundamental scales, namely M,
and M..

Naturally, it is assumed that M, ~ M,,; this configuration of scales is “mini-
mal” and does not require a dynamical mechanism by which a hierarchy of scales
might be generated. Such models are characterised by the fact that there is not
always a clear distinction between the oscillator, KK and/or winding states, and
typically the cosmological constant is found to be of order A ~ My,,,. Through-
out the years, various proposals have been presented regarding the possibility of
suppressing A through some other mechanism. For example, the proposals in
Refs. [28-30, 32] all rely on different kinds of symmetry arguments for reducing
the value of A within closed string models that satisfy M. ~ M,.,,. However, there
has been no success in constructing string models that exhibit the symmetries pro-
posed in Refs. [28-30], and the mechanism proposed in Ref. [32] may actually fail
at higher loops [34, 35].

An alternate approach to tackle this problem is to consider models in which

Mg is fixed, but M, (which characterises the compactification volume) is taken
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to be a free, adjustable variable. Considering a scenario in which the d-dimensional
compactification manifold is a d-torus with different radii of compactification R;;
i =1,...,d, then the compactification volume V, admits many different compact-
ification scales M, each of which could be considered as a free parameter. As
V,; — oo, there is a string model produced in d additional spacetime dimensions,
denoted as M;. T-duality ensures that as V;, — 0, there is another string model
produced in d additional spacetime dimensions, denoted as M,. Thus, any model
constructed with variable compactification volumes could be said to interpolate
between these two higher-dimensional endpoints, models M; and M.

Such interpolating models form a unique class of non-supersymmetric models
and provide the necessary circumstances under which it is possible for the cosmo-

logical constant to be exponentially suppressed, with A ~ OQ(e™Me/Mswing):

» It is possible to dial V, to a sufficiently large value in order to obtain a cos-
mological constant of whatever small size is desirable. This stems from
the realisation that if the model M, is supersymmetric, while M, is non-
supersymmetric, then spacetime SUSY is restored at V; — oo but is likely to
be broken for all finite V,. This idea resembles the scenario for large volume
compactification, as suggested in Refs. [24,79]. Thus, large compactification
volumes are relatively easy to be incorporated in the interpolating-model

framework at M. ~ O(1) TeV.

« Like all non-supersymmetric models, the spectra of these interpolating mod-
els exhibit a misaligned supersymmetry, with boson/fermion oscillations. This

ensures that they are finite and well behaved at the UV limit.

e The scale of the cosmological constant need not necessarily be tied to the
effective scale of the SSSB. In fact, the interpolation framework offers the
intriguing possibility of separating the effective scale of SSSB from the scale
of the cosmological constant, thereby bestowing a certain enhanced stability
on these models even if the effective scale of SSSB is relatively large. This
can also be important phenomenologically because the magnitude of the
first non-vanishing supertrace in Eq. (4.3.6) is set by A rather than by the
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expected M,; this is only consistent because the supertrace relations are not

satisfied supermultiplet by supermultiplet across the entire string spectrum.

Due to these properties, interpolating models are the centrepiece of this work.

5.2 The general structure of interpolation

The discussion in this section is centred on the structure of the simplest case of
heterotic interpolating string models in which the compactification manifold is a
circle with a z, twist. Such models were originally introduced in Ref. [24,26,27]
and later in Ref. [79]'. There are many different construction techniques that
might be followed, depending on various factors such as the spacetime dimension
of the original model, the number of spacetime dimensions to be compactified,
and so forth. Fortunately, these constructions all share certain common features.

The first step in the construction of interpolating models is to choose a het-
erotic string theory formulated in D spacetime dimensions, with partition function
Z(7), as given in Eq. (4.2.1). This theory will ultimately serve as one endpoint of
interpolation.

The next step is to compactify this theory on a circle of radius R. For any

compactification radius R, the corresponding dimensionless radius is defined as

R = —=. Any field compactified on a circle with this radius then accrues integer

a

momentum and winding modes around this circle, resulting in left- and right-

moving spacetime momenta given by

1 e 1 e
oy = (_ +J,), pr = (_ _]r), (5.2.1)
" \aa\r T o \r

The quantities ¢ and j represent the momentum and winding quantum numbers of

the field respectively. The contribution to the partition function from such modes

!Through the temperature/radius correspondence, such models also serve as the finite-
temperature extensions of zero-temperature heterotic string models and thus appear frequently
in studies of string thermodynamics [49].
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is then given by

AN N SV N S (O N R L)

l,jez tjez

whose trace is sufficient for compactifications on a circle. Note that Z.,. — r as
r' — 0, while Z;,. —» r! as r! — oco. For such an untwisted compactification,
each field within the original D-dimensional string theory accrues the same set
of momentum and winding modes. Therefore, the total partition function of the
resulting (D — 1)-dimensional string theory representing the untwisted compactifi-
cation is simply given by

Z(r) = Z(7) Zeire(1) . (5.2.3)

It is actually deduced from Eq. (5.2.2) that in the limit of r — oo or r — 0 one
recovers the original D-dimensional theory. Thus, due to the T-dual nature of
this compactification, this process results in a (D — 1)-dimensional string model
which trivially interpolates between the original higher-dimensional string model
as R — oo and the T-dual of itself as R — 0.

Finally, the purpose of this work is actually to focus on the (D — 1)-dimensional
string theories which represent the compactifications of the original D-dimensional
string theory on twisted circles, i.e. on Z, orbifolds, and illustrate the general
structure of interpolating models. To this end, a twist is introduced into the (D-1)-
dimensional model; the choice of which is constrained by a number of factors
that are relevant to the self-consistency of the resulting interpolation. This twist is
ultimately what allows the interpolation of the (D —1)-dimensional theory between
two different endpoints and thus allows the breaking of spacetime SUSY within
interpolation. Any such (D — 1)-dimensional models have a partition function that

takes the general form [24,45-48]

Zstring(Ta R) = Z(l)(T) 80(7—, R) + Z(Z)(T) 81/2(T’ R)

+ Z9(1) Oy(t,R) + Z®(1) Oys(t, R). (5.2.4)

Here the & 12 and O, /2 functions indicate various restricted summations over
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KK (¢) and winding modes ( j), as described in Sect. III.B of Ref. [15], and are
defined as in Ref. [24]:

E = {Lez, jeven}
Sipg = (ez+ %, J even}
Oy = {tez, jodd}
O = {tez+}, jod). (5.2.5)

The models are considered to be “interpolating” between two different endpoints.
As was discussed in the previous section, these two endpoints are the D-dimensional
models M; and M, as R — o and R — 0, respectively. A (D — 1)-dimensional in-
terpolating model can thus be considered to be a twisted compactification of the
D-dimensional model M;; the possible twists correspond to the possible choices
for self-consistent D-dimensional models M, at the other end of the interpolation.
As a result, M; and M, must be related to each other through z, twists which are
in fact self-consistent zZ, orbifolds of the D-dimensional string model. Given this,
the partition functions of both M; and M, models are related to the partition func-
tion in Eq. (5.2.4); ZW + Z® reproduces the partition function of M; and Z¥ + Z®
reproduces the partition function M.

From a different perspective, the fact that two D-dimensional models M; and
M, are directly related to each other through a 7z, orbifold twist Q implies that
these models serve as ideal candidates for the structure of a (D — 1)-dimensional
interpolating model. Specifically, one could construct a (D — 1)-dimensional in-
terpolating model by compactifying M, on a circle of radius R, and orbifold the
resulting (D — 1)-dimensional theory by the twist 7Q. In this case Q acts on the
internal part of the string, while 7 acts on the compactified circle. In particular, 7°
corresponds to the zZ, shift y — y + 7R where y is the T-dual coordinate along the
compactified dimension. States with even values of j, such as those within & 1/»
are invariant under 7, while those with odd values of j, such as those within O 1/»
pick up a minus sign. Together, the resulting orbifold procedure yields a partition

function of the form in Eq. (5.2.4).
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If M, has spacetime SUSY but M, does not, the relevant z, orbifold twist Q must
at least include (-1)". However, Q normally includes additional twist factors which
act on the purely internal gauge quantum numbers and provide different choices
of how the breaking of spacetime SUSY occurs. Thus, specifying the separation
of the M, partition function into Z and Z® is tantamount to specifying these
additional gauge twists, and thereby specifying a choice for the ultimate breaking
of SUSY in M,. If the M, is tachyonic, then the R — oo limit of the interpolating
model will be tachyon-free. As the radius shrinks towards zero, certain states
which were previously massive for radii R exceeding some critical radius R* will
become massless at R = R* and tachyonic for all R < R*, hence the associated
interpolating models would certainly be tachyonic.

However, and indeed this is the case that is of utmost interest in this study,
the M, could be non-supersymmetric and tachyon-free, thus yielding interpolat-
ing models that are tachyon-free for all radii 0 < R < co. Two concrete examples
of such interpolating models are provided with extensive details in Sect. III.B of
Ref. [15]. For ease of analysis, the examples are the simplest heterotic interpolat-
ing models that can be constructed: two distinct nine-dimensional string models
which interpolate between different ten-dimensional endpoints. For the first ex-
ample, M, is the ten-dimensional supersymmetric S O(32) string model and M, is
the ten-dimensional non-supersymmetric S O(16) xS O(16) string model, whereas in
the second example M, is replaced by the ten-dimensional supersymmetric E3® E
string model while M, is the same as before. Having concrete examples allows the
examination of the emerging mass spectra in detail, and determines the manner

in which SUSY is broken in these models.

5.3 Mass spectra in (D-1)-dimensional theories

To understand the spectrum of such interpolating models at all energies, one calcu-
lates the net degeneracies of physical bosonic minus fermionic states as functions
of the worldsheet energy level Ex = E; = n. Specifically, for a given interpolating

model, the degeneracies a,, are extracted from the total partition function which
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is expanded as a double power series into the form given in Eq. (4.2.1). The
entire spectrum of the theory is then displayed in a plot of +log(|a,,.|) versus n,
where the overall sign is chosen so that it matches with the statistics of a,,. These
plots demonstrate the Bose-Fermi non-degeneracies of (D —1) non-supersymmetric
tachyon-free theories that fall in the class of interpolating models. For the nine-
dimensional model that interpolates between the supersymmetric Es® Eg and non-
supersymmetric S O(16) ® S O(16), the plots are shown in Fig. 5.1, evaluated at
several different values of the dimensionless inverse radius a = Va’/R™ [15].
Several important features are immediately evident from Fig. 5.1. First and
foremost, the spectrum exhibits an oscillatory behaviour which stems from sur-
pluses of bosonic states alternating with surpluses of fermionic states as one pro-
ceeds upwards in n. Looking back to Section 4.3.1 of Chapter 4, this is the signa-
ture trademark of misaligned SUSY, a mechanism which applies within all mod-
ular invariant non-supersymmetric tachyon-free string theories and which is ulti-
mately responsible for their UV finiteness. Even more interestingly, the densities
of states begin to exhibit a distinct pattern as the radius increases to infinity. On
the whole, string models in which all the compactification radii admit small, finite
values, i.e. the radii are of the order of the string scale, are characterised by a
spectrum which resembles the one illustrated in the upper left panel of Fig. 5.1.
The densities of states are marked by oscillations between bosonic and fermionic
surpluses which are mathematically described by an exponentially rising envelope
function |a,,| ~ eV'. Indeed, this exponential rise in the total state degenera-
cies is triggered by the exponential rise in the number of oscillator string states as
opposed to KK or winding states?. However, as the values of the compactification
radii increase, it is observed that the oscillator string states and their KK excitations
begin to establish a hierarchy between them: The oscillator states have worldsheet
energies which are quantised in units of n and continue to exhibit exponentially
growing state degeneracies (even though the rate of growth becomes somewhat

smaller as the radii values increase). By contrast, the KK excitations of these os-

2This ultimately leads to a Hagedorn transition.
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Figure 5.1: Degeneracies of physical states for a particular nine-dimensional inter-
polating model. The model is described in Ref. [15] and the results are shown for
a = 1 (upper left), a = 0.33 (upper right), a = 0.25 (lower left), a = 0.125 (lower
right). Within each plot, points are connected in order of increasing worldsheet
energy n. It is evident that surpluses of bosonic states alternate with surpluses
of fermionic states as the energy level increases; this behaviour is due to an un-
derlying “misaligned supersymmetry” which exists within all modular invariant
non-supersymmetric tachyon-free string theories and which is ultimately respon-
sible for the UV finiteness of closed strings. For R = vV’ (or a = 1), the oscillation
between bosonic and fermionic surpluses occurs within the exponentially growing
envelope function |a,,| ~ ¢°V". As the value of R (or ¢ — 0) increases, a hierar-
chy begins to emerge between the oscillator states and their KK excitations; the
oscillator states continue to experience exponentially growing densities of states
as functions of n. All the while, their corresponding KK excitations are densely
packed within each interval (n,n + 1) and, as expected, exhibit constant state de-
generacies. This figure is adapted from Refs. [15,16].

cillator states have worldsheet energies which are quantised in units of R™! < n.
So, string models in which all of the compactification radii admit very large finite
values, are characterised by a spectrum which resembles the one illustrated on the
lower right panel of Fig. 5.1. The densities of states increase dramatically, with
each interval (n,n + 1) populated by the different KK excitations of the oscillator

states at the energy level n. It is worth stressing the observation that within these
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intervals, the degeneracies of KK states continue the same oscillatory pattern as
before but do so only within an envelope function of constant amplitude.

This spectral information clearly indicates that there is no soft SUSY breaking
in such models. So long as the values of the compactification radii are finite, it is
not possible to restore SUSY, no matter how large the values may be. Hence the
spectrum is entirely non-supersymmetric with a,,, # 0 for all (m,n). Despite this
feature, for large but finite R the low-lying spectrum resembles that of a higher-
dimensional theory in which spacetime SUSY is broken (with towers of KK modes
and their slightly displaced would-be superpartners). At the same time, the inter-
mediate and heavy spectra remain purely non-supersymmetric and thereby pro-
duce important non-supersymmetric threshold effects. Eventually, as the values of
compactification radii tend to infinity the KK states become infinitely dense. The
bosonic and fermionic degeneracies fall into alignment so that level by level can-
cellations are possible and hence spacetime SUSY is restored. Consequently, the
cosmological constant vanishes exactly.

In general, the spectra of non-supersymmetric strings do not have bosonic and
fermionic states which could be identified as belonging to the same supermultiplet.
However, interpolating models are privileged in this aspect due to the fact that
they contain a free tunable parameter, the compactification radius, which allows
these models to connect smoothly back to a supersymmetric limit. At this limit,
states could be identified as belonging to the same supermultiplets. From this
standpoint, the spectra of non-supersymmetric models belonging in the class of in-
terpolation differ fundamentally from those of other non-supersymmetric models.
Interpolating models are nevertheless endowed with all the features of misaligned
SUSY, including the supertrace relations given in Eq. (4.3.6). These supertrace
relations ultimately depend on A rather than M, and rely on the combination of
contributions from the KK, winding and oscillator modes all inextricably tied to-
gether through modular invariance. Thus, situations in which A is suppressed give
rise to supertraces whose overall magnitudes are smaller than those supertraces

which are evaluated supermultiplet by supermultiplet.
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5.4 Suppression of the cosmological constant at one-

loop

Clearly, as R — oo, it is established that A — 0, reflecting the restoration of SUSY
in this limit. This piece of information, in conjuction with the significant outcomes
derived from the mass spectrum examination, provide compelling evidence: In
order to successfully suppress the one-loop cosmological constant A associated
with such interpolating models one has to require a large and finite value for
the compactification radius R. The stage having thus been set, it is imperative
to understand the behaviour of A for large R. This task requires the derivation
of the leading and subleading corrections that emerge when R is large but finite.
The following discussion presents the general results regarding the leading and
subleading contributions to the one-loop A. Note that in all the following results

the unit — M” included in Eq. (4.2.7) is omitted!

5.4.1 Contribution of physical states

First, since SUSY is restored in the R — oo limit, then Z® = —Z®" is true at the level
of their g-expansions. As a result, the general partition function of the interpolat-

ing model, given in Eq. (5.2.4), takes the form

Zsm'ng(TaR) = Z(l)(T) [So(T,R) - 81/2(TaR)]

+ Z®(1) Op(t,R) + Z¥ (1) Oya(1,R). (5.4.1)

Hence, there are only three different sectors making non-supersymmetric contri-

butions to the cosmological constant: &, — &2, Oy, and Oy s.

Starting from the sectors that have vanishing winding modes, i.e. j = 0, the only
contributions to the cosmological constant come from the &, and &), sectors, thus
only the first term in Eq. (5.4.1) is taken into account. Assuming that the theory
is devoid of on-shell tachyonic states, there are contributions both from massless

and massive states.
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e For the massless states, i.e. m; = 0 the partition function is written as
Zoring (@, R) = 75" | (N, = NY@ 4} (Eo = Epa) + - | (5.4.2)

where NZO) and N}O) represent the numbers of bosonic and fermionic string states,
respectively, that remain massless in the theory after SUSY breaking has already

occurred. For j = 0 and large R = —=, the quantity &, — &), is determined by

\/(7)
=22/ —\((+1/2)2r7% /4
Eo-Ep = Vo ) [@" = @+
tez
= Voo Z [ o2l e—m'z(€+1/2)2r’2] "
ez

= \/T_z [03(i‘rzr_2) - ﬂz(iTzr_z)] + ...
= r [ﬂg(irz‘r{l) - 194(1'1’27'2_1)] +...

= r Z |:6—7rt’2r2‘r2’1 _ (_1)56—71[2;’272’1] +

ez

r Z e (5.4.3)

C=odd

where the modular transformations ¥s5(7) = ﬁﬁm( — 1) are used in passing
from the third to the fourth line. The generalised Jacobi ¥-functions are explicitly
defined in Eq. (D.0.6) of Appendix D. These transformations effectively resum the
infinite series so that the leading large-R behaviour can be reliably extracted. It is
then deduced from Eq. (5.4.3) that the dominant contribution from the massless

states is given by the ¢ = +1 terms, thus
80 - 81/2 ~ 4r €_m2T271 as r — 00, (544)

In a general setup, where a string theory in D = 10 is compactified on a zZ, orbifold

of radius R, the cosmological constant is evaluated as

1

d? -
A = 4r(N}O)—NZO))f—Ze_”2’2 +...
F T2
96 0 O
~ W(Nf _Nb )+..., (5.45)
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and for a string theory in D = 4, the compactification goes through as above,

resulting in:

d? .
A = 4r(NJ(f)) - N,go)) f —; e L
7 T2
4

SV =N+ (5.4.6)

In the final results above, the range of integration is restricted to the upper (12 > 1)
portion of the modular group’s fundamental domain. The above integral is solved
analytically and the resulting subleading terms of order O (e™™") are disregarded.

In general, for all spacetime dimensions D it is deduced that

4 (D 1
A= [_D(E - 1)! (N - N,g‘”)] St (5.4.7)

T2

with the understanding (relevant for odd D) that (%)‘ = F(%) = 1 /T, etc.

e For the massive states, i.e. m; # 0 the partition function is written as
ZuringR) = 73 [N = NOYG" 4" E0 = ) + ... . (5.4.8)

where N;)i) and Nj(f) represent the numbers of bosonic and fermionic string states,
respectively, that have a mass m; in the theory after SUSY breaking has already
occurred. For j = 0 and large R = \/L;,, the quantity &, — &), is determined by
an expression similar to the one in Eq. (5.4.3); the main difference being that for
the massive states there is an additional exponential factor which depends on the
masses of the states. The integral that describes the contributions to the cosmolog-
ical constant from the individual states within the Z® sector of such interpolating
models is given by

- 1 d? _
Im,n(—) = 4r f T_zT T;_D/Q 7"q" e (5.4.9)
?

r 2

Following the same procedure as in the case for the massless states, in general, the

contribution to the cosmological constant from the massive states in the sectors

September 20, 2016



5.4. Suppression of the cosmological constant at one-loop 112

with vanishing winding modes is found to be

o \(P-D/2
-

Tun AN = N I as r o oo, (5.4.10)
It is evident that at large R values, these terms are exponentially suppressed. How-
ever, the largest contributions arise from light but physical massive states within
Z®, ie. states with m = n for small n. In general, this value of n is deter-
mined by examining the individual terms within ZV; the result is generally model-
dependent since it is sensitive to the nature of the orbifold twists involved in the

construction of the model at hand.

Moving on to the sectors that have non-vanishing winding modes, i.e. ;j # 0, the
cosmological constant admits contributions from each one of &, - &2, Oy, and Oy,
sectors of the partition function. The physical states coming from the &, — &/, part
of the partition function are all exponentially suppressed at large R values. In fact,
the exponential suppression of these states exceeds the exponential suppression
of the physical massive states coming from sectors with vanishing winding modes.
The reason for this can be clearly deduced from the general expression of the
partition function, given in Eq. (5.2.2): the &, — &2 quantity for these states
carries an extra exponential factor which depends on the value of the winding
mode. This additional exponential factor in conjuction with the exponential factor
that depends on the mass m; of such physical states, cause the resulting A terms to
be heavily suppressed.

It is also observed that all physical states within the O, and Oy, sectors are
extremely heavy as a result of non-vanishing winding modes ; # 0. Similarly,
the contributions from such heavy states are also exponentially suppressed. The
contributions of the physical states from the O, and Oy, sectors in the limit of
large but finite R are evaluated through an algebraic procedure which parallels

the analysis of &) — &), in Eq. (5.4.3). As before, the O, ;2 functions in the R — o
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limit are now related to the generalised Jacobi J-functions as follows:

2 .
Oy = 213 ™ Ws(ty,iter®) + ...

Oz = 2\T2e ™ Oy(tyitar®) + ... . (5.4.11)

Using the modular transformations of 9¥-functions, as given in Eq. (D.0.7) of Ap-

pendix D, and keeping only the leading terms, it is found that

—nlrPriy

Op,12 = 2re as r— oo, (5.4.12)

Thus, a given state with worldsheet energies (m, n) within the O, /2 sectors con-

tributes to the cosmological constant as follows:

. (1 d*t | _pp_ B}

Im,n(_) =2r f — T; bR e s r s oo, (5.4.13)
r F T2

From this result follows that the physical states from Oy ;2 with masses m; con-

tribute to the one-loop cosmological constant terms given by

n,
r

~ (1 2v21 ; ; : :
hl7)~ %FWNZ’)—N}”M“‘”’”? e as ro . (5.4.14)

Note that this result is independent of the spacetime dimensionality D on which a

theory is formulated prior to the compactification on the 7z, orbifold.

5.4.2 Contribution of unphysical states

As pointed out in Section 4.2.1 of Chapter 4, the spectrum of every non-supersymmetric
string model contains off-shell proto-graviton states with (m, n) = (0, —1) and whose
contributions to the partition function are completely uncancelled. In general,
such states come from the &, — &)» sector of the partition function and there is a
plethora of other similar light (or even off-shell tachyonic) states in the spectra of
such strings. The results shown in Table 4.1, indicate that such states often make
the largest contributions to the one-loop cosmological constant. The integral that

describes the contributions to the cosmological constant from such states is the
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same one as in Eq. (5.4.9).

In contrast to the massive physical states whose contributions are model-dependent,
the contribution of proto-gravitons is model-independent. It turns out that as
R — oo, these states contribute a correction term to the cosmological constant

which scales approximately as

- 1 42 1
Io,—1(-) ~ —\/_ - e Nproto e™ +... as r— 00, (5.4.15)
r T r

where N,,,, is the number of proto-graviton states in the model. In general, since
the proto-graviton states generally transform as a vector of the transverse Lorentz
group S O(D — 2), their number is expected to be N,,,, = D — 2.

A comparison of the results from massless states and proto-graviton states for
the nine-dimensional model interpolating between the supersymmetric Eg ® Eg
and non-supersymmetric S O(16)® S O(16) is shown in the plot of Fig. 5.2 [15]. The
plot is performed in terms of the dimensionless inverse radius a = Vao’R™" and it is
observed that the contributions from the massless states exceed the contributions
from the proto-graviton states in the R — oo limit. This demonstrates that the
physical massless states indeed dominate for large and finite values of R.

Of all unphysical states, i.e. states for which m # n, it turns out that the contri-
butions from the proto-gravitons are the largest. In fact, the result in Eq. (5.4.15)

is only a special case of the more general result

| 42 1
Im,n(_) ~ __\/_ - €_2ﬂ(m+n) e—7rr2 + ... as r — oo, (5416)
r T r

Quite remarkably, this result holds for all D as well as for all (m,n), as long as

m # n; this result is even independent of |m — n|.

The final task is to determine the contributions of the unphysical states that emerge
in the Oy and Oy, sectors of the partition function. Similarly to the case of the mas-
sive states, the integral that governs the contribution of these states is the same as
given in Eq. (5.4.13). Recalling that the states within Z¥ have worldsheet ener-
gies (m,n) with m — n € Z + 1/2, whereas those within Z® have m — n € z, it turns
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Figure 5.2: Vacuum-energy contributions from massless states (solid line) ver-
sus proto-gravitons (dashed line) for a particular nine-dimensional interpolat-
ing model. The model is described in Ref. [15] and the results are shown for
log (|1}, (a)|) and log (|1} )(a)|) plotted versus a. It is evident that the former
exceeds the latter in the R — oo (or ¢ — 0) limit. The figure is adapted from
Ref. [15].

out that these states contribute a correction term of the form

~ (1 2vV2 1 :
Im,n(_) ~ _\/_ - o~ Zn(m+n) e—nrz as r — 0o, (5.4.17)
T r

Indeed, this result holds for all spacetime dimensions D as well as all energy con-
figurations, regardless of whether m = n or not.

This result is quite remarkable, since it exactly duplicates the result obtained
in Eq. (5.4.16) for the &, — &2 sector up to an overall sign and a factor of two!
This duplication occurs even though the form of the integral in Eq. (5.4.9) is quite
different from the form of the integral in Eq. (5.4.13), and even though the result
in Eq. (5.4.16) is subjected to a restriction (namely m # n) which does not apply
to the result in Eq. (5.4.17). Clearly, the mathematical elegance of these features
resides in the power of the asymptotically large but finite radii limit. However,

there are also potentially important phenomenological implications that stem from
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this deduction: the contribution from a state in the &, — &2 sectors with energy
configuration (m,n) can be completely cancelled by the contribution of a state in
the O, or Oy, sectors with a completely different energy configuration (m’,n’), so
long as m + n = m’ + n’. Even more remarkably, focusing on the special case with
m =n = %(m + n), it is deduced that the contribution of an unphysical state in
the &) — &2 sectors can be cancelled by the contribution of a physical state in
the Oy-sector! These results provide a myriad of potential new ways of further
suppressing the contributions to the cosmological constant.

A direct comparison of all the key results presented so far, leads to the deriva-
tion of some important conclusions, associated with the expected behaviour of
the cosmological constant. The first conclusion originates from the comparison
of the results in Eq. (5.4.7), (5.4.10),(5.4.15) and (5.4.17) and states that the
leading terms in the overall A calculation are the ones from the physical mass-
less states that come from the sectors with vanishing winding modes. Specifically,
the contributions from the physical massless states dominate not only over the
contributions from the physical massive states, but also over the contributions of
the proto-graviton states, as demonstrated in Fig. 5.2! Undoubtedly, the leading
term in the evaluation of the one-loop cosmological constant A of an interpolating
model in (D —1) spacetime dimensions is the term given in Eq. (5.4.7). The second
conclusion comes with the realisation that all the other terms that contribute in
the evaluation of A must be subleading. A cursory examination of Eq. (5.4.10),
(5.4.15) and (5.4.17) reveals that the largest subleading terms are the ones ob-
tained from the lightest physical states within Z'. These contributions, which are
given in Eq. (5.4.10) always scale as e””. Obviously, this factor is larger than the
scale factor of the subleading terms given in Eq. (5.4.15) and (5.4.17) which in
both cases scale as e™”. Moreover, any other subleading terms, especially the ones
associated with much heavier states, are all exponentially suppressed.

In summary, within such interpolating models, the contributions to the cosmo-
logical constant in the ¢ — 0 limit from a given state with worldsheet energies
(m, n) in the different £/O sectors are listed in Table 5.1 [15].

To verify the expected behaviour of the one-loop cosmological constant for the
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Sector State A terms
Eo— &y m=n=0 47 P2 (D/2 - 1) aP!
Eo—Eyg |m=n=m #0 4 (2ma)PDI2 g=Armia
Eo — E1e m#n —[A V2 g1] g2 mn) g2 pma
Oo.1/2 any (m, n) [2 V2 n7] e~ 2xmim) g2 pma™

Table 5.1: The contributions to the cosmological constant in the ¢ — 0 limit from
a given state with worldsheet energies (m,n) in the different £/O sectors. In this
table, D represents the dimensionality of the theory prior to the compactification
on the Z, orbifold.

interpolating models, one calculates the A associated with the full partition func-
tion, which is given in Eq. (5.2.4), as a function of a. For the nine-dimensional
model that interpolates between the supersymmetric Es®Eg and non-supersymmetric
S 0(16)®S 0(16), the results are plotted as shown in Fig. 5.3 [15]. The plot is of the
rescaled (2a')A versus a (solid line) and is based on the numerical integration of
the cosmological constant. The numerical integration is performed over the entire
fundamental domain of the modular group and includes all terms in the partition
function of the supersymmetric Eg ® Eg theory. Note that the factor of (a/2) is
the effective (T-dual) “volume” of compactification in the a — oo limit; dividing
by this factor allows the interpolating nine-dimensional cosmological constant to
asymptote to a finite ten-dimensional limit as a — oo.

As shown in Fig. 5.3, the model successfully interpolates between A = 0 at
a=0and A ~ 725 ata — oo, where A ~ 725 is the cosmological constant associated
with the ten-dimensional S O(16)®S O(16) heterotic string. It should be noted that a
similar plot appears in Ref. [26]. Moreover, it is verified that the leading term A ~
% a® ~ (20.08)a’ as a — 0 indeed provides an excellent approximation to the
cosmological constant for a < 1, holding to several significant digits throughout
the relevant range. This verifies not only the overall radius-dependence (scaling
power-law behaviour) predicted in Eq. (5.4.7) but also the numerical coefficient
which precedes it.

There is also another conclusion extracted from all of these detailed remarks,

which is by far the most significant. At the limit of large and finite radius of com-
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Figure 5.3: A plot of the one-loop cosmological constant for a particular nine-
dimensional interpolating model. The model is described in Ref. [15] and the
results are shown for (2a~")A plotted versus a = V'R~ (solid line). It is evident
that (2a7)A indeed interpolates between A = 0 at R — co and A ~ 725 as R — 0,
where A ~ 725 is the cosmological constant associated with the ten-dimensional
S0(16) ® SO(16) heterotic string. The dashed line shows the behaviour of the
cosmological constant for large and finite R, which is governed by the term A ~
% a®. The figure is adapted from Ref. [15].

pactification, the contributions from the lightest states and proto-graviton states
are also exponentially suppressed! The only states that yield a very large contribu-
tion and are therefore responsible for a non-vanishing cosmological constant, are

the physical massless states. Their general contribution takes the form
1
©0) _ A7)
A’V(Nb —Nf)m-i'.... (5.4.18)

In a more general setup, where a D-dimensional supersymmetric theory is com-

pactified down to d dimensions one would find

1
Ag~ (N = Ny R (5.4.19)
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For a compactification on a twisted two-torus S' ® S!, where each circle S! has its
own radius R; = \/’—a» and is subjected to its own SUSY breaking z, orbifold twist,
the one-loop cosmological constant of the interpolating model in (D —2) spacetime

dimensions is given by

47‘17‘2 D ~ - 1
~ W(_ - 1)! [(N;O) —N;O))—D + (Nl(jo) —N}O))FZ—D +... as ryrp— 00,

1

2 r
(5.4.20)
Here N}()O) - NJ(P) and N[EO) - N}O) denote the net numbers of physical massless states
which are invariant under the first and second twists, respectively. Note that the
leading factor ~ (aja3)™" is the volume factor for the two-torus, which according to
the discussion in Section 4.2.2 of Chapter 4 is expected to appear in this expres-
sion. Moreover, taking either r; or r, to be infinite then one would reproduce the

D-dimensional supersymmetric theory.

A non-vanishing cosmological constant implies that the theories emerging from
interpolation admit large dilaton tadpoles and are therefore unstable. Fortunately,
there is a way to remedy this shortcoming; if the number of massless bosonic states
equals the number of massless fermionic states then the leading term will cancel. In
such case, the contributions from the subleading terms are of critical importance
because they yield an exponentially suppressed and hence almost vanishing one-
loop cosmological constant. It should be stressed that N1<70> = N;O) is a statement
which is applied only for the massless states. By having an equal number of mass-
less bosonic and fermionic d.o.f neither means that the massless spectrum is su-
persymmetric nor implies that all these d.o.f exist in a visible sector. Indeed, some
of the massless d.o.f may carry quantum numbers that correspond to visible-sector
states with N,io) # N}O), provided that other massless d.o.f may carry quantum num-
bers that correspond to hidden-sector states so that all states fill out the matching

condition NI(JO) = N(fO).
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Chapter 6

General outline for constructing
stable, semi-realistic interpolating

string models

A ship in port is safe, but that is not
what ships are for. Sail out to sea

and do new things.

Grace Hopper

6.1 Recipe for the construction technique

At this point, the narrative of this thesis turns to the construction of phenomeno-
logically viable semi-realistic interpolating models which incorporate all the fea-
tures described in the preceding chapters. Ultimately, the goal is to find a non-
supersymmetric SM-like theory that has an equal number of massless bosonic
(NZSO)) and massless fermionic (N}O)) d.o.f and hence an exponentially suppressed
cosmological constant. In this context, recall that demanding NI(JO) = N;O) does not
imply that the theory maintains spacetime SUSY. It is not an absolute requirement
that all of these massless string states come from the visible sector of the theory.
Due to this outcome, there is a perfectly valid reason to expect that the observed

low-energy world - for which there are obviously unequal numbers of bosonic
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and fermionic states - emerges from this class of non-supersymmetric tachyon-free
theories exhibiting N,()O) = N}O) without demanding any additional visible states.

Models with Nl(f)) = N}O) are not easy to construct; an even more difficult task
is to ensure that they simultaneously exhibit low-energy spectra resembling either
the SM or one of its numerous extensions. As discussed in Chapter 5, one aspect
of this class of models is that they have one or more adjustable radii (R;); more-
over, it is required that at R; — oo limits the models have SUSY restored, with
vanishing cosmological constant. To accomplish this, it is reasonable to start with
a supersymmetric semi-realistic model in higher dimensions, and then compactify
on some sort of twisted manifold. This procedure will introduce the needed radii,
thereby ensuring that the corresponding cosmological constant vanishes when the
radii are taken to be infinite.

As a result, the construction of such models in a four-dimensional spacetime
follows a rather deliberate, step-by-step approach which involves starting in six di-
mensions and then performing a so-called “CDC” down to four dimensions. CDCs
are generalisations of ordinary Scherk-Schwarz compactifications [57] which were
introduced and developed in Refs. [48,50-52,80]. The best course of action is to
begin with six-dimensional M; models that have N' = 1 SUSY. Such models serve
as a starting point for the following analysis and are most conveniently obtained
by lifting already existing semi-realistic four-dimensional N = 1 string models,
for example those in Refs. [143-150], into six dimensions. A direct implication
of this procedure is that the newly derived six-dimensional theories are already
endowed with many desirable phenomenological features of their semi-realistic
four-dimensional ‘parent’ theories.

Once suitable M; models are successfully constructed, the next step is to com-
pactify two spacetime dimensions so as to yield a four-dimensional theory. There
are actually various methods of compactification; one being on a two-torus result-
ing in a non-chiral four-dimensional N = 2 theory, another being on a Z, orbifold
resulting in a chiral N = 1 four-dimensional theory which under certain choices
for GSO projections can produce an MSSM-like theory. Finally, one can perform

a CDC on a zZ, orbifold using the techniques of Refs. [50-52], thereby obtaining
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a four-dimensional N' = 0 theory. Again, under certain choices for GSO projec-
tions one can produce a SM-like theory. In particular, it is useful to compare
the partition function of the four-dimensional model that results from the com-
pactification on a zZ, orbifold with the partition function of the four-dimensional
N = 0 model that results from a CDC on the same orbifold. This comparison will
demonstrate directly how the breaking of SUSY manifests itself. Be aware that the
four-dimensional models obtained from compactifications are expected to have
different spin structures from the semi-realistic four-dimensional ‘parent’ model
which serves as the construction basis of the six-dimensional theory.

The final step is to use the resulting N' = 0 model and introduce modifications
so as to obtain N,io) = N

f?
cosmological constant. One way to get SM-like theories with N,go) = N}O) is to

as required to produce an exponentially suppressed

alter the final CDC twist but retain the prior GSO symmetry breaking. However,
if one alters the final CDC twist and also removes prior GSO projections then a
number of different Néo) = N}O)
model, a flipped-S U(5) “unified” model, and an §O(10) “unified” model. These

models can be obtained, e.g. a Pati-Salam-like

examples are only a small number of possible models that one could construct
using interpolation and gives a strong indication that the interpolation class is
still in its infancy; in a sense these examples could be considered as drops of
water in a vast ocean that still remains unexplored. A schematic illustration of the
construction is depicted in Fig. 6.1.

Throughout this study, the formalism employed is the free-fermionic formalism
of Refs. [132-135], which was described in Section 4.1 of Chapter 4, and the no-
tation used is that of Refs. [134,135]. All the d.o.f required for the cancellation of
conformal anomalies are provided by real two-dimensional worldsheet fermionic
fields which are complexified, i.e. in this context two real free fermions pair up to
make a single complex two-dimensional Weyl-Majorana spinor. This technicality
is essential because it provides an explicit way to understand the CDC mecha-
nism and its impact on breaking SUSY. Due to this particular technicality though,
it has proven to be extremely difficult to construct a consistent five-dimensional

theory which is modular invariant and phenomenologically viable. The origin of
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D=é: Starting Point
D = 6, N = | weakly coupled heterotic string model
’.....A................0.0.000...... .........‘
o Z; orbifold
_ , uplift CDCon
D=4 (no CDC) Z; orbifold

mmmn®

EExisting semi-realistic D=4 N = | MSSM-like D = 4 N = 0 SM-like string model.
D=4N-=| ;| string model. SUSY is spontaneously broken in the
:'heterotic stringmodel :| The MSSM spectrum is | | untwisted sectors only.
""""""""""""" accommodated at the low | | The SM spectrum is accommodated at
energy levels of the theory. | | the low energy levels of the theory.

Figure 6.1: A schematic illustration of the procedure for constructing semi-realistic
non-supersymmetric string models with N,(jo) = NJE.O) in four dimensions, as dis-
cussed in the text.

this hurdle lies with the right-moving worldsheet free fermions. Recall that these
are the internal free fermions obtained through fermionization and the spacetime
d.o.f which define the spacetime spin-statistics of the theory. Recall also that in
D-dimensional string theories, there are D — 2 real spacetime d.o.f and hence the
worldsheet fields that define the spacetime spin-statistics reside in the representa-
tions of the S O(D —2) internal group. This means that in five dimensions there are
three real worldsheet free fermions that define the spin-statistics and in turn, this
implies that they cannot be complexified properly. One of these spacetime free
fermionic d.o.f will always be left out to pair up with an internal free fermionic
d.o.f. Such a pairing turns out to be catastrophic for the modular invariance, and
thereby the consistency of the theory. Luckily, such an inconvenience is bypassed
in six-dimensions because the number of real spacetime free fermionic d.o.f is
four, thus yielding two complex free fermionic d.o.f that govern the spacetime
spin-statistics of the theory. Therefore, it is advantageous to interpolate between
M, and M, models in six dimensions rather than five. Moreover, the orbifold com-
pactification from six to four dimensions can be treated using the “unified” for-
malism of Ref. [151], which is a generalisation of the work in Ref. [134,135]. In
particular, as shall be discussed, only the untwisted sectors feel the CDC, hence

the presence of the orbifold does not change the physics of SUSY breaking.
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6.2 A supersymmetric theory in six dimensions

Having determined the route that must be followed in the construction process,
all is set for embarking upon this journey. The starting point is the construction
of the N = 1, 6D theory. Following the discussion in Section 4.1 of Chapter 4,
each two-dimensional free fermion is assigned a set of boundary conditions which
preserve modular invariance and SUSY (both worldsheet and spacetime). To in-
sure the cancellation of conformal anomalies, it is required to have 40 left- and
16 right-moving real free fermions which are complexified such that there are 20
left- and 8 right-moving complex free fermionic d.o.f. Thus, the spin structure of
the model is summarised by the set of basis vectors in Table 6.1. Along with these
vectors is a matrix k;; which specifies the phases involved in the corresponding

GSO projections:

0000 5 ;
003000
000300
k,’j_ ) (621)
00000 ;
5 00002
0000O00O0?:3

Note that different choices of k;; may break SUSY by discrete torsion. This scenario
is examined in Appendix E.

The vectors {Vj, V1, V,} correspond to the so-called NAHE [143] vectors {1, S, by},
lifted into six dimensions. In contrast, the additional vectors Vs, Vs, and V; are
inspired by the four-dimensional MSSM-like theories listed in the Appendix of
Ref. [150], which in turn are based on the earlier models of Refs. [144-148]. The
vector V; is the SUSY generator of the model (with the superpartners of the states
in sector aV residing in V; + aV). The internal right-moving fields y**, y*° carry
the supersymmetric charges. Of course V; also projects out the tachyonic states
from the spectrum thanks to the generalised GSO projections in Eq. (4.1.8). By
themselves, the vectors Vj, V| generate an N = 4 theory which is broken to N = 2

by V,. The NS-NS sector of the theory (aV = 0) gives rise to not only the gravity

September 20, 2016



6.3. Orbifold compactification 125

U
N
o
I
oy
—

~
o

™

Sector l//34lﬁ56 34,34 .34 56,56 56 —34534—56556

Vo 1
Vi
£
Vs
Ve
V7

=<

— O O KR O R<
~

O O O i<
~

[ay
—|<
—_

= O OO Ry

= O O g

— o oo or|g
cor OO Rt

NI R RO R[S
(S e N

QOO K= =
QOO K=
QO OO~
QOO O~
H R, ORrOHR
O, R, OO

_ O OO
O~ O OO

Rl= = = = O S
MIHOOD—‘OD—\:”
o= O O O O H| 3
DOl = = O O e
Ni= == O O S
o= = O O O e
- O = O O g

Table 6.1: Spin structure of the N = 1, 6D model, where all entries are understood
to be multiplied by a factor of —3. Thus the ‘1’ entries denote R ground states,
while ‘0’ entries are NS and ‘}’ entries denote phases of — for the corresponding
complexified fermions. These conventions apply to all subsequent tables in which
explicit spin structures are listed. As has become standard practice in string theory,
the spacetime states listed on the top left are the right-moving fermions while
those on the right are left-moving fermions.

multiplet but also to the massless scalar states required to build N = 2 gauge mul-
tiplets, as well as hypermultiplets. The sector V, produces the sets of fermions in
the spinorial representations of the parent S O(16) > S O(10) ‘visible sector’ gauge
group defined by the internal left-moving complex fermions Jl, e ,975. The super-
partners arise in V; and V; + V, sectors accordingly. Introducing Vsg; breaks the
gauge group to

[SUB? @ [SU2)* ® [SO4)] ® [UD)E. (6.2.2)

The additional vectors do not overlap with V;, and therefore spacetime SUSY is not
broken further at this stage. However, these vectors are needed to break the hor-
izontal symmetries embedded in the gauge group. These horizontal symmetries
arise from fermions that are not complexified with a phase of 1 in the V; sector.
Since the horizontal symmetries are generation-dependent, their breaking reduces

the number of net generations of matter fields obtained from the V, sector.

6.3 Orbifold compactification

Since an N = 1, 6D theory is now specified, the next step in the model-construction
procedure is to compactify this model to four dimensions, by applying one of the
methods proposed in the previous section. If one compactifies the two extra di-

mensions on a T, torus, the N =1, 6D theory is converted into a N = 2, 4D theory.
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This toroidal compactification immediately signals two problems: The first one is
that there is an extended SUSY that needs to be broken and the second one is that
phenomenologically this theory is not viable as it is not chiral. Of course, these
problems are solved if one compactifies the theory on a Z, orbifold so as to get an
N =1, 4D model.

Such compactifications are obtained from toroidal compactifications by iden-
tifying fixed points under some discrete subgroup of the internal rotations [127].
These points are basically transformations on the smooth toroidal manifold that
remain as an exact symmetry of the compactified theory; this is the reason for the
characterisation ‘fixed’. Even though there are singularities associated with the
fixed points, the consistency of the string theory remains unaffected due to modu-
lar invariance. This is achieved by requiring the presence of a new sector, defined
as twisted, which corresponds to string states that are localised at the fixed points
of the orbifold. The internal rotations of the two-dimensional compact space form
an SO(2) = U(1) group and the condition for unbroken SUSY requires that the T,
torus has a discrete subgroup of U, that leaves one of the two gravitinos invariant.
Thus, the z, orbifold reduces the number of supersymmetries by half, and inverts
the sign of the two internal coordinates X' — —X’, (i = 1,2) and of their super-
partners [127]. As a result, Z, acts non-trivially on the left-moving free fermions
which are essentially the gauge d.o.f and in addition to SUSY it can also break the

gauge symmetries.

6.3.1 A chiral supersymmetric theory in four dimensions

It is common practice to translate the possible action of the orbifold on the world-
sheet d.o.f by introducing twists. In mathematical terms, a twist is a collection of
the phases that the free fermions acquire under a specific orbifold action. In the
present case, there are actually two twists introduced, which correspond to the
vectors b3 and by. The resulting model then has the spin structure summarised
in Table 6.2. Note that in writing the four-dimensional model in terms of a six-
dimensional spin structure, it should be implicitly recognised that the remaining

two dimensions are not fermionized: they are instead retained as bosons compact-
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Table 6.2: Spin structure of the worldsheet fermions of the N = 1, 4D model
before applying the CDC. This spin structure is accompanied by two bosonic d.o.f
compactified on a Z, orbifold with twist action corresponding to the vectors bs 4.

ified on a twisted two-torus with arbitrary radii, and thus their treatment is beyond
the scope of the free fermionic formalism. However, as discussed in the Appendix
of Ref. [41], there is an alternative way of specifying the resulting four dimen-
sional string model. This permits a description of the resulting model in terms of
a four-dimensional spin structure, and the free fermionic radii are required to be
R; = V2a’. This model can then be extended back to arbitrary radii following the
procedure outlined in Ref. [41].

In the remainder of the discussion of this model, the terms “twisted” and “un-
twisted” will be used to refer to the two compactified dimensions. The z, projec-
tion is
¢g forgp ¢ bszorb,

—¢g forg € bsorby,

where g is a generator of the Z, orbifold. Furthermore, this particular choice of
bs and b, is consistent with global invariance of the worldsheet supercurrent as
defined in Eq. (4.1.11):

eTr(z)=-Tr(2)g. (6.3.1)

As mentioned above, the right-moving free fermionic d.o.f define the spacetime
spin-statistics of the theory. In addition, they determine the spacetime supersym-
metries that remain unbroken. Therefore, the b; and b, right-moving entries are

assigned so as to break the extended spacetime supersymmetries after compactifi-
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cation, leaving only an N =1 SUSY. As the vector

Vy, = b3+b4

= —%[00101101|01010000001100000000] (6.3.2)

itself provides an additional untwisted sector, an entirely equivalent route is to
start with an N = 1, 6D fermionic theory that has V, as an additional vector, and
from there to compactify on the z, orbifold with a single twist action (b3, for
example).

In the {V,, Vi, Vo, bs, V4, Vs, Vi, V4} basis, the structure constants that define the

generalised GSO projection phases are as follows:

00000O0GO0 3 2
00000000
010310100
03300003
ky=| 2 ° 4 (6.3.3)
0000000
0003000 3
00000032
0000O0OOTO?2

Considerable care has to be taken when assigning these constants. As described
in Appendix E, an incorrect choice could amount to breaking SUSY explicitly or,
conversely, disallow SSSB in the case of CDC. This scenario shall be examined in
Section 7.3 of Chapter 7.

The left-moving free fermionic d.o.f are the ones which govern the gauge struc-
ture of the theory. Therefore, the b3 and b, left-moving entries are assigned so
as to initially break the S O(16) gauge group to S O(10) ® S O(6), ensuring that the
matter fields carry the correct SM charges once Vs, Vi, and V; are added. The final
gauge group of the theory is then found to be

SUB)® SUR) @ Ul)yy & G’ ® G)iygon » (6.3.4)

semi—hidden
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where the convention for the weak hypercharge is given by

1 1
-5 Uy = [U(%l + U2 + U(1)$3] +5 [U(1)$4 + U(1)$5] . (6.3.5)

1
3
Note that string states which are charged under the SM gauge group are derived
directly from the visible sector of the theory. However, there are additional string
states that are charged both under the SM gauge group as well as other gauge
groups. These string states are called semi-hidden and their associated gauge
groups form the G/, . ,... . Moreover, there are string states that remain com-
pletely uncharged under the remaining gauge groups. These states are called

hidden as they are derived directly from the hidden sector of the theory, hence the

gauge groups that do not admit any charged string states form the G;_,,...

6.3.2 Mass spectrum of the supersymmetric four-dimensional

theory

This N = 1, 4D model obviously has string states that are charged under the
SM gauge group. For phenomenological purposes, and in order to verify that
indeed the emerging theory at the low-energy limit resembles the MSSM, it is
wise to consider the massless spectrum of this theory. At the level of an unbroken
SUSY (and hence an unbroken electroweak symmetry), all the MSSM states are
massless. Therefore, it should be natural for these states to be accommodated in
the massless spectrum of this N =1, 4D theory.

The massless spectrum is obtained by applying the generalised GSO projec-
tions in Eq. (4.1.8) but one must also take into account the additional effects of
the orbifolding, which can be found in Ref. [151]. Alternatively, they can be de-
duced from the form of the partition function presented in Eq. (6.3.15). One first
evaluates the would-be projections on the states, i.e. one evaluates the projection
coefficients Cy with b; and b, obeying the same rules as for the other basis vectors.
Under the orbifolding, the oscillators in a given state may be odd, and thus con-
tribute additional phase shifts that must be included in the projections. This can
be deduced from a generic state with total winding number (in untwisted sectors)
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J = i + jo and KK number ¢ = ¢; + {; which transforms under the orbifold (with

action 8-V = bz, b,) as

[BESA R RESA R A
=1 e=1 f=1

d=1

— 1t [[xOT ][R9 1-6-p. (6.3.6)
=1 e=1 d=1 f=1

The overall phase A is calculated by introducing an overall minus sign for each
excitation in the X5 or Xg direction and maintaining the other GSO phases. For
the untwisted states, invariance under the orbifold action is equivalent to shifting
the GSO projections of b3, by by the additional phase coming from the compact
bosons, %Zac’ade 56 (since %Zbg,b eby, 1S already included). For states with non-
zero j or ¢, one then has opposite projections for the even/odd wave-functions,
so the remaining invariant combination is «/Li (l 7,0 + (=DA—, —f)), while any zero-
modes that are odd under the orbifolding are projected out in the usual way. To
understand this procedure it is better to discuss contributions from the untwisted

and the twisted b5 and b, sectors in turn.

e Untwisted sectors without V, = b3 + b,: Here none of the projections are al-
tered by the orbifold action on the bosonic oscillators except for that of the radion,

and the vacuum energies obey

1 — 1 D-2 1
Epr= 3 Zl: l(chl)2 - _] ey 1 : (6.3.7)
Here D = 4, the sum is over complex fermions, and the factor of —é accounts for
the two real compactified bosons. The NS-NS sector yields the massless bosons for
the gauge and gravity sector including the complex radion for dimensions (5,6).
In addition, it yields three pairs of complex Higgs scalars and three pairs of singlet
scalar states. The V] sector generates their superpartners. The resulting observable
content from these sectors is summarised in Tables 6.3 and 6.4.

An attractive feature of this model is that there are no massless Higgs triplets,
and the only massless visible-sector scalars transform in the (2, i%) representation
of SU(2) ® U(1)y. Specifically the three pairs of Higgs doublets Hy. and Hp, that
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Sector || States remaining after CDC | Spin | Particles
Graviton g,,,
34 34 2 . K
1/ ! |0}z ® X°710), Antisymmetric tensor B,
0 | Dilaton ¢
0 ¥ 100 ® X°910), 0 | Complex radion @
2
V10 @Y | 10), 1 | Gauge bosons V,
2 2 T2
oY ¥, 10), 0 | Complex scalars Hy,, Hp,, &1, 2]
2 2 2
laye ® ¥ W | 10), 1| Weyl spinors Hy,, Hp,, =, Z,
2 2
Vi o) @ WP ¥ 10, 1| Weyl spinors Hy,, Hp,, 3, =,
2 2

Table 6.3: The z,-untwisted visible-sector states of the N = 1, 4D model. All of
these states will remain massless after the CDC is imposed. The ¥; refer to generic
left-moving d.o.f, with indices i, j = 1,.. ., 20.

Sector | States projected after CDC | Spin | Particles
3 .« .
2 Gravitino ¥
X34 0 9 ) i 2 P
@2k ® X100 i | Dilatino ¢
v, || lmr@ X230y 1 | Radino @
e ® ¥ P | |0, | Gauginos 4,
2 T2
g @ ¥ P 10), 1 | Weyl spinors Hy,, Hp,, =i, E;
2 2
L0 W ¥ | 10), 0 | Complex scalars Hy,, Hp,, 2, &,
2 2 T2
0 Y5 0@ W |0), 0 | Complex scalars Hy,, Hp,, 23, =,
2 2 T2

Table 6.4: Additional Z,-untwisted visible-sector states of the N' = 1, 4D model.
By contrast, these states will no longer remain in the massless spectrum after the

CDC is imposed, and will instead obtain masses § \/R;* + R;>.

survive the GSO and orbifold projections are

45 _
[Hu, 11000000 [HDl]—mooooo:‘ﬁ |O>R®W1 1|O>L

ssssssssssss

5 o
[Hu,lo 100000 [Hpelo 100000 = _% |O>R®W—% M1 10)2

sssssssssss

—45 _
[HUs]omoooo ) [HDs]OO—loooo :/\//?6% [0)r ®¢_% 772 10) . (6.3.8)

ssssssssssss

In addition to these, the three pairs of singlet scalar states =; and =] that survive
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the GSO and orbifold projections are given by

[(Eido1-100005 [Etlo-110.000 = ‘/’_% |0)r ® n_1 71 10>,
- - 34 -1 =3
[Z2]10.-100005 [E2] 1010000 =X ! |0)r ® n_1 71 10)r

[Z5]11.-1,0.0.0.0.0 » [Eé]—l 1,0,0,0,0,0 — Xiz 0)r ® ﬁl_% ﬁ%% [0}, . (6.3.9)

,,,,,,

The generalised GSO projections pick out the relevant components, i.e. b4";’ or d4’f

T2 T2

(in the notation of Ref. [135]) of the J4’i operators for the electroweak doublets,
2

and of the 7*® for the singlet states. The presence of these scalar doublets and
their superpartners in the massless spectrum is correlated with the existence of
U(1) horizontal symmetries embedded in the larger broken gauge group. The sub-
scripts on the states above are the charges under these horizontal U(1) symmetries;
more details on these are given in Section 9.2.2 of Chapter 9.

At the level of four-dimensional theories, the V, sector gives rise to 16 gener-
ations of massless fermionic states, which transform in the 16 of the S O(10) with
scalar superpartners in the Vs, + V; sector. However, half of the generations are
projected out by the z, twists, while Vs, Vg, and V; overlap non-trivially with Vs,
bs, and by, constraining the total number of generations to two from the V, sector.
The states derived from the V, sector are listed in Table 6.5 and their superpartners
in Table 6.6; they are the usual decomposition of a 16 representation of S 0(10)
under SU3)® SU(2) ® U(1)y. At this point, it should be noted that it is possible to
use another choice of the Vs, Vi, and V; vectors, along with real instead of com-
plexified free fermions, in order to further break the horizontal symmetries and
get one generation of matter fields from the V, sector. However, the primary goal
is to construct a viable phenomenological SM-like theory with an exponentially
suppressed cosmological constant, so the number of chiral generations is not of

critical importance.

e Untwisted sectors with V, = b; + b,: As mentioned above, this combination of
the two orbifold twist actions is effectively just another untwisted sector. Check-

ing the entirety of all sectors containing the combination b3 + by, it is found that
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Sector | States remaining after CDC | Spin | Particles
la)r ® @)1 % €Rr
—4—5
la)r @ Yoty 1)L R
L | @l ), Y
2 i
@)k ® Yot 8): 5| de
—i—j—4—5
@)k ® oot ). L m
—1—2—3—a
)R ® Yoot @)L % Ly

Table 6.5: The zZ,-untwisted chiral multiplets of the N' = 1, 4D model, where
i,j € SU@) and a € SU(2). Just as with the states in Table 6.3, all of these
states will remain massless after the CDC is imposed. The |a)z represent right-
moving R ground states which are spacetime spinors, while |&@); represents the left-
moving R excitations that do not overlap with the SM gauge group. The multiplets
are essentially the decomposition of the 16 of SO(10). The same decomposition
applies for the generations derived from the b3 and b, twisted-sectors. However,
the twisted-sector chiral matter fields remain unaffected by the CDC effects and
therefore maintain their supersymmetric status.

Sector | States projected after CDC | Spin | Particles

Yy ® 1), 0 |
—4-—5
|a'>;e ® ‘polﬁo |a’>L 0
| el 0
Vi+Vs —i—j
), ® Yoty l) 0 |dg
—i—j—4—5
Yy ® Yol 10)L 0
—1—2—3—a | .
la)e ® Yolooto @)L 0

Table 6.6: The zZ,-untwisted superpartners of the chiral multiplets in the N =1,
4D model where i, j € SU(3) and a € SU(2). Just as with the states in Table 6.4,

these states will also obtain masses ; /R, + R, by the CDC. The |a}, represent
right-moving R ground states that are not spacetime spinors.

the only massless states are either singlets or additional Higgs-like doublets, albeit
with charges that may prohibit their direct coupling to the matter fields in Yukawa

couplings.

e Twisted sectors: In the twisted sectors, in addition to the orbifold itself acting
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on the compact bosonic oscillators, the vacuum energies are given by

(D-2) 1
24 24’

1 — 1
- E n2 _ —
EL,R 9 l [(Q’V) 12 (6310)

where now i accounts for the twisted complex boson. Similar to the untwisted V,
sector, the twisted b3 and b, sectors each give rise to additional 16 generations of
chiral massless fields, each of which are projected down to a single generation for
each fixed point of the z, orbifold. As there are four fixed points, each one of the
bs and b, sectors gives rise to an additional four generations. The states derived
from b3 and b, are like those in Tables 6.5 and 6.6. Of course, there are many
other linear combinations of twisted sectors b; + @V and b, + oV that contribute
extra hidden states and singlets to the massless spectrum of the theory. However,

these twisted sectors states are ultimately of minor phenomenological importance.

6.3.3 Partition function of the MSSM-like theory

Naturally, the quantum effects and the stability properties of the N’ = 1, 4D theory
discussed above can be extracted from the partition function. In this case, the
construction of the partition function relies on the results and definitions from
Appendix D. In the untwisted sector, the modular invariant partition function for
the two compact bosonic d.o.f in terms of the KK numbers { = {ty, {2}, winding

numbers j= {j, jo}, and the radii r, r, is given by

0 — .
ZB[ 0 ](T) = ; Zg s (6.3.11)
!.]
Mzriry T, s 9 )
Zgp= o’ ;exp —T—Z[rllé’l—ml +r2|€z—m|] : (6.3.12)

In Eq. (6.3.11), the notation [ 8 ] indicates untwisted boundary conditions in both

the spacelike and timelike toroidal directions. In contrast, the contribution from
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the twisted sectors is given by

ZB[ (a5 + 4)/2 ](r) = 2 () [

- -2
1/2 — ((Yg + a4)/2
] o A= , 6.3.13
Bs + B0)/2 | ](T)' (6:3.13)

1/2 = (B3 + B4)/2

where a3 + a4 and B3 + B4 indicate the Z, twists on the complex boson as given in
Ref. [151]. In Eq. (6.3.13) it is assumed that either as + a4 or B; + B, is odd. The

modular transformations of Zz are as follows:

12 ] 12 2 1y [ 2]
z| o Jern =2 12 . ZB_l/z_( T)—ZB_l/Z_m
[ 1/2 ] 172 (12 _ W\_ [ 0]
| W ern=z 2|0,z I T)—ZB»UZA(T)
[ 0 ] S 0] o ) _NW\_ ., [1/2)]
z| Oy Jern=2] O . ZB>1/2_( T)_ZB» Plo. 6314

Note that the modular transformations of the Zz(r) bosonic factors do not intro-
duce any additional phases. Moreover, the untwisted ZB[ 8 ](T) partition function

is modular invariant by itself; in general its divergent contribution to the total par-
tition function is cancelled by vanishing contributions from worldsheet fermions
so that it yields finite results. Putting all the pieces together, the complete one-loop

partition function Z(7) for the N = 1, 4D model is found to be

M 1 (3 +@)/2
Z(t) = Cy 75| @3t
O = T PP 2 % Bl G |

H [ W ]() l—[ [—BV |@. (6.3.15)

The generalised GSO-projection coefficients are determined according to the con-
ventions in Ref. [135] where the factor of ¢27#VV from the partition function in

Eq. (D.0.11) is absorbed into the following definition:

Cy =exp [27ri (as + s + B ki a/j)] . (6.3.16)
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Coordinate Dependent

Compactification

A scientist is happy, not in resting on
his attainments, but in the steady

acquisition of fresh knowledge.

Max Planck

7.1 A summary of the general properties of CDC’d

models

As already mentioned, the CDC can be viewed as the string analogue of gener-
alised Scherk-Schwarz compactifications from higher dimensions. As such, all the
models constructed through CDC obey a specific SUSY breaking mechanism and
share certain properties. In particular, the breaking of SUSY in this class of models
is spontaneous: the models have an identifiable order parameter for the breaking,
namely the compactification scale, which is referred to generically as R™! where R
in this context is the generic radius of the compact (5, 6) dimensions. Therefore,
the CDC lifts the mass of some of the states, including the mass of the gravitino,
while the KK modes are split non-supersymmetrically at a scale ~ R™!. Likewise,

the cosmological constant generically goes like R™.
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From this standpoint, the spectrum of the resulting theory is unerringly non-
supersymmetric at all energy scales. The winding modes of the theory have masses
proportional to R and experience gross shifts, which only increase with R. Indeed,
there is no value of large and finite R beyond which the spectrum appears to be
effectively supersymmetric. However, for R — oo these theories effectively become
higher-dimensional and spacetime SUSY is restored. Therefore, one should not
confuse the theories obtained via CDC with theories which are supersymmetric at
high energy scales and are subsequently subjected to a SUSY breaking mechanism
at low energy scales.

It does makes sense though, at least to a certain extent, to consider the emerg-
ing four-dimensional theory as an effective spontaneously broken supersymmetric
field theory, at the lowest orders of perturbation theory. Despite the threshold
contribution to the non-supersymmetric EFT from heavy string modes, the theory
does not lack UV finiteness so long as it is modular invariant due to the misaligned
SUSY, which nevertheless remains in the spectrum of any CDC’d model. The over-
all outcome, then, is a theory in which the SUSY-breaking terms can be dialed
to any value, even to the string scale itself, with non-supersymmetric UV diver-
gences. In this way, CDC allows the parametric deformation of a theory away
from one with supersymmetric content towards another one that is entirely non-
supersymmetric. This property is on par with the interpolation and is therefore an

integral and significant feature of the models constructed in this work.

7.2 A concise description of the method

In general, the CDC is a deformation which is designed to incorporate the super-
Higgs phenomena of the Scherk-Schwarz procedure but in more general string
configurations [48]. From the spacetime perspective, as described in Section 2.2.2
of Chapter 2, the super-Higgs mechanism involves the auxiliary field of some su-
permultiplet acquiring a non-vanishing VEV while the gravitino becomes massive
by absorbing a Goldstino. From the worldsheet perspective however, the occur-

rence of super-Higgs mechanism requires the deformation of the worldsheet La-
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grangian £, by a non-Becchi-Rouet-Stora-Tyutin (BRST) invariant operator that
must preserve only a discrete subgroup of a U(1) symmetry [48]. The super-Higgs
effect manifests itself when this discrete symmetry is spontaneously broken and
auxiliary fields on the worldsheet develop a VEV.

In practice this means deforming an already existing model by adding a local
generator Q of the parent U(1) worldsheet symmetry, which at least partly involves
the R-symmetry (in order to ensure that gravitinos and the graviton have the cor-
rect R charges). For the breaking to be spontaneous, the worldsheet supercurrent
defined in Eq. (4.1.11) has to be invariant under the discrete symmetry, but it must

not commute with the local generator Q:

[Tr(2),Q(x)] # 0. (7.2.1)

Before proceeding to apply CDC to the six-dimensional supersymmetric theory
defined by the spin structure in Table 6.1, it is necessary to specify the complexifi-

cation of the internal right-moving fermions. This is given by

1 1

M — _ 3, .4 @ _ _ 5,:86
Xo =Exsa=—=(X"+ix") Xo =Exs6 = —=(X"+ix")
V2 V2
1 1
O _ _ 3, . 4 @ _ _ 5, : 6
W' = w3y = —(W° +iw”) W = wss = —=(w’ + iw”). (7.2.2)
V2 V2

The y fields will be largely irrelevant for this discussion; therefore their complexi-
fication is of no importance. This complexification admits two discrete worldsheet
symmetries, J; and J,, which are subgroups of the internal SO(4) group of the
compactification from ten to six dimensions. Each of these symmetries is explicitly

defined by the eight transformations

Yo =) W = — WS
JV ot o — o
Y - —€ w - —ew
X' = —&f W > —ew®, (7.2.3)
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where the y fields remain invariant under each symmetry and where € = +1 for
31 and € = -1 for J,. Since the y fields do not acquire a phase, the CDC can be

expressed in terms of the U(1) charges of the complex states f. = {y”, v}

Ji,2 Je— €2mem)fc , (7.2.4)

where eED and efz) take the values

for ¥, w

€ for)((cz), w? (7.2.5)

otherwise .

1
2
egn’ e52) _ %

0
Henceforth the choice applicable to this study is € = +1. The advantage of this
complexification is of course that the operator associated with the J; symmetry

can easily be written in the basis of the original N = 1, 6D model of Table 6.1:

Iy = e¥ieQ, (7.2.6)
where
¢Q = s f dz (X2 + B () ()
2 2ri ¢ e e W%
1
= 5 (Q)(34 + Q)(sa + Q31 + Qw56) . (7.2.7)

It is then convenient to work with e charges in which the right-moving d.o.f are

defined in this basis:
e:%[00101101|00000000000000000000]. (7.2.8)

For later reference note that |e?| = 1is necessary for modular invariance.

At the current stage of this work, the main aim is to examine the effects that
arise when the N = 1, 6D model of Table 6.1 undergoes a CDC. Following the
discussion in Section 6.3 of Chapter 6, it is known that there can be a CDC on

a two-dimensional torus or on a Z, orbifold. Even though the first option does
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not produce phenomenologically viable theories, it is still necessary to develop a

general approach for the models constructed via CDC.

7.2.1 Non-chiral non-supersymmetric four-dimensional theory

For convenience, the spin structure of the toroidally compactified N' = 2 model is
stepping stone towards the final result, which is discussed in the next section.

In order to realise the effects of CDC on the resulting spectrum, it is appropriate
to study the CDC-deformed one-loop partition function. For any supersymmetric
six-dimensional theory that undergoes a CDC down to four dimensions, the one-
loop partition function in the “charge-lattice” formalism is given by the following

general form:

2@ =Tr Y gq"ig", (7.2.9)

b.2.01.2
where the primes indicate that these expressions are CDC deformations of the
traditional supersymmetric Virasoro operators. The g is the generalised GSO
fermion-number projection operator, which is independent of the values of the
e charges. Following the conventions of Eq. (5.2.2), the Virasoro operators for the
left- and right-moving sectors of the tachyon-free, non-supersymmetric model are
expressed as

a,/ 2 _ a,r 2
(L] = ;L + osc., [Lo] = 2pR + osc. (7.2.10)

The explicit form of the operators in Eq. (7.2.10) is obtained through the same pro-
cedure as described in Ref. [50-52], but with two additional bosonic coordinates
(X°, X%) compactified with radii R, = ~& and R, = -Z. Defining the respective KK
and winding numbers to be ¢, and j, 5, the general forms of the Virasoro operators

September 20, 2016



7.2. A concise description of the method 141

are expressed as

ti+e-Q- 30+ j)e?
n
2

’ 1 2 1
Ly = 2 [QL—er(i + o) + 1 + in

ly+e-Q—3(j1+ pp)e
ry

— 1+ other osc. contributions,

+ Jol2

1
+_
4

1
4

2

t+e-Q— 30+ j)e?

, —Jin
1

— 1
Ly = 2 [Qr — er(j1 + Jz)]2 +

1

ly+e-Q—3(j1+ po)e
ry

1
- erzl ~3 + other osc. contributions, (7.2.11)

where L, and L, are the Virasoro operators of the original supersymmetric model

in four dimensions, i.e. the Virasoro operators with e = 0. It follows that

—— - 1 (n+7) (1 1
Ly+Lo=Lo+Lo+;|e- Q- NP —+— |-+ ) (e - Qu+er-Qr)
2 2 r 9
1 2(.2 A2 b b (14 J2)
+§(J1+]2) (eL+eR)+(r_12+r_§ e'Q—Te ,
L6 - ?0 = L() - ZO . (7.2.12)

where er ; and Qg ; refer to just the right- or left-moving elements of these vectors
and where e - Q denotes a Lorentzian dot product. Given this form of the Virasoro
operators it is deduced that at the massless level of the resulting theory, i.e. for ¢ =
J = 0, the CDC shifts the masses of those states with non-zero charges overlapping

e. The mass that the string states accrue is then given by
r 2 2 1 1
am”=le-Q°| = +—|. (7.2.13)
r 9

From these expressions it is easy to read off the effect of the CDC on the particle
spectrum shown in Tables 6.3 through 6.6. The end result is that the states in Ta-
bles 6.3 and 6.5 survive the GSO projections and remain in the massless spectrum,
while the states in Tables 6.4 and 6.6 gain masses and are eliminated. These states

are just a subset of the total spectrum, which is altered dramatically after the CDC.
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It is straightforward to understand why some states remain massless whereas the
mass of some others is lifted. First, in the NS-NS sector, all the charges Q; of the
free fermions that overlap the e; entries are zero. Likewise, all KK and winding

masses are also unshifted. However, in the V; sector there are charges overlapping

e, and these can be +1, depending on the chirality of the string state. In order
to see which states remain massless, one needs to examine the generalised GSO

projections on the gravitinos. These projections include

1 1
Vo-N+ Z (1 - 7¢347¢567X347/X56) = kot 5 -Vo-Vi mod (1)
1 1
Z (1 - y¢347¢567X347X56) = kn+ 5 -Vi- Vi mod (1)
1
Vy-N+ L_L (1 - ’)/X34’}/X56) = ky-Vsi-V mod (1) y (7214)

where N corresponds to the number operator associated with the NS d.o.f and I’
corresponds to the number operator associated with the R d.o.f. There are also

the general constraints

Vi Vi=kiy+ky = mod (1)

N | —

Vo-Vi= k()l + k10 =0 mod (1) , (7215)

to be taken into account. Thus, the V, projection removes those gravitinos of the

N = 4 theory for which

(1= YeaVim) = ks mod (1), (7.2.16)

leaving behind an N = 2 theory. This outcome, in conjuction with the result

in Eq. (7.2.13), reveals that states with chiralities such that e- Q = +: acquire

2
masses of % A /R;  + R,?, while states with e - Q = 0 mod (1) remain massless. Thus,
the y,.,7,-; = 1 states become heavy while the y,,,v,., = —1 states are unaffected. It
is therefore deduced that the N = 2 spacetime SUSY is broken completely by the
CDC for states with y,,,7,., = 1. Clearly the same splitting applies to all fermions

in the V, sector, as per Table 6.5. The mechanism whereby fermions gain masses
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while scalars (a.k.a. Higgses) remain massless is essentially the same as the one
described in Ref. [80] for the Higgs/Higgsino, namely that the fermion masses are
supersymmetric “u-terms” while the scalars have soft terms that precisely cancel
this contribution to their squared masses.

However, it is possible that the theory obtained via CDC could still be N = 2
supersymmetric if there is no V, sector. After a cursory examination of Eq. (7.2.16),
it is realised that if k;; = 0, then indeed there are no massless gravitinos remaining
in the spectrum, whereupon the theory is non-supersymmetric. By contrast, the
choice of k4 = 3 leaves the N' = 2 symmetry of the original theory intact. In this
case it is a different SUSY which is preserved and the conflict between the two
supersymmetries is a matter of choice of the structure constants k;;. Note, that
the choice of structure constants is crucial so as to avoid the “discrete torsion”

scenario, described in Appendix E.

7.2.2 Chiral non-supersymmetric four-dimensional theory

Given the previous model, attention is now turned on the orbifolding with action
bs and b, so as to achieve chirality. It turns out that the CDC does not change the
spectrum of the twisted sectors, which remain (globally) supersymmetric [48].
Therefore the following discussion is solely focused on what happens to the spec-
trum derived from the untwisted sectors of the N = 1, 4D theory presented in Ta-
ble 6.2. As noted in Ref. [50], an orbifold in the X;s dimensions reverses the sign
of the KK and winding modes. Following the discussion surrounding Eq. (6.3.6),
as well as from the expressions of the Virasoro operators in Eq. (7.2.11), it is
deduced that the orbifolding does not form a sensible projection on states with
degenerate masses unless an odd element of the orbifolding acts on the charges as
e-Q — —e- Q. More succinctly, a sufficient condition for ensuring that the CDC’d
theory is a four-dimensional N = 0 theory, where all symmetries are spontaneously

broken by e, is that the operator J; must obey the condition [50]

{L,g}=0, (7.2.17)
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where £ = e - Q and g corresponds to the possible odd actions b3, under the 7z,
orbifold in Eq. (6.3.1).

Orbifold actions that obey Eq. (7.2.17) then act on the fields appearing in e
as a generalised conjugation, gy\’ = +y" and gw’ = +@". This can be achieved
if one takes the original b3 and b, and applies them in a rotated complexification

where they could overlap with the CDC vector e, with

bs : (X35, Wa6) = (—X35, —W4g)

by : (X416, W3s5) = (—Xx46, —W3s5) , (7.2.18)

so that for example b3 : y314 — —¥s3,. In order to clarify the connection with the
N =1, 4D model, a complex basis is used in which the e vectors are diagonal.
Since it is also possible to write the results in Eq. (7.2.18) using real-fermion
boundary conditions, a convenient notation is introduced in which the complex-
fermion boundary conditions are expressed using the real ones. In this notation,
the boundary condition y — ¥ is represented with ‘0’, while y — —y is represented
with 1’; to be more precise: 0 = (00), and 1 = (11), are the same as before, while
0 = (01), and 1 = (10),.

The CDC’d model is then given by the boundary conditions in Table 7.1 with the
same set of structure constants as in Eq. (6.3.3). Additional adjustments that have
been made are due to the rotation of the orbifold basis; namely that certain entries
within the vectors V5; have also acquired bars in order to keep them aligned with
the orbifold actions. This distinction is irrelevant for the other vectors in the spin
structure because it is explicit that the barred and unbarred vectors are the same.
Moreover, V, = bs + by is also unchanged, and therefore the action of the e shift
on the untwisted massless spectrum is precisely as described in the N = 2 theory
with the appropriate change of basis.

Clearly, the theory which remains unaffected by the CDC effects is identical to
the original theory, but with a different complexification, e.g. x*¢ = x® + iy® and
x¥® = x* +iy®. Hence, the orbifolding and the CDC are effectively operating in

different complexifications and it is therefore worth elucidating how this works
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Table 7.1: Spin structure of the worldsheet fermions of the N’ = 0, 4D model after
applying the CDC. The overlined entries in these vectors are explicitly defined in
the text. This spin structure is accompanied by two bosonic d.o.f compactified on
a Z, orbifold with twist action corresponding to the vectors bs 4. As always, every
entry in this table is understood to be multiplied by —3.

for a particular state. Based on the notation of Ref. [135], with b, and d, denoting
the positive and negative coefficients in a normal-mode expansion of these fields,
and with boundary condition v, the b3 projection then generally takes the form

1
by Q=5 2 (B bucy =y by )+ mod (D, (7.2.19)

I’l+V2 ZV
n

Suppose there is a massless state xS [0y = (b',, , ® a’T36 1) |0)z allowed by the bs
2

36 1
projection. Such a projection cannot distinguish bT from dT. In the meantime, e - Q
shifts the spectrum of states; in terms of the coefficients of real fermions this shift
is written as, e.g. by, = x/Li( X3 +ix®) and dss, = %( x° — ix%). Every other state

that remains unshifted must necessarily satisfy

1

_ i i i _
eQ = 1 Y (bxl’;bx,,%+b by —dl dy %—dwl,%dw;,%)#..—o mod (1)
[=34,56
= 3 Z (xlfxlfl —x, ") + oo - o) 1):0 mod (). (7.2.20)
1=3,5 z 2

In the case of )( |O>R, the condition in Eq. (7.2.20) is not fulfilled, therefore this
state would gam degenerate masses from the CDC of order ~ R™'. There is an
alternative way to see this, if one considers the same states written in the original
complex basis as, e.g. x** |0>R (bi“,% @d;‘*,%) |0)z. Even though such states would

also become massive, the b3 projection leaves only the conjugation-invariant linear
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combination —(bT +d '34 1) |0Y = 31 |0)z. In a similar fashion the b3 projection

a1
on the state y° |O>R leaves behlnd only x° : |0)z. Thus, either way, the states y* |O>R
remain in the spectrum with mass ~ R™L. ThlS finding should not come as a surprlse
because the orbifold action could be considered as a conjugation action in the
original basis. This means that it is blind to states that remain neutral under the

corresponding CDC charges. For example, such states are b’ de4 ) |0)&.

!

In this discussion real fermions are employed only as they appear in the com-
plexification of the shifted charge lattice. However, as suggested above, the entire
formalism for this class of models can actually be recast in a more straightforward
manner using real fermions from the beginning of the construction procedure. Us-
ing real free fermions, the previous discussion becomes self-evident and it is also
clarified how the CDC interacts with the V5, vectors.

In order to write a model in terms of real fermions it is convenient to use the
technique of Ref. [135]. Since the relevant phase in the GSO projection is either 0
or —3, the overall relative sign is of no particular importance, and hence the sign of
the d*d entries in the charge operators could be reversed. Employing this change,
the theory is no longer defined in terms of a charge lattice, but the charge operator

appearing in the GSO projections is replaced by the sum of number operators

associated with the real fermions in addition to a vacuum “charge”:

1
— T i T
e Q = 512;56(19)(1’%19)(,’%+bwl’ébw,,;+d11d)(,1+d ey ;)+...=o mod (1)
_ 1 Bl T _
= XiXitw/ w |+...=0 mod(). (7.2.21)
2[:3,6,45 ) 3 2

Revisiting the action of the CDC on the Virasoro operators, it is necessary to de-

fine the real number operator at level n' as N, — , =b', __ b, — . With this
nt+aV -3 nl+aV-17n +aV—3
alteration, the Virasoro operators before the CDC are expressed as
1
Ly = Z Z (n + a/V — —)an+ 5 : + (aV) + . (7.2.22)

nl=1

and similar for L,. Here the quadratic piece is the relevant vacuum-energy con-
tribution, and the dots indicate terms that do not depend on the fermion bound-
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ary condition. Of course, it is crucial that modular invariance remains intact.
This is achieved by the CDC inducing a correct shift in the Virasoro operators of
Eq. (7.2.11). A shift in the vacuum “charge” like aV — aV — e(j; + J»), generates

the following shift in the Virasoro operators:

— 1
Lo - L6 = L() - (]1 + ]2) € (Nn + Q’V) + geL . eL(]1 + ]2)2 s (7223)

—l
! V- 1
+a 7

and similar for L, — Z:). Therefore, in the real-fermion formalism, Q in the CDC is

replaced with
Q =N, , +aV (7.2.24)

! _
n'+aV -3

and real Lorentz products are performed accordingly. Note that in practice the
massless spectrum remaining after CDC could be determined by simply adding the
general constraint e - Q = 0 mod (1), with real-fermion contributions incorporated,
as described above, to the GSO projections. Indeed, it is in this notation that the
spectra of theories including vectors with real fermions are more easily analysed.

Putting all the pieces together in the context of the model at hand, it is con-
cluded that the states fulfilling the condition e - Q # 0 mod (1) are lifted. In this
particular example, two pairs of Higgs fields and two of the singlet scalar states

accrue masses while the scalars

—45 _
Hy,,Hp, = lﬁiz [0)z ® lﬁ_% 771_% 10)r

21 = 0% 0k ® 7, 7, 0): (7.2.25)

remain massless. Likewise, there remain two pairs of massless Higgsinos and Weyl

spinors in the spectrum:

Ay, p, = " 0} @Yy 7y 10
Ay, Flp, = (66"} 00 @Y 7y 103
2= o0 @7, 7, 10):

B 5= 00 @7, 74 10}z (7.2.26)
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The Higgsinos can be coupled to the singlet scalars through Yukawa couplings of
the form

HDZFIU'g,El + FIUQFID;;E; . (7.2.27)

These and the other Yukawa couplings are discussed in Section 9.2.2 of Chapter 9.
The phenomenological importance of Eq. (7.2.27) is evident from the fact that if
the singlet scalars accrue a VEV, the Higgsinos will effectively become massive. So
the low-energy theory will be free of Higgs superpartners. The fermionic matter
fields in the V, sector are somewhat similar to those in the NS-NS sector in the
sense that they have no charges overlapping with e and thus their masses are
unshifted. However their superpartners in the V; + V, sector behave precisely as
for the V; sector, and all receive the same masses as the gravitinos if k4, = 0, as per
Table 6.6.

From a phenomenological perspective, this splitting is very appealing: one pair
of Higgs scalars and the chiral matter fields, which basically constitute the SM par-
ticle content, all remain massless. At the same time, all their superpartners become
massive, with a mass of the order of ~ R™!. This indicates that the emerging theory
is a chiral, N = 0, SM-like theory in four dimensions. Note, however, that the
twisted sectors are unaffected, so only the untwisted generations are truly split,

while the net twisted generations remain (quasi-) supersymmetric.

7.3 Partition function of the SM-like theory

Thus far, two models of interest have been presented: an MSSM-like model in
Section 6.3 of Chapter 6 and an SM-like model in the previous section. In order to
further elucidate the structure of the CDC’d model, examine the quantum effects
and also study the cosmological constant behaviour, it is necessary to employ a
powerful tool; the partition function.

Before examining the partition function of this model, recall that the partition
function of the N = 1, 4D theory is given by Eq. (6.3.15). Since the twisted sectors
of this theory remain supersymmetric, even after the CDC, their contributions to

the partition function are nil. Therefore, it will be useful for later purposes to focus
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on the explicit form of the contributions to the partition function of the N' =1, 4D
theory from the untwisted sectors. In general, as with any Z,-orbifolded theory,

the contributions to the total partition function are of the form

2 - 3[49]+4 )44 ]+4 <] .30

where ‘0’ and ‘g’ indicate the sum over all untwisted and twisted sectors, respec-
tively. As mentioned above and as discussed in Ref. [51], contributions with a

twist on either cycle are independent of the vector e. This is obvious when there
is a twist on the a-cycle, but less so for the term Z [ 0 ] However, the reason the
8

latter also does not depend on e is that, as described above, the orbifold reverses
charges, windings and/or KK modes, and therefore precisely half of these states
are projected out, leaving the invariant combination (|, ¢, Q) +|— j, —¢, —Q)). Since
there is an overall factor of 1 in the projection, all states with non-zero j, € or with

a Q that conjugates under the orbifolding are already counted by the untwisted

1z [ 8 ] contribution. However, these are the only states that have e-dependence in

their Hamiltonian, and therefore Z[ 0 ] simply provides extra contributions from
8

the orbifold projections on the rest of the spectrum. Consequently, the partition

function of the N = 0, 4D theory can be written as
_ orojl .. [0 _1 g0
20-20+3(7 § Jo-7 o) -3 O Jo. a2

Note that since the supersymmetric partition function results in a vanishing cos-
mological constant A, this result is useful for determining the A associated with
the CDC’d theory. In this case, any effect on A would only be from the untwisted
sectors of the CDC’d theory. Due to this particular feature, the effects on A can
also be deduced if one works entirely within the toroidally compactified theory
as long as all the untwisted-sector contributions are taken into account, including
those containing the combination V, = b3 + by.

In order to understand clearly how the spontaneous SUSY breaking manifests
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itself in the spectrum of the CDC’d theory, it is more convenient to separate out the
action of V; from the partition function, as this is what governs the supersymmetric
cancellations. In addition to V; 4 7, a convenient basis corresponds to the following

linear combination of the vectors defined in Table 6.2:

Vi=Vo+ W 000110111 ... 1]

MI>—~

Vi

1
2

Vo =Vo+ Vo+bs+by 000000007 ... ]

1
2

el
[11100100] ... ]
[
[

Vo=bys+bs = —-5100101101] ... ]. (7.3.3)

1
2
In this basis, only V, overlaps with V;; consequently terms that cancel due to
supersymmetry will largely factor out. In addition the vectors V; can be divided
into two sets: {Vi, V,} and {V,} where a ¢ {1, 4}. Without loss of generality one can

choose k, = 0, so that the partition function takes the form

2= —3 22223[8]<r)cg [T ¢ _‘”ﬁTV"i @

at,4 iR €
Bra {1,2,3,6}

x 2, | [—,BV ]() ]_[ [—,BV ] (7.3.4)

Qo 2’567 Ipé
Bor 2 5,6,7{1,2,3,6}

The factors C; can also be split. Letting a = 0/,2',5,6,7, the partition function

coefficients are written as

C; exp [2711' (as +fBs + ,Bikija’j)]
= i exp [27i (Bakapp + Bakapp + Bakaa@s + Prkiaas + Baksy)]

= eﬂi(aﬁ—ﬂl) exp [27'(1 (ﬂ4k4ba/h + ﬁaka4d’4 + ,81k14a4 + ﬁ4k410’1)] CA’; . (735)

One can then identify contributions involving different V, contributions to the spin

structure:
2

M 0 a
20 = 7| 0| >0 4. (7.3.6)
™) T "0 7_722 Lo MZ,;LI Ba
Using the double-index shorthand for the #-functions as defined in Appendix D,
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the Q functions take the form

0 4 4 4 4 z : A | | aV; | | < aV;
0 [ ] X 2 5,67 g i ¢ —BVi JL B Vj
Bo 2 5.6.7 {1,2,3,6}

1
Q[ ] - [ﬂgo 95 — (=D 95, 95, — 95, 95 + ()P 95, ﬂ(z)l]

0
3 G 1o 7| 11 79 |

Qo 27 5,6,7 iR ¢ JL
Bo 256,71 {1,2,3,6)

Q[ (1) ] - [ﬂ(z)o 79(2)1 - 1931 ﬁ%o - (_1)2k41 0%0 ﬁ%l + (_1)2k41 ﬁfl 19%0]

S EEAN

Qy 9 5.6,7 ip & JjL
Bo 2 5.6,1 {1,2,3,6}

1

Q| 1 | = [0 0% - (1% 85, 8% - <%0 0, 85+ (-)k o 0 )

Aa,[2ri (kaa@a+Bukar+kaa)] aVv; ] —[ av; ]
x Y Cpe [T EEIE A AR

Qy 9 56,7 iR & JjL
Bo 256,71 {1,2,3,6}

Since this is the partition function of the supersymmetric theory it is known that
these contributions undergo an exact cancellation. The first term vanishes as a
result of the first identity listed in Eq. (D.0.3), and the remaining ones vanish by
inspection as a consequence of Eq. (7.2.15).

The procedure followed then, in order to obtain the partition function of the
non-supersymmetric model, after CDC, is the same as described in Refs. [50-52].
For convenience the winding and KK numbers are defined as j = (j; + j2) mod (1)

and ¢ = (£,+¢,) mod (1) respectively. It is also useful to define 7 = 1- yand £ = 1-¢.
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The CDC’d partition function is then given by

Z() = Z ZQ{»J[ ] (7.3.8)

10 —22
T2 iy @y, s

where

o o] = 1o 2]

iRE
{1,2,3,6)
~a Vi— jei 3| aV;—je;
X ¢ ﬂ[ aVi - Je; ] 19[ i€ ].(7.3.9)
ao,;m B ll;l —BV; + le; lj—L[ —BV; + le;
Bor 27 5,6,7 {1,2,3,6}

In this expression, the coefficients of the partition function are given by
~a . 1 2 o1
Cj = exp|—2ni| je - BV - 5]56 Cs (7.3.10)

where Cj are the coefficients of the untwisted partition function before CDC, as
given in Eq. (7.3.5).

Recall that up until now, all the d.o.f of the CDC vector e are assigned in a
specific basis which is defined in Eq. (7.2.8). From this it is deduced that the
partition function of the CDC’d model is the same as the old one, except that the
e shifts the iy = 3,5, 6,8 arguments by a half unit when ; or ¢ is odd, and there is
a phase e #"//¢8V_ This phase is only sensitive to V; and V, as these are the only
untwisted vectors that overlap with e in the right-moving part. This phase is trivial
when B, + B, is even, and gives a factor (—1)’ when ; + 84 is odd. In total, then, it

is obtained that
0
Q[,J[ 0 ] = (-1’ [ﬂgo 90 = (1 95y 0% = 95 05, + (-1’9 ﬁj[]

A V; aV;— Jje; 3| aV;
x for 0[ aV; ] ﬁ[ i~ Jei ] ﬂ[ j ] (7.3.11a)
ﬁ )
go’;w iRle:llﬂ} _ﬁvi iRlE_{5[=8} —,BV,- + Le; l:l _ﬁvj
0’,2/,5,6,7
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Qu| & | | 02, — 00 02, = 007, (0 o

o 5 e [ T 11 s | 117 |

Zo',z',s,aj ip €{4,7} ir €{5,8}
(7.3.11b)
QK’JI: ? ] = (-1)]‘7 [(_1)] ﬂ(2)0 ﬁjg _ 19.(2)1 ﬂf[ _ (_1)2k41+J ﬂ%() ﬁ?z + (_1)2/{41 19%1 ﬁj[jl
% C"wannik4aaa 0[ QV,‘ ] 19[ CL’VI' — J€; ] 5[ QV]' :|
ﬁ s
gof;e,7 iRl;le} BV iRDS,S} “BVi+le lJ_L[ BV,
07,2/ 5,6,7
(7.3.11c)
1 1 1
Q| | = 0, 97, - (1 2, (0P, 02 (et g
X éaezﬂi(k4ttaa+,3akzx4+k44) 19.|: al_xfl ] ,19,|: a_"l - .]et ] 2_9|: a/_xfj ] .
B
;of;m iRle—{Jm} BV iRle_{sIB} “BVi+Le; lJ_L[ BV,
(7.3.11d)

Previously in this chapter, it was claimed that if a CDC is performed on a torus,
it is possible to maintain the N = 2 SUSY of the emerging theory. This scenario
takes place if one chooses to assign different values to the structure constants.
Specifically, for kyy = %, the generalised GSO projections allow the two gravitinos
to survive in the massless spectrum and hence the theory remains supersymmetric.
This claim can now be tested for the theory obtained when a CDC is performed
on the 7z, orbifold so as to check whether the theory still has A = 1 SUSY when
kiy = % In order to do this, it is sufficient to study the expressions in Eq. (7.3.11).
By inspection as well as through the first identity in Eq. (D.0.3), it is deduced that
all the prefactors cancel for any ; and ¢ when k4 = %, and that they do not when
kiy = 0.

A corollary is that the theory without V; is inevitably still supersymmetric de-
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spite the CDC: there is still a shift in the spectrum due to CDC but this shift is
simply tantamount to shifting the R-charges of the states on the KK tower. This
remark is supported by the fact that the expression in Eq. (7.3.11a) vanishes com-

pletely, regardless of ¢, j and k.

7.4 Cosmological constant of the SM-like theory

As always, it is important to examine the one-loop cosmological constant A for
the SM-like theory so as to study its stability properties. The analytical evaluation
of A is based on the full expression of the partition function in Eq. (7.3.2). As
discussed above, the CDC affects only the untwisted sectors of the theory, hence
all the twisted sectors of the theory are still supersymmetric and make no net
contribution to A. Moreover, since the model without V, is supersymmetric even
after CDC, there are no contributions from the expression in Eq. (7.3.11a). As
a result, in order to ensure that the theory is non-supersymmetric, the choice
applicable to this study is ki, = 0. While the ¢ indices correspond to resummed
KK modes, the sectors with ; # 0 correspond to winding-mode contributions. As
can be seen from Eq. (6.3.12), and as anticipated by the discussion in Section 5.4
of Chapter 5, the winding-modes contributions are heavily suppressed by a factor
of at least O (e™™") for generic radius r. Therefore such terms are neglected in the
following evaluation.

It is found that the only contributions to the partition function arise for odd ¢

when the winding number ; is zero or even:

Qf,o[ (1) == [19(2)0 I = 95 9 — 9o I + Iy ﬁ%o] +o = 20500+
Qm[ (1’ =[98 - 0 + 9] + ...
.
an[ L= [9%, 9%, — 95,92 + 95, 05, — 9 95, + -+ = =202 9%, +...  (7.4.1)

Although it is possible to evaluate the entire integral methodically, in order to
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examine the effect of the CDC for the ; = 0 contributions, it is simpler to go back
to the original expression for the partition function in Eq. (7.3.8). When there
are no winding-mode excitations, there are no shifts on the a-cycle and the only
change is on the b-cycle due to the phase 2re - Q. Also, from Eq. (7.3.10), the Gz
remains unshifted, so the GSO projections are the same as for the supersymmetric

theory. For the evaluation procedure it is also useful to define the vectors
(= (nt, raty), 7= (rij,r2e). (7.4.2)

Using the trace formula in Eq. (D.0.11) the non-vanishing contributions are writ-

ten as

’ Mz mie (07
ZJ:O(T) = —2 —53 Z ZE,O Z 62 QQ[ ﬂj ]

= —M4r1r2 Z ¢ prieQ Z Q[ @4 ], (7.4.3)
Tg n'2 ﬁ24 Pt = Ba
where the Q’s are the expressions for the supersymmetric non-CDC theory. Note
that ¢#"'¢Q is an operator that does not depend on «a,f so in the sum it becomes
a simple overall factor. As a result, the net effect of the CDC on the Poisson-
resummed partition function can be interpreted as one in which the sign of the
contributions with e - Q = 3 in the supersymmetric theory, is reversed so that there
are no longer exact cancellations.

This is especially straightforward in the large-r, region which dominates the
one-loop integral, where the 7,-integral projects onto the physical spectrum and
allows the counting of the physical states in the theory. Every fermion that is
lifted by the CDC counts +2 and every boson —2. Conversely the partition-function
contribution is proportional to the states remaining unshifted in the spectrum after
CDC, namely 2(N,§i) - N](f)), at some degenerate mass level i. After the 7,-integral

has fixed the level-matching condition, it is found that

< dr i N — X ’

A= rl”z/\/flfV1 —T42 E (N}l) ~ NMe P gorraan , (7.4.4)
=1 {9
2

f=o0dd
level i
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where m? is the physical mass of the state i, and Nl(,i) and N?) are the numbers of
unshifted bosons and fermions at the ’th mass level. The lower limit u~? reflects
the fact that the r; dependence of the UV end of the fundamental domain is not
taken into account. Note that this expression is completely general for any model
in six dimensions that after a CDC yields a non-supersymmetric four-dimensional
theory.

Writing A = 3,.,.;; A, it is obvious that there are then two types of contribu-
tions, depending on whether the states are massless or massive. Assuming that r,

is the smaller radius, the net contribution from massless states is determined by

2 M4 - 72,2
Ao = TN NP 31 [1- 0|
Z=o0dd
Arro MA

_ 1
SV =N @) 6{(6, 5) +...

= M (N - N,”) o (7.4.5)

2407

where {(a, b) is the Hurwitz zeta-function and where a factor of two arises from ¢ =
+1. Decompactifying to five dimensions by taking the r, — oo limit and factoring
out the infinite volume r, reproduces the single compactified-dimension result of
Eq. (5.4.7) for D = 6.

The net contribution from massive states is determined by a saddle-point ap-

proximation with the saddle at 7, = \ﬁl || (which is valid for Va'm; < 1) and is

a’m;

found to be

. ‘ R ;7 1
Ai;&O = 7’17'2M4(N(fl) - Nl(;)) Z |€|77/2( \/677/11,‘)5/2672” Va/mi ll -0 [W}] .
T a’'m;

(7.4.6)

Again the r, — oo decompactification limit yields the 5D correction already antici-

f=o0dd

pated in Eq. (5.4.10). Note that the subleading terms neglected in the saddle-point
approximation are larger than the ; # 0 contributions, so it would not be appro-
priate to consider the latter at this order of approximation.

In summary, the leading and subleading terms on the one-loop cosmological

constant of the non-supersymmetric theory emerged via CDC are the same as those
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found in Section 5.4 of Chapter 5, for the cosmological constant of the interpolat-
ing models. This conclusion is of utmost importance because it gives strong indi-
cations that CDC is a suitable method for constructing interpolating models which
are all non-supersymmetric, UV finite due to the inherent misaligned SUSY and
which could also be stable. As remarked in the discussion of interpolating models,
stability could be achieved in a model with equal numbers of massless bosons and
fermions. Indeed, if the SM-like theory presented here had NZEO) = N}O), then in
the large but finite r(, r, limit its one-loop cosmological constant would have been

exponentially suppressed.
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Chapter 8

Semi-realistic string models with
exponentially suppressed

cosmological constants

If the facts don't fit the theory,

change the facts.

Albert Einstein

8.1 Additional requirements imposed on the construc-
tion

Given the important preparatory model-building work in the previous Chapter as
well as in Chapters 5 and 6, everything is ready for the centrepiece of this paper
which is the construction of non-supersymmetric string models with exponentially
suppressed cosmological constants. As alluded to above, only those models with
almost vanishing cosmological constants will have suppressed one-loop dilaton
tadpoles, as required for a theory to be stable in the absence of spacetime SUSY.
Naturally, these models will have a variety of semi-realistic features and they could
be identified as being either SM-like, Pati-Salam-like, or resembling a unified ex-

tension thereof, such as flipped S U(5) or S 0(10). Despite these features, it should
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be noted that these models are not fully realistic and contain a number of direct
phenomenological flaws. However, the purpose of this work is not to construct
the absolute candidate model governing the mechanism of our world, but rather
to demonstrate that it is indeed possible to construct phenomenologically viable
theories, which are completely non-supersymmetric and possess an acceptable de-
gree of stability. Moreover, the construction techniques that are mainly centred on
a CDC method suggest that such models are only the tip of the iceberg, consid-
ering all the possible theories that could be constructed. This can then hopefully
pave the way for more refined model-building and future enhanced studies on
their phenomenological properties.

Even though it might come as a surprise, it is in fact easier to construct NIEO) =
N unified theories than N,” = N{” SM-like theories for models which are realised
through the free-fermionic construction followed by a CDC. The term “unified” in
this context implies that the gauge group is (semi-)simple and contains the SM
gauge group as a subgroup!. Such unified models are constructed by stripping
away the Vs ;7 vectors from the previous constructions. However, in order to
construct a model with the desired leading-order cancellation of the cosmological
constant, two important adjustments must be included.

The first is that unlike before, the CDC vector e can act both on the right-moving
part, where it adjusts the structure of the SUSY breaking, and simultaneously on
the left-moving side, where it adjusts the structure of the gauge group. As noted
in Section 7.2 of Chapter 7, the only constraint on the form of this vector is that
one should retain e-e = 1 in order to have modular invariance. Keeping the

.....

with Vi - V; + Vy and V, — V, + V,, it is found that the CDC vector given by

e=2[00101101]10110000000000011111] (8.1.1)

2

generates N,io) = N;O) in the toroidally compactified N = 2 - N = 0 theory.

!Note that at this level of analysis, it is not a particular concern whether or not the Higgses
required for breaking the GUT symmetry are present.
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The second adjustment arises from the fact that, as per Eq. (7.3.2), only the
untwisted sectors yield non-vanishing contributions to the partition function of
the spontaneously broken theory. Therefore, it is acceptable to start by finding
an N = 2 - N = 0 theory with N,EO) = N}O), such as the one above. Any orbifold
twisting that is added in order to generate a chiral theory is then guaranteed (with
a suitable adjustment of structure constants) to preserve the cancellation of N}()O) =
N](,O) because it halves the number of bosonic and fermionic d.o.f that contribute
with an e dependence. At this point, one must be cautious because although the
orbifolding twisting halves the massless d.o.f, this might not always be true for
other theories. The only constraint then on the orbifold action is that in at least
one sector it should overlap with precisely one-half of the CDC elements when
written in the real formalism (with the possibility that more general twisted sectors
may arise through the introduction of additional untwisted boundary-condition
vectors). This additional constraint on the orbifolding means that it is somewhat
more difficult to find twisted matter.

Of course, one must always recall that the choice of structure constants k;;
throughout this process is pivotal. There is always the danger lurking in the back-
ground of breaking SUSY by discrete torsion before even applying the CDC, or
leaving the post CDC model with &' = 1 SUSY. In each case the presence or ab-
sence of spacetime SUSY can also be seen directly at the level of the partition
function. Along the way, a significant number of other constraints are applied:
As always, the boundary-condition vectors and k;; structure constants must satisfy
the constraints imposed by modular invariance. Likewise, the additional modular
invariance constraints for real fermions must also be satisfied. For the construction
to be in agreement with interpolation, it is required that upon removing the CDC,
SUSY is restored. Likewise, it is required that there exists an alternative choice
of certain k;;’s which can also restore SUSY. Finally, it is required that in at least
one twisted sector, the boundary conditions, including the orbifold vector b5, must

overlap with precisely one-half of the entries of the CDC vector e. Moreover, in
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Sector | gty ¥t 6)56,56 | PG B G G R R R 6 66 6 6 6 6 6
Vo 11111111 |11111111111111111111
Vi ooo11011 |11111111111111111111
I7A 00101101 |01010000001111111111
bs 10100001 (0001111110101 0011100
v, 00101101 |0101000000110000000°0
[ e [ 00101101 [101100000000000111T1T1 |

Table 8.1: Spin structure of the worldsheet fermions of the N = 0, 4D S O(10)
theory. This spin structure is accompanied by two bosonic d.o.f compactified on a
Z, orbifold with twist action corresponding to the vector b3. As always, the entries
of the table are understood to be multiplied by —3.

this context overlaps of ‘—’ phases® with the CDC vector are not allowed; this
ensures that there is a basis in which the orbifold acts as a charge conjugation on
the CDC charges (plus possible untwisted phases, depending on the sector). These

constraints apply to all the models presented below.

8.2 “Unified” SO(10) and flipped SU(5) theories

An example of an N =1 - N = 0 SO(10) unified model with Nl(70> = N](,O) is

presented in Table 8.1. The associated structure constants are given by

0007410

00030
kij={0 2 0 0 0], (8.2.1)

10000

03000

and the overall gauge group of the theory is
G=[SO* e [UDI* ® SO(10) ®SO(6). (8.2.2)
N——

contains SM

This model has fundamental 10’s as well as eight complex 16’s in the untwisted

These phases correspond to the ‘3’ entries in the spin structures presented throughout this
thesis.
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sector, all quasi-supersymmetric and with 328 massless complex d.o.f in total.
As usual, the untwisted matter multiplets appear in the V, + V, sector. By re-
introducing a V; vector, one can construct a flipped-S U(5) model with N;O) = N}O).

An example is presented in Table 8.2 and its structure constants are given by

0001Lo00

000 300

01o01io!
ki; = 1 2 1 2 f (8.2.3)

2 03 003

0 ;0033

2 2 03 03

The overall gauge group of this theory is then given by

G=[SODP UM ® UB) ®S0@®). (8.2.4)

~——

contains SM

This model has twisted massless matter as well as untwisted matter with 152
massless complex d.o.f in total. It contains not only four complete chiral quasi-
supersymmetric untwisted generations of matter but also massless twisted gener-

ations of fermions arising in the V, + b; sector, along with superpartners in the

Vo + Vi + V4 + bs sector. All these states are in the fermionic representation of the
parent S O(10), so it is natural to associate the above U(5) gauge-group factor with
the SU(5)®U(1)x gauge group of the flipped S U(5) unification scenario. The model
also has the vector-like 5 + 5 Higgs representations required for electroweak sym-
metry breaking, but no GUT Higgses.

As usual, the aV = 0 sector gives rise to the gravity multiplet and adjoint
gauge bosons that are not removed by the particular choices of e shown above.
Furthermore, there is no massless gravitino or dilatino, and likewise there are no
corresponding massless gauginos in the V, + V; sector. The fact that these models
have Ngo) = N}O) at the level of the spectrum, can be confirmed by the original and
large-radius Poisson-resummed partition functions. This can also be seen in the

evaluation of the untwisted partition function, which contains no constant term.
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-~
[oe]

Sector || g3y 350,56, | GG P B R P P 3 5 6 6 6 6 8 8
Vo 11111111 |[11111111111111111111
Vi ooo0o011011 |11111111111111111111
Vs 00101101 |01010000001111111111
by 10100001 |[00011111101000001111
v, 00101101 |01010000001100001111
Vs 00011000 (1111434412111 171700100
[ e [ 00101101 [01010000000011101101 |
Table 8.2: Spin structure of the worldsheet fermions of the N = 0, 4D SU(5)

theory.

8.3 SM-like theories

In a similar way, it is also possible to construct SM-like models with N,(?O) = N}O).
Recall that the N = 0, 4D theory described in Section 7.2 of Chapter 7, has a
single complex Higgs pair that remains massless, as well as matter fields, two from
the untwisted V, sector and extra ones from the twisted sectors. Given this, it is
possible to construct models with similar mass spectra and with N\ = N5 one
such model is presented in Table 8.3. In this example, there are N;O) = N}O) =136

complex massless bosons and fermions. The structure constants of this theory are

given by
000O0O0OGO OO
0003000
03000310
kij=[0 0 0 3 0 0 0], (8.3.1)
01000131
00040032
3303050
while the full gauge group is given by
G=[SOW] & [UDHPeUB)®U?2) . (8.3.2)
N’

contains SM

In here the U(1)y is the same as the one defined in Eq. (6.3.5). The resulting
mass spectrum from the oV = 0 and V, + V; sectors is the same as that sum-

marised in Tables 6.3 and 6.4, including extra “Higgses”. The model has two
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Sector | gty ¥t 6)56,56 | IG5y B G R R R 6 66 6 6 6 6 6
Vo 11111111 |11111111111111111111
Vi ooo11011 |11111111111111111111
I7A 00101101 |01010000001111111111
by 10100001 [0001111110100011100°1
v, 00101101 |0101000000110000000°0
Vs 00000011 |[01011110001000100111
Vs 00011000 (01014231 2111100110000
[ e [ 00101101 [000100000000111011T1T1 |

Table 8.3: Spin structure of the worldsheet fermions of the N' = 0, 4D SM-like
theory.

entire supersymmetric chiral generations arising in the V; + V, sector, with the

spectrum shown in Table 6.5. There also appears to be a third untwisted gener-

ation in the Vo, + V; + V, + V; and V, + V; + V4, + 3V; sectors, while the twisted b
and bs + V, sectors provide mainly singlets with additional Higgs/Higgsinos. This
model could be considered to be quite remarkable. It has chiral generations of
SM-like matter and is clearly non-supersymmetric, but it also has equal numbers
of massless bosons and fermions and hence an exponentially small one-loop cos-

mological constant.

8.4 A Pati-Salam-like theory

An alternative route to achieving Néo) = N}O) is to remove the final breaking to
unitary gauge groups which is driven by V;. As was mentioned earlier, this vector
makes the task of building a consistent modular invariant model significantly more
difficult due to the —;11 phases. As a result, constructions that do not involve a V;
sector are significantly less constrained than those with V;. The enlarged theory
obtained from the SM-like theory presented above but without the additional Vj
and V; vectors is Pati-Salam-like with 208 massless complex d.o.f in total. The spin

structure of this theory is defined in Table 8.4, the associated structure constants
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Sector | gty y¥esh6,6,56 | IG5 B S Y R R R 6 66 6 6 6 6 6
Vo 11111111 |11111111111111111111
Vi ooo0o011011 |11111111111111111111
I7A 00101101 |01010000001111111111
by 10100001 |[00011111100110000111
v, 00101101 |0101000000110000000°0
Vs 00000011 |[01001110000011100111
[ e [ 00101101 [101100000000000111T11 |

Table 8.4: Spin structure of the worldsheet fermions of the N = 0, 4D S O(6)®S 0(4)
model.

are

000300

000300

0oloo0o0!
kij = 1 nE (8.4.1)

100001

00000

00 0O0O0O©O0

and the full gauge group is given by
G=[SOW] & [UDI°®SO06)®S0(4)®S0(6). (8.4.2)
|

contains SM

The spectrum for S O(2N) representations can be decomposed under the corre-
sponding U(N) in a complex basis of worldsheet fermions, so that for example
the adjoint of SO(4) ~ SU(2), ® SU2)z is a 1®4 @1 of U(2) [which is related
as U(2) > SU(2) = SU(2),]. As always, the NS-NS sector gives rise to the grav-
ity multiplet as well as the adjoint gauge bosons, including the 15 and 6 adjoint
gauge bosons of the visible sector. Again the theory is characterised by the ab-
sence of a massless gravitino or dilatino and there are no corresponding massless
gauginos in the V, + V; sector. In addition, the removal of both Vy and V; nat-
urally enables more pairs of light Higgs scalars and singlets to survive the GSO
and orbifold projections in the NS-NS sector. Therefore, more than one pair of

Higgses and singlets remain massless after CDC. Specifically, the complex scalar
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electroweak doublets H that survive the GSO and the orbifold projections are

58
I Il

IS
Il

Hs

= {Hy,, Hp,}

= {HUZ’ HDZ}
= {HUg’HDg}

= {Hy,, Hp,}

{Hy,, Hp,}

—4,5_
U7 10k ® Y171 10},

—4,5_
v 100 @ Y13 10}

—4.5_
X% 100 ® Y17, 0):

—4,5__
X 00 ® Y2 10}

—4,5_
= X510k @ U7, 10}

(8.4.3)

Note that in these expressions, the labels of the left-moving internal complex

fermions are different from those of the SM-like theory defined in Eq. (7.2.25)

and (7.2.26). The purpose of this labelling is to ensure that the horizontal symme-

tries in the PS-model are completely aligned. Similarly, the singlets X and exotic

states E that survive the projections are

X,
Xy

X3

X

= {X, Xi}
= {Xo, X5}
= {Xs,Xé}
= {X4, X3}
= {Xs, X5}
= {Xe, X5}
= {X7,X§}
= {Xs, Xg}

E

'»l’ﬁz [0)r ®ﬁ%%ﬁ?_)% 0)L
v 10 @ W7 [0),
X 100 @777y 0).
X 100 @200 [0):
X%S% 10)r ®ﬁl_%ﬁ?:% 0)L
X5 10 @, 0,
X 10) @@ T, (0):
X 100 @200, [0);

—1,2,3__
X5 10)r @Yy w2 10} .

(8.4.4)

Likewise more Higgsino-like states and other Weyl spinors are left massless; these

are states which appear in the V, + V; sector. The resulting mass spectrum from

the @V = 0 and the V,, + V; sectors is summarised in Tables 8.5 and 8.6. Naturally,

there are also additional states from the hidden sector that survive the GSO and

orbifold projections. However, beyond their contributions to enforcing N,” = N{”,

these states do not contribute anything phenomenologically and thus will not be
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considered in this discussion.

Sector || Massless states after CDC | Spin | Representations | Particles
8uvs B[/.IV]
34 34 2 (1,1,1) :
l’[/—% 10}z ® XZ 100, 0 Dilaton ¢
¥ 10z ® X°710), 0 1,1,1) Complex radion ®
2
(Adj, 1, 1)+
o 1, Adj, D+
3410), @ V! \IJJI 0 {1, B
l/’_% 10)& LY [0)r 1 (1, Adj)+ Gauge bosons V,,
0 Adj Ghigden
) 0 (1, 2,2) Complex scalar H;
56 i J
-3 0 ® T—%T—% 102 (1,1, 1) Complex scalar X;
X?GL |O>R ® lPl_llP]_l |O>L 0 (1, 2, 2) Complex Scalar H4
: e (1,1, D Complex scalar X,
5100 ® \Pi_lq’i; 10, 0 (1,1, 1 Complex scalar X;
: e (1,1, D Complex scalar Xg
ge a)g ® \Pi;\llj;l 10y, % 1,2,2) Weyl spinor H?Iz
e (1,1, 1) Weyl spinor X,
Xge‘ la)g ® \Pi_;\{;j_'l 10), % 1, 2,2) Weyl spinor EH[S
L 1,1, D Weyl spinor X3
Vo + Vi (1,2,2) Weyl spinor H
o 1 .
X3 g @ ¥ 9, 10), 2 (1,1, 1) Weyl spinor X;
2 2
(1,1, 1 Weyl spinor X
“4,1,1) Exotic spinor E

Table 8.5: The z,-untwisted visible-sector states of the N = 1, 4D Pati-Salam
theory which remain massless after the CDC. The ¥, refer to generic left-moving
d.o.f, with indices i, j = 1,...,20. Here |a); refers to the remaining unspecified R
ground states. The massless fields are identified according to the SU(4)®S U(2), ®
S U(2)g representations.

The fermionic matter arises in the untwisted V,, + V;, sector and is identified by the

(4,2,1) and (4, 1, 2) representations of SU(4) ® SU(2); ® SU(2)g, where the SM
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Sector || States projected after CDC | Spin | Representations | Particles
§ . .
@)x ® X [0}, : 11,1 | Crvianov,
2 Dilatino ¢
la)r ® X210), 3 (1,1, 1 Radino @
(Adj, 1, D+
- 1, Adj, 1)+ .
Y ¥ |0 1 (1, Adj,
@) ® ¥, W, 10) . (L1 Adj+ Gauginos 4,
— AdJ Ghidden
VO + Vl ) . . ~
Uy ® W W (0), ! (1,2, 2) Weyl spinor Hj
C 1,1, Weyl spinor X
Xy @ W ¥ 10), ! (1,2,2) Weyl spinor H,
C 1,1, Weyl spinor X,
X5y @ W ¥ 10), 1 (1,1, 1 Weyl spinor X;
C 1,1, Weyl spinor Xg
lﬁﬁ 10)x ® \I,l-_l\{,/_'l 10, % (1, 2,2) Complex scalar H,
’ t (1,1, 1D Complex scalar X,
X [0)p ® \Pi_l\yj_'l 10, ! (1,2,2) Complex scalar Hj
: 2 (1,1, Complex scalar Xs
0 1 1,2, 2) Complex scalar Hi
. i 2
X100 W W 10), (1,1, D Complex scalar X;
2 2 2
1,1, 1D Complex scalar Xg
4,1,1) Exotic boson E

Table 8.6: The Z,-untwisted visible-sector states of the N = 1, 4D Pati-Salam
theory that will accrue a mass of % \R;{% + R;? by the CDC. The ¥, refer to generic

left-moving d.o.f, with indices i, j = 1,...,20 and the massless fields are identified
according to the SU(4) @ SU(2); ® S U(2)r representations.

matter fields are embedded as

F, = {Qn Lt}

Fr {er, Vg, ug, dg} . (8-4-5)

The identification of SU(2), ® SU(2)x ~ SO(4) implies then that the 2 spinor of

S O(4) is in the fundamental of S U(2); while the 2 spinor is in the fundamental of
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Sector | States remaining after CDC | Spin | Representations | Particles
@& f?fg'_“gh ! 4.2.1) |F,
la)r ® Yoboboto &)y,
Vot Vs, la)r ® @)
—4—5
@)k ® Yot 1)1 ; 4.1,2) | Fg
@)k ® YWy @):
—i—j—4—5
e ® UolioWololdde
Vit Vs @) ® [B)r 0 (4,2,1) Exotic spinor E
la)r ® |81 0 4,1,2) Complex scalar K

Table 8.7: Chiral Z,-untwisted multiplets of the N = 1, 4D Pati-Salam theory that
remain massless after the CDC. Here i, j € SU(4) and a € SU(2); ® SU(2)z. The
|a)g represent right-moving R ground states which are spacetime spinors, while
|@); and |B); represent different left-moving R excitations that do not overlap with
the Pati-Salam gauge group. The multiplets are essentially decomposed under the
16 of S O(10), but here the massless fields are identified according to the SU(4) ®
SU(2), ® SU(2)g representations.

SU(2)z. Meanwhile the electroweak Higgses H are in the fundamental of S O(4)
which corresponds to the (2, 2). The visible matter in this particular example is still
quasi-supersymmetric. The removal of the Vi and V; vectors leaves some of the
horizontal symmetries embedded in the gauge group unbroken. As a result, there
are more generations of visible matter than in the SM-like theory. In particular,
there is an unbroken S O(4) horizontal symmetry, arising from the 3*°, 3** fermions,
which allows four chiral generations from the V, + V, sector rather than the two
of the SM-like theory. Similarly to the SM-like theory, this Pati-Salam-like theory
has no massless twisted-sector matter.

Despite the globally supersymmetric matter spectra, the scalar partners would
be expected to pick up masses from RG running in the usual way. As a result, the
theory is somewhat “no-scale” from the point of view of the visible sector, with
gauginos dominating the contributions. It should be noted that the (4, 1, 2) scalars
can play the role of the Higgs field K in breaking the Pati-Salam gauge symmetry
down to the SM gauge symmetry. The mass spectrum for the generations of matter
fields in the theory is summarised in Tables 8.7 and 8.8. Of course, in presenting
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Sector || States projected after CDC | Spin | Representations | Particles
AT ), ® B> : (4,2,1) Spinor ]?
@), ® |81 3 (4,1,2) Spinor K
|(1’>R®‘//0‘//0 ) 0 (4,2,1) PL
—1—2—38—a .
) @ Yoot la)L
—41—5 ~
|(Y>;3 ® lr//Olr/IO |&>L 0 (49 1’ 2) IF?R
@)y ® Yoy 1)1
—i—j—4—5
@ ® odoWolo @)

Table 8.8: Chiral zZ,-untwisted multiplets of the N' = 1, 4D Pati-Salam theory
which will accrue a mass of % \R;? + R;? by the CDC. As in the previous table i, j €

SU(4) while a € SU(2),® S U(2)g. The |a)}, represent right-moving R ground states
that are not spacetime spinors and once again the massless fields are identified
according to the SU(4) @ SU(2), ® S U(2)r representations.

a Pati-Salam-like theory, there is an implicit assumption that the final stage of
symmetry breaking can be consigned to the EFT without destabilising the original
theory. As is evident above, this Pati-Salam theory has the Higgs fields required

for this additional stage of breaking.

To conclude, all four different models presented in this section have NI(JO) = N}O)
and therefore all have exponentially suppressed one-loop cosmological constants
and dilaton tadpoles. Whilst none of these models are completely realistic, it is
evident that from a phenomenological point of view each exhibits varying de-
grees of success. Therefore each model can be viewed as a stepping stone for the
potential construction and development of more refined theories with enhanced

phenomenological properties.
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Chapter 9

Properties of string models with
exponentially suppressed

cosmological constants

When I am working on a problem I
never think about beauty. I only
think about how to solve the
problem. But when I have finished, if
the solution is not beautiful, I know

it is wrong.

Buckminster Fuller

9.1 Interpolation Properties

The successful exponential suppression of their cosmological constants sparks a
torrent of work on the properties of models with equal numbers of massless bosons
and fermions. Given that these non-supersymmetric, tachyon-free models belong
to the class of interpolating models, it is a priority to investigate their interpolation
associated behaviour. There are several subjects in the agenda including: the mass
spectrum behaviour at large radii, and if one expects the small radius limit to

exhibit the same form; the interpolation of the cosmological constant A from large
171
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to small radii of compactification; an examination of whether there is a possibility
of tachyons appearing at some critical radius R ~ 1, signalling a Hagedorn-like
instability and last but perhaps not least, whether there is restoration of gauge

symmetry and/or SUSY.

9.1.1 Behaviour of mass spectrum

In the limit of large interpolating radius, i.e. a = R™! — 0, the low-energy spec-
trum of models with exponentially suppressed cosmological constants is divided
into a visible and a hidden sector. In general, “visible” refers to the states as-
sociated with the SM (or one of its unified extensions) and “hidden” refers to
states which do not carry SM gauge quantum numbers. Along with these states,
both sectors also contain their would-be superpartners whose masses are lifted by
the CDC, so that they acquire a mass ~ (2R)™'. As a result, neither sector is su-
persymmetric (except in the infinite-radii limit where the theory becomes higher
dimensional and SUSY is restored). At low energies, the particle landscape is poor
of variety, in the sense that the lightest states in each sector consist of the mass-
less (n = 0) string states, along with their KK excitations. This picture is altered
dramatically at higher mass levels M > M,,;,, because these sectors also contain
string oscillator states, winding states and of course the twisted sectors contribute
additional string states. This is a generic behaviour of the mass spectrum which
applies for all semi-realistic interpolating models. However, interpolating models
with suppressed cosmological constants have a distinct feature: the visible sector
contributes exactly equal and opposite net (bosonic minus fermionic) numbers of
string states with masses M < M, to those from the hidden sector. This property
holds for all sufficiently small radii, even if the strict R — oo limit is not satisfied.
This general structure of the mass spectrum for the semi-realistic interpolating
models is depicted schematically in Fig. 9.1.

A remark worth emphasising is that for the lightest physical states in the spec-
trum, i.e. M < My, the cancellation of net physical-state degeneracies between
the visible and hidden sectors does not imply that this is the result of any space-

time SUSY, either exact or approximate, in the string spectrum. Nonetheless, this
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Figure 9.1: A schematic illustration of the mass spectrum structure for a generic
interpolating model with suppressed cosmological constant in the limit of large
interpolating radius. At mass scales below M,;,, (or below n = 1) the spectrum
consists of massless states coming from the visible and hidden sectors, their would-
be superpartners and their lightest KK excitations. For these lightest states, the net
physical-state degeneracies between the visible and hidden sectors cancel for all
large radii. This property leads to the exponential suppression of the cosmologi-
cal constant and hence the dilaton tadpole, so that the stability properties of the
theory are enhanced. At mass scales above My, the mass spectrum includes
also string oscillator, winding and twisted sector states. Therefore, there are no
longer cancellations between the net numbers of d.o.f from the visible and hidden
sectors. Nevertheless, the behaviour of these states is governed by misaligned su-
persymmetry which guarantees the finiteness of the theory. This figure is adapted
from Refs. [15, 16].

cancellation has a vital role because it sits at the root of the one-loop cosmological
constant’s exponential suppression. Consequently, this guarantees the suppression
of the dilaton tadpole, thereby enhancing the stability properties of these strings.
By contrast, for the heavier states, i.e. M > My, the visible and hidden sectors
can no longer contribute equal and opposite numbers of d.o.f due to the variety of
states in the spectrum. Nevertheless, the properties of these sectors are governed
by misaligned SUSY constraints, and the entire string spectrum continues to sat-
isfy the supertrace relations in Eq. (4.3.6). These relations ensure that the overall
string theory maintains its UV finiteness even without spacetime SUSY.

These properties of the mass spectrum could be better perceived if one rewinds
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back to Chapter 5, where the general framework of the 7z, interpolating models is
presented. Recall that the interpolating models constructed via a compactification
on a Z, orbifold have four sectors whose states contribute to the partition function
traces Z'9, with a = 1,2, 3,4. The general form of the partition function for such
interpolating models is then found to be the one given in Eq. (5.2.4). Under
the assumption that SUSY is restored in the R — oo limit it is deduced that at
the level of g-expansions Z® = —Z®. Thus the partition function takes the form
given in Eq. (5.4.1). The Z" contains the contributions from the massless states
coming from the visible sectors, while the Z® contains the contributions from
their would-be superpartners. For low-lying mass levels, the functions &, and &/,
serve to tally the KK excitations of the would-be superpartner states, which are
shifted relative to each other by masses ~ (2R)™!. Depending on the low-energy
EFT, it is expected that the massless states of the visible sector do not contain
an equal number of bosonic and fermionic d.o.f. It is then concluded that the
only way to achieve Nl()o) = N}O) is for the Z itself to contain also contributions
from a separate hidden sector, which is not necessarily related to the visible sector.
The only requirement is for the hidden sector to provide the additional bosonic
and fermionic d.o.f needed so as to fulfil the condition Nl(jo) = N}O) in ZW. Since
Z® = -7 the same must also be true of the would-be superpartners, whereupon
their respective multiplications by the &, and &), functions implies that the same
will also be true for their associated low-lying KK states.

At energy scales above My,,;,,, Z" may generally have a non-zero net number of
physical states. Thus, there are no exactly equal and opposite numbers of bosonic
(NZE”)) and fermionic (NJ(Z')) d.o.f with masses m,, where n is the energy level, and
hence a condition of the form NIE”) = N}”) cannot be fulfilled. However, these
heavier states are subjected to the misaligned SUSY constraint, and along with
states across the entire string spectrum they contribute to the cancellation of UV
divergences.

Based on these outcomes, it is easy to examine the behaviour of the actual
physical-state degeneracies a,, as a function of n for such interpolating models

with suppressed one-loop cosmological constants. The entire spectrum of the Pati-
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Salam-like theory defined by the spin structure in Table 8.4 is displayed in a plot
of +log (|a,,|) versus n. Such plots demonstrate the Bose-Fermi non-degeneracies
of this theory and are shown in Fig. 9.2. The results are presented for several
different values of the dimensionless inverse radii a;, = er, ; [15], and can be
compared with the results for general interpolating models which are illustrated
in Fig. 5.1. As required by misaligned SUSY, there are distinct bosonic/fermionic
oscillations and for a ~ O(1), the physical-state degeneracies oscillate within
smoothly growing exponential functions which are determined by the oscillator
states. For a;; ~ O(1) the KK and winding states have masses similar to those
of the oscillator states and thus their contributions are not readily distinguish-
able from those of the oscillator states. However, as a;» — 0, it is observed
that the KK states begin to separate out from the oscillator states, which leads
to the step-wise growth in the envelope function shown in the last three panels
of Fig. 9.2. From those three panels it is also deduced that for sufficiently large
radii, the physical-state degeneracies a,, for all relevant mass levels n < 1 develop
exact Bose-Fermi degeneracies. Despite the absence of spacetime SUSY, the light-
est physical-state degeneracies vanish exactly; this confirms the cancellation of
bosonic against fermionic d.o.f between the observable and hidden sectors respec-
tively, as illustrated in Fig. 9.1. The vanishing or “evacuation” of net physical-state
degeneracies below n = 1 as a;; — 0 is thus the hallmark of interpolating string
models with exponentially suppressed cosmological constants and therefore en-
hanced stability properties.

There is another way to understand the behaviour of the mass spectrum of
such non-supersymmetric theories. This is through the expressions in Eq. (7.2.11),
where at large rq, r, the non-zero j;, j» terms can be neglected in the evaluation of
the cosmological constant because they are heavily suppressed and can be consid-
ered negligible. So, at low energies the mass spectrum is almost identical to the
massless spectrum. The difference is that the KK numbers of the lightest states are
shifted by e - Q due to the CDC effects. However, e - Q shifts an equal number of
bosons and fermions in the massless sector, as well as all of their KK modes. As

a result, despite the fact that the spectrum is completely non-supersymmetric, it
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Figure 9.2: Degeneracies of physical states for the Pati-Salam-like theory defined
in Table 8.4. The results are shown for inverse radii values that vary from a; =
ay = 3 (upper left) to a; = a; = 0.1 (lower right). Comparing these plots with those
in Fig. 5.1, it is evident that all the features associated with general interpolating
models survive the CDC: First, there is a smoothly growing exponential envelope
function for @ ~ O(1) which slowly deforms into a discretely step-wise growing
exponential function as a — 0, reflecting the emerging hierarchy between KK and
oscillator states. Second, it is observed that there are no net state degeneracies
a,, for n < 1 for sufficiently large radius. This critical feature implies that at
this limit, the spectrum of such models develops exact Bose-Fermi degeneracies
for all n < 1, even though spacetime SUSY is absent, whereupon it confirms the
cosmological constant’s exponential suppression. As illustrated in Fig. 9.1, this
degeneracy is the result of cancelling non-zero net degeneracies associated with a
non-supersymmetric visible sector against the degeneracies associated with a non-
supersymmetric hidden sector. The plots are adapted from Refs. [15, 16].
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actually exhibits N, = N, for all states up to the first-excited string oscillator mass
level.

Up until now, the analysis of the mass spectrum is performed in the large radii
limit of the theories where the exponential suppression of the cosmological con-
stant is achieved. At the beginning of this chapter, it was questioned whether the
spectrum exhibits the same behaviour at the small radii limit. Considering instead
this opposite limit, it is found that the j;, j, become closely packed and the states
with non-zero “net KK number” ¢;5 +e- Q — %( J1 + J2) become very heavy. In order
to understand this better, it is useful to consider first the winding modes of the
massless sector that remains unshifted by CDC, ie. e-Q = 0, and that satisfy
NI(JO) = N(fo). Denoting by Q° the charges in this sector, it is observed that at small
r1, e, different winding modes can be light if they have a shift Q = Q° + e(j; + Jo),
provided also that the corresponding KK numbers have a shift £; = —3(j; + j») so as
to cancel the net contribution of the KK modes. Hence at generic but small ry, ro
only the even j; + j» combinations of the e - Q = 0 states are light. Note that this
statement does not mean that one simply takes the physical states with e - Q° = 0
and maps them to a set of even winding modes with charge and net KK number
given respectively by Q = Q° + e(j; + j») and ¢; = —%( J1 + Jo). This would imitate
what happens for the KK modes at large radii but it is incorrect to assume that it
also happens in the small radii limit. The explanation for this lies in the fact that
in the small radii limit, any shift in Q affects the factor g (and subsequently affects
the GSO projection) in Eq. (7.2.9) which includes a phase 27iBV - Q. This phase is
shifted by a factor 27i(j; + jo)BV - e w.r.t the non-winding sector, and some of the
overlaps V; - e generate ;-integer values. Thus, while the subset of winding modes
that satisfies j; + j, = 0 mod (4) still exhibits the N,io) = N}O) cancellation of the
massless sector, the subset of winding modes that satisfies j; + j» = 4k + 2mod (4),
k € Z has different projections and generally does not exhibit this cancellation.
This could be seen within the large-(a; = a,) plot in the first two panels of Fig. 9.2,
where it is evident that the light states do not exhibit Bose-Fermi degeneracies. It
is therefore concluded that maintaining the exponential suppression of the cosmo-

logical constant when the model interpolates to r; 5 — 0 (or a;» — o) is no longer
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feasible.

Meanwhile, the winding modes of the states that satisfy e- Q # 0 and thus
become massive at the large radii limit, behave differently at the opposite limit.
At the small radii limit these states can have low-lying odd winding modes while
the KK numbers are shifted, with the ¢;, again compensating to make the net
KK contribution vanish. Denoting by Q' the charges of the original non-winding
states, it is observed that the charges of the low-energy winding states are shifted

as: Q= Q! +e(j + jz), with
1 2
51,2+e'Q—§(J1+]2)C =0. (9.1.1)

This confirms that there are indeed odd-winding/KK states with no net KK number.

A notable observation is that due to the 2ri(j; + jo)BV - € shift in the GSO phase
the generalised GSO projections in the V| sector remain the same as before the
shift, whereas the generalised GSO projections in the V; sector are reversed for the
low-energy odd-winding modes. Thus the projection in Eq. (E.0.2) at small radii
removes the odd winding modes of the gravitinos but in principle allows the odd
winding modes of the NS-NS tachyons. The squared masses of these tachyons

which could be found in the low-energy states of the theory are given by

2 2,2 2.2
aM _ _1+ S+ It

1 7 1 , (9.1.2)

with ry, /o < V2. If such states existed, they would have e - Q = % mod (1). How-
ever, as discussed above, in these models the phase in the generalised GSO projec-
tions is altered by shifts in the odd-winding sectors. Because of this modification,
the NS-NS tachyons are projected out by the generalised GSO projections in the
V, sector. Thus, one does not expect to find a tachyon-induced (Hagedorn-like)
instability at r; = r, ~ 1, and this can indeed be verified through an inspection of
the partition function. The absence of such tachyon-induced Hagedorn-like insta-
bilities is in fact a special property of all generic non-supersymmetric string models
that interpolate between a supersymmetric r — co endpoint (a.k.a. M;) and a non-

supersymmetric r — 0 endpoint (a.k.a. M,) which is also tachyon-free. However,

September 20, 2016



9.1. Interpolation Properties 179

it is necessary to investigate this property further as there is strongly suggestive
evidence that it might actually be a special feature of all interpolating models with
NO = NO,

Continuing on the analysis of the generic spectrum as a function of radius, the
point T = U =i (or r; = r, = 1) is normally a point of enhanced gauge symmetry
for T, compactifications. At this point the entire theory can be fermionized so as
to take the form of a fermionic string, as explained in Ref. [152]. Indeed, the
4D theory obtained without CDC carries additional massless states which appear
with €15 = ji2 = 1 when either r = 1 or r» = 1; something that can also be
deduced from Eq. (7.2.11). However, the 4D theory obtained via the CDC, does
not allow symmetry enhancements of this form. This enhancement is impossible
for states with e-Q = 0 mod (1) because it is required to have j; + j, = odd,
which counterintuitively results in a non-zero net KK number. Alternatively, this
argument could be realised through the lightest squared masses of the would-be

additional massless states:

o' M 1 n\ 1( »n ?
= —|-=] +=|-==-n
4 4 21’1 4 2 1
a/Mlze 1 J 21 J ?
= (=) s (- . 9.1.3
4 4( o) T al\Ton T ©.1.3)

For the level-matching constraints to be satisfied, there must be equal numbers
of left- and right-moving excitations. This condition is clearly not fulfilled for
Eq. (9.1.3), so these states are eliminated from the spectrum through the gener-
alised GSO projections in the V|, sector of the theory. By similar arguments, wind-
ing modes of states with e - Q' = 1 mod (1) cannot yield any additional massless
states either. Therefore, it is concluded that at the traditional enhanced symme-
try point of the CDC’d theory, there does not seem to be a direct link to the 4D
fermionic string. It could be conjectured though that the model at that point corre-
sponds to a conventional 4D model broken to a tachyon-free non-supersymmetric

model by discrete torsion.
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9.1.2 Behaviour of one-loop cosmological constant

Given these observations about the physical mass spectrum of the Pati-Salam-like
theory obtained via a CDC, it is easy to evaluate the one-loop cosmological con-
stant A as a function of the generic inverse radius a = r!. A plot of the results is
illustrated in Fig. 9.3, from which one can actually deduce all the gross features
described in the above discussion. For large a, the rescaled cosmological constant
tends to a large but constant value, a behaviour which is similar to that in Fig. 5.2.
This outcome forms compelling evidence for the existence of a zero-radius end-
point model which is entirely non-supersymmetric and tachyon-free (a.k.a. M,);
such a model is a 6D fermionic string which could be constructed with discrete tor-
sion. Since the entire curve is finite, it is deduced that no tachyons emerge at any
intermediate radii and therefore there are no Hagedorn-like instabilities. However,
at the limit of small a, the curve is radically different from that in Fig. 5.2. The
first immediate observation is that the A is not power-law suppressed as in Fig. 5.2,
but rather it undergoes an exponential suppression. Second, it is observed that A
changes sign as a — 0 increases to a — o. A finding that comes as a surprise is
the stable anti-de Sitter minimum which appears just above the self-dual radius.
Despite not being clear what the physical interpretation of this minimum could be,
a possible scenario is to consider this minimum as an indication for gauge symme-
try and/or SUSY restoration. This situation is similar to the one encountered in
the Type II models considered in Ref. [56]. Moreover, the cosmological constant
crosses zero at yet another, slightly higher radius than the self-dual, at which point
it is also unclear whether there might exist a hidden unbroken SUSY.

Although all these features are significant and suggest the possibility of sta-
bilising the radius modulus near a ~ O(1), the main interest is in the large-radii
limit where the exponential suppression of the one-loop cosmological constant,
and hence of the one-loop dilaton tadpole, is successfully achieved. It is only
under such conditions that the purpose of this thesis manifests itself by neatly
addressing the momentous dilaton-related stability issues associated with non-
supersymmetric strings. Moreover, in this limit, dA(r)/dr is also suppressed yield-
ing an effectively flat potential for the radius modulus in this region.
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Figure 9.3: The rescaled cosmological constant Aa? for the Pati-Salam-like theory
defined in Table 8.4. The results are plotted versus a = Va'r 1. It is evident that
the entire curve remains finite which means that there are no tachyons emerging
in the theory, at any radii values. As expected, at the small but finite a limit the
cosmological constant A is exponentially suppressed. For finite a values A remains
finite but forms a stable minimum just above the self-dual radius which might be
a signal for a gauge symmetry or SUSY restoration. At a slightly higher radius A
crosses zero and changes sign so that at the large a limit tends to a large non-zero
but constant value, indicating that the ¢ — oo limit of this model is a 6D non-
supersymmetric and tachyon-free theory. This plot is adapted from Refs. [15,16].

9.2 Phenomenological Properties

Another priority of equal importance is the phenomenological study of the mod-
els with exponentially suppressed cosmological constants, especially the aspects
which relate directly to hierarchy and stability issues. Some phenomenological
properties are quite general and would apply to any non-supersymmetric string
model of this type. However there are others, like the natural particle assign-
ments and Yukawa couplings which depend on the structure of a specific model
and are best analysed within the context of the associated theory. A remarkable
feature that is closely related to the behaviour of the cosmological constant is the

behaviour of the scalar masses. In particular, as it is discussed below, there is a
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possibility to also suppress the radiative contributions to scalar masses, thereby

paving a new path for tackling those issues related to hierarchy.

9.2.1 Natural particle assignments

Among the more model-independent phenomenological aspects is the identifica-
tion of the SM particles in terms of specific string states. Recall that for the SM-like
theory specified by the spin structure in Table 7.1, the SSSB is manifest only for
the untwisted generations at leading order. This SSSB will inevitably appear in the
twisted generations as well due to RG running but the breaking in these genera-
tions will almost certainly be smaller than that in the untwisted ones, assuming
that untwisted matter exists at all.

As it is argued in Refs. [153,154], Scherk-Schwarz configurations may enhance
“naturalness” in the sense advanced in Ref. [155]. From this standpoint, a natural
assignment is to take the untwisted generations to be the first and second gen-
erations of the SM and one of the twisted generations to be the third. The large
SUSY-splitting within the first generation does indeed then indicate a certain de-
gree of naturalness. This observation seems like a good starting point for having
reduced third generation masses while having relatively partial cancellations of
radiative contributions to the third generation. Note that since the second gen-
eration is also relatively light, there are many flavour-related issues that would
need to be carefully examined. Within QFT, these would be difficult questions to
address as there are threshold contributions from the entire tower of states in the
spectrum. Probably one would have to resort to setting soft terms as boundary
conditions at the compactification scale. By contrast, one appealing aspect of the
present constructions is that one does not have to rely on field theory because all
the leading effects, including thresholds and RG running can in principle be simply

computed from scratch within string perturbation theory.

September 20, 2016



9.2. Phenomenological Properties 183

9.2.2 Yukawa couplings

Even though the SM-like theory specified by the spin structure in Table 7.1 does

not successfully meet the NIEO) = N}O)

Yukawa couplings. This study will serve as a benchmark for the Pati-Salam-like

condition, it is useful to study the relevant

theory with realistic Higgs sectors.

e The SM-like theory with N}(f)) # N;Q): The possible Yukawa couplings are de-
termined by the non-SM charges under horizontal U(1) symmetries. The number
of horizontal symmetries depends on the assignment of the boundary conditions
in the defining spin structure. Every model has at least three horizontal U(1),,
(k = 1,2, 3) symmetries for the left-moving worldsheet currents and three matching
global U, (k = 1,2,3) symmetries from the right-moving worldsheet currents.
With J, = % f dz l//i%(z)lﬁ_%(z), these worldsheet currents may be denoted

J=

Mi=1,2,3

= U, Jyso 34,56 = UDg,,, - (9.2.1)

A cursory examination of the spectrum reveals that the chiral matter states arising
from the Vs, bs, and b, sectors as well as the Higgses Hy,_,,, and Hp_,,,, carry
charges under U(1),_,,, and U(1)g_,,, respectively. Given that SSSB affects only
the untwisted sectors, and in this case is concentrated in the V, sector, then it is
safe to assume that the states coming from the V, sector are the first and second
SM generations.

In addition to these symmetries there are other horizontal U(1),,_,, symme-
tries which arise when pairs of real worldsheet fermions are complexified. The real
left-moving worldsheet fermions which can be complexified belong in the subsets
{74, (&>} and {@>°). Correspondingly, the complexified right-moving fermions
from the subsets {y>*>%}, {w**} and {w"®} give rise to four U(1),_, ,,, Symmetries

assigned as

Jy34’y56’556’534 - U(I)L4, Jy34’yse’wse’w34 - U(I)R4, (9.2.2)

4,5,6 ° 4,5,6 °

The non-vanishing Yukawa couplings for the states from the sectors Vs, b3, and b,
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then depend on the boundary conditions assigned to the real fermions of the V;
sector. The ultimate requirement that must be imposed for the correct assignment
of the Yukawa couplings, is that the charge vectors for the states in a given cou-
pling sum up to zero, Q; + Q, + Q; = 0. The states with non-vanishing Yukawa

couplings are then determined according to the value of [147]
Vi Rees = Vi, Lol s (9.2.3)

where the subscript refers to the element of V; corresponding to that particular
worldsheet fermion. The value of this parameter can be either 0 or 7 and deter-
mines which type of coupling is generated, i.e. involving dg, eg, OT ug, vz respec-
tively. Both couplings cannot be present for the same generation. As mentioned
in the previous section, the V, sector gives rise to two generations which are cor-
related with the U(1), and U(1), horizontal symmetries. The b3 and b, sectors
give rise to more generations but the generations from each twisted sector are
correlated with the existence of U(1); and U(1)g, respectively. In total, from all the

sectors of the unbroken N = 1 theory the only non-vanishing couplings are

W o uRIHUlQLl + VRlHUlLLl + de/HDlQLl/ + €R1,HD1LL1, + dRzHDzQLz + eRzHDzLLz

+ ”RsHUsQLs + VRgHUgLLg + HU1HD253 + HUzHDgal + HUlHD332 + HDlHUZElg

[1]

+ Hp,Hy,E + Hp Hy, B, + E1E,83 + 2158, 9.2.4)
where indices ‘1" and ‘1” on the matter fields label the two generations from the
V, sector while indices ‘2’ and ‘3’ correspond to the twisted-sector generations.
All these Yukawa couplings arise with the same degenerate magnitude and de-
spite being written in the form of superpotential terms, all the relevant would-be
superpartners are massive.

For the original N = 0 theory defined in Table 7.1, the non-vanishing Yukawa

couplings are given by

— —
W o uRlHU1QL1 + VRIHUILLI + de,I‘ID1 QLl’ + €R1/HD1LL1, + HUZHDg‘:‘l + HDZHUg‘:‘l

+
[1]
[1]

15553 +

1251, (9.2.5)
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where they are written again as superpotential terms. From this result, it is clear
that out of the three Higgses in this model, the best suited to be the actual Higgs
is the Hy,. This is the only Higgs that remains massless after CDC, while H),
and Hy, become massive. Interestingly, this generic situation is quite similar to
the phenomenological ‘one-Higgs-doublet’ model [156], which was adopted in
the context of Scherk-Schwarz breaking in Ref. [154]. The masses for the bot-
tom and tau can then be generated via the ‘wrong-Higgs’ couplings coming from
the Kéhler potential. As usual the charm mass can be calculated by higher-order
corrections. Note that any superpotential-like terms would violate the usual non-
renormalization theorems, therefore even though they would be present they are

subjected to a suppression given by the scale of SSSB.

e The Pati-Salam Theory with N,EO) = N}O): This model admits a greater number of
horizontal U(1) symmetries than those of the SM-like theory discussed above, but
it contains the same U(1),,,,,, and U(1)g,,,,, Symmetries as expected. In this case,
there is no V7, so there is no extra condition imposed for determining the Yukawa
couplings, except from the condition that the overall charge (Q,.) of the coupled
states should vanish. It turns out that there exist many possible trilinear terms.
Just as for the SM-like theory, the actual Higgs which remains massless after CDC
is H;, and the non-vanishing Yukawas associated with it are given in the form of

superpotential terms as
W D FR1H1FL1 + HsXsH; + HsXsH; + H,XH; . (9.26)

Here, each coupled term involves the relevant component fields, i.e. the fields of
the SM-like theory, as defined in Egs. (8.4.3)-(8.4.5). For convenience, the label
‘1" here represents all the generations of matter fields arising from the V, sector.
For future purposes, it is also useful to consider the larger set of all the Yukawa

couplings involving the H; Higgs and other Higgs states:

W D FRlHlFLl + FR2H4FL2 + HsX5H; + HsXsH; + HoXgH, + Hs X Hy

+ HHSX, + HoHSX, + HyH X + XsXaX; + XoXeX, + XoXaX5. (9.2.7)
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Note that the Higgsinos () as well as the spinorial singlet fields (X) that remain
massless after the CDC can be made massive by their Yukawa couplings to the
scalar fields that also remain massless after CDC, provided that these fields acquire

a VEV.

9.2.3 Scalar masses

The Scherk-Schwarz mechanism applied to string compactification enables the
calculation of all threshold corrections, including those that generate the scalar
masses. For convenience, this discussion is focused on the mass-squared of the
Higgs-like states that always remain massless in the CDC’d theory. The mass-

squared operator for the states is given by
HUlle = lﬁi 0z ® &J_%&f% 10)z . (9.2.8)

In principle, the typical contributions to the scalar two-point functions can be cal-
culated either in field theory or in string theory. At one-loop order, the leading
contribution to scalar mass-squared at large radius can be computed through a
field-theoretic calculation because it is dominated by the physical modes propa-
gating in the loops. The same calculation can be performed string-theoretically by
directly determining the two-point function for the scalar, but with the appropriate
Scherk-Schwarz modified partition function. The result no longer vanishes, and

the amplitude can be written as

(0

; (9.2.9)

1672 4777'2 7'2

2
Alk, —k) = — (2m)* gYMf ( 1 )Ifl ZioZ
@Bl gYM

where the term Y%g,?, includes those states coupling to the Higgs. The computa-
tion includes the gauge fields, for which Y = gy, and closely follows that of the
cosmological constant. The term (4x7,)! will be proportional to the overall cosmo-
logical constant and is therefore exponentially suppressed. The contribution from

the massless physical states to the canonically normalised 4D Higgs mass-squared
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is given by

1 a de
1671'2 ﬁ:1 47'2 ‘

2 v
©) 0)
o 162 N ™ Norr)

- - - _m A2 ’ 2
My, D, VNG = Nl & g
=odd,i
n2ab

320°

X

(9.2.10)

where the sum is divided into mass-levels m;. By contrast, the contribution from

the massive states is given by

2 Y2 ,. N v
Mpy = s (NG = Ny D PP (Varmy e il 9.2.11)
{=0da

Note that the result in Eq. (9.2.10) does not necessarily vanish even if its analogue
does for the cosmological constant. This is because the Higgs couples differently
to the states that become massive by the CDC. Thus, even though Nl(?o) = N}O), the
condition (Nl(fg - N}(g) = 0 may in general not be fulfilled. Note, however, that
if this particular condition is successfully met, then the Higgs mass will also be
exponentially suppressed. This has some very significant implications regarding
the hierarchy issues as it provides a ‘natural’ way to suppress the large radiative
corrections to the Higgs mass.

The above results can be shown explicitly for the Pati-Salam-like theory. In-
specting the Yukawa and gauge couplings, it is found that the matter fields (F)
and their scalar superpartners (F) both remain in the massless spectrum at lead-
ing order and therefore do not contribute to the mass-squared of H;. On the
other hand, both the gauge fields and singlets are removed by the spectrum in a
non-supersymmetric fashion, with Y? involving contraction over the massless pairs
H3X5, HsXs, HyX; and A*H;. This yields a net result which is basically the coef-
ficient of the one-loop quadratic divergence of the Higgs mass in the EFT of the

massless d.o.f:

i i 8
Y2(N};, — N = Co(D) 85 yzy, + Co(D) 82 ya, — Y2 = % . (9.2.12)

On a final note, the other scalars, and in particular the superpartners of the mat-
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ter multiplets, naturally receive similar contributions. A detailed analysis of the

threshold contributions to scalar masses is presented in Section IX.C of Ref. [15].
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Chapter 10

Consistency of stable
non-supersymmetric models with

naturalness

The opposite of a correct statement is
a false statement. But the opposite of
a profound truth may well be

another profound truth.

Neils H. D. Bohr

10.1 The “decompactification” problem

The main purpose thus far has been to establish a framework for constructing sta-
ble non-supersymmetric models and studying their associated phenomenological
features. A natural development of this work is the surface of many questions re-
garding the energy and mass scales involved in the phenomenological structure of
such models. An issue of special concern is the all-important question of whether
some scalar fields, and most specifically the Higgs discussed in Section 9.2.2 of
Chapter 9, might naturally remain light. It is indeed possible to suppress the
mass-squared corrections to the Higgs field that survives the CDC procedure and
0)

remains in the massless spectrum, provided that (Né(g - N;

) = 0. However, the
189
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question that remains here is whether it is feasible to construct such a model

that satisfies both this condition as well as the condition N,()O) = N}O),

for the suppression of the cosmological constant. There are also other pressing

required

scale-related phenomenological issues, such as the the large-volume “decompact-
ification” problem which is discussed in Refs. [157-161].

The decompactification problem encompasses the contributions to the gauge-
coupling beta functions due to the predominance of KK modes that necessarily
appear in such models. In the weakly coupled heterotic string these contributions
yield large gauge couplings at large volumes (or large compactification radii). In
order to understand the impact of a parametrically large volume on the gauge
couplings recall that the coupling expansion for n—point diagrams in heterotic
string theory behaves as

Vpoa 827X, (10.1.1)

where V_, is the compactification volume. This then gives the tree-level result

-2 _ -2
8iree = 8¢ VD-4

M2 = gltvpud, (10.1.2)

where vp_4 = Vp_4a'~3 is the volume normalised w.r.t the fundamental string scale
and g;.. is the tree-level Yang-Mills coupling. Note that the expansion parameter
is g. while the volume contributes with a single factor. One assumption, that is not
applicable in a large volume scenario, is that g%, ~ gz, ~ 0.5. From this result it
is deduced that for the weakly coupled heterotic string theory is required to have
Vp_a ~ 1, while

M;=g?2a™", (10.1.3)

indicates a string scale that is within an order of magnitude of the Planck scale. If
one wishes to allow a parametrically large volume but maintain a weak coupling
gc < 1, then it is clear that is required to have g, < 1.

Assuming that the D = (4 + d)-dimensional theory prior the CDC is supersym-

metric implies that, from a 4D point of view, the KK modes of the CDC’d theory
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fall into incomplete multiplets of a ‘parent’ N' = 2 SUSY, that is ultimately broken
by the action of the z, orbifold prior the CDC. The N = 2 multiplets are split
by the Scherk-Schwarz mechanism and the N = 2 sectors feel the entirety of the
large extra dimensions. A rough approximation of the number of KK modes in the
theory below the string scale is given by the volume (vp_4), while the expansion
parameter g = Ng* , evidently plays the role of the 4D ’t Hooft coupling. The
one-loop gauge coupling can then be estimated within field theory as presented
in Refs. [162,163]. For this estimate the logarithmic contribution is ignored, and
only the N = 2 sector contribution between the string scale M, = \/L; and the KK

scale My = R™! is considered. Then for d large dimensions it is obtained that

-1 1 EVO](Sd) L d_
a (W =a (MR)+—2M l(MR) 1], (10.1.4)

where b = 2N, — N, is the N = 2 beta function coefficient from a single set of KK
modes. This expression can be obtained in string perturbation theory by perform-
ing the one-loop integral on a curved background related to u as in Refs. [164,
165]. From this standpoint, the six-dimensional EFT flows from a UV fixed point

[162,163]. Setting u = M, the generic result is then obtained:

Ay, Evd
g2  2nd’

c

o {(Mp) ~ (10.1.5)

Despite the fact that this result might be altered, depending on the model under
study, it is still evident that phenomenology requires o '(Mz) ~ 1. This means
that in order to achieve order-one couplings in a generic theory, a fine-tuning of
one-loop corrections against tree-level ones is required. In the context of Scherk-
Schwarz breaking of SUSY, this constitutes to a certain degree a dimensionally
transmuted naturalness problem. However, a possible solution to overcome this
fine-tuning problem is based on a dynamical mechanism that requires a gy, to
become strong in the IR. This idea will be presented in forthcoming work [166],

which to a great extent utilises ideas from Ref. [167] and particularly from Ref. [162].
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10.2 “GUT precursors”

As it is established, for the construction of ‘stable’ non-supersymmetric theories, it
is mandatory to have a perturbative UV complete framework and at the same time
have parametrically large volumes in order to have exponentially suppressed cos-
mological constants and hence dilaton tadpoles. Following the discussion above,
in order to make such models consistent with the naturalness problem it is impera-
tive that the couplings flow as a power-law in a unified way from order-one values
at the weak scale to extremely small values at the string scale. This in turn implies
that there is a restoration of the GUT symmetry at the compactification scale, with
KK and winding modes falling into complete GUT multiplets. The attainment of
this scenario is allowed through the existence of configurations known as GUT
precursor models [162,163].

The need for a model which accommodates GUT precursors becomes apparent
if one revisits the assumption that g. ~ 1 at the string scale where the Yang-Mills
couplings are tiny. Thus, the only couplings which can be significant at low scales
are those which are asymptotically free. In addition, any IR free couplings would
also become very small at low scales. Recall that the gauge couplings are uni-
versal at the string scale, therefore the one-loop corrections governed by b must
be asymptotically free and also universal. This requirement is trivially satisfied
if the KK modes fall into complete GUT multiplets at the compactification scale.
Consequently, this requirement can be achieved if the theory has a GUT precursor
structure. The net effect from the EFT perspective is one in which the SM gauge
couplings flow from a Gaussian fixed point in the UV to order-one values at the
compactification scale. What is remarkable is that below this scale, the gauge
couplings obey the normal logarithmic power-law running.

An interesting remark is that one might naively and erroneously suppose that
an outcome in which a one-loop contribution balances a tree-level one must neces-
sarily be non-perturbative and receive even more pronounced corrections at higher
loops. However, as explained in Refs. [162,163,168], this is clearly not the case

because the subsequent two-loop and higher-loop contributions do not require the
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same degree of tuning as the one-loop ones. The reason lies in the fact that from a
field theory perspective the L-loop diagrams that involve only KK modes are N = 2
and hence are cancelled for L > 2. Thus a non-vanishing contribution is one that
has at least one N = 1 propagator, implying from Eq. (10.1.1) that higher order
diagrams are only proportional to g?*~%. An additional remark is that the one-loop
approximation works more effectively for larger compactification volumes and for
g ~ 1 a single tuning at one-loop is the only thing required. Indeed, the higher
order contributions do not necessitate further tuning.

On a final note, the GUT precursor structure is achievable only if the KK modes
feel the entire volume of the compactification manifold. Taking also into account
the fact that the N = 2 sectors typically feel the volume of complex sub-planes
on the compactification manifold, it is inferred that there is only one way to form
a consistent theory: The first step is to consider compactification to an N = 1
six-dimensional theory on a string-sized orbifold or manifold; this will yield a
model with a similar spin structure as the one defined in Table 6.1, but the overall
gauge group of this theory will include the SU(5) GUT group. This step is then
followed by compactification on a large two-dimensional orbifold down to four
dimensions; this will yield an N = 1S U(5) GUT. The final stage of compactification
is then given a coordinate dependence which breaks spontaneously the N = 1

SUSY yielding an entirely non-supersymmetric theory.

10.3 A SM-like theory from a GUT precursor model

Having established the general phenomenological framework, it is now presented
how an explicit SM-like theory that displays Bose-Fermi degeneracy of the mass-
less modes, and hence enhanced stability, can be obtained from a GUT precursor
model. As alluded to above, the starting point is an N = 1 six-dimensional theory
which is first compactified on a freely acting z, orbifold with a b3 action, and with-
out the deformations of CDC. This yields an N = 1 four-dimensional theory which
includes the SU(5) GUT group; an example that serves as a benchmark for the

purpose of this section is specified by the spin structure displayed in Table 10.1.
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Table 10.1: Spin structure of the worldsheet fermions of the N = 1, 4D SU(5)
GUT model before applying the CDC. This model serves as a benchmark so as to
demonstrate the GUT precursor structure of the theory once the effects of CDC are
turned on. This spin structure is accompanied by two bosonic d.o.f compactified
on a Z, orbifold with twist action corresponding to the vector bs.

As always, along with the spin structure is the matrix k;; which specifies the phases

involved in the corresponding GSO projections:

000O0O0O O
000O0O0O 0
o lolol!l

kij = j 1 f z (10.3.1)
05 3 3 03
0000O00O0?3
;3 33003

The full gauge group is found to be
SU®B) ® SOB)? @ [UD)]°. (10.3.2)

The physical spectrum from both the twisted and untwisted sectors of the GUT
theory is presented in Table 10.2. As always, the NS-NS sector gives rise to the
gravity multiplet as well as the massless scalar states required to build N' = 2
gauge multiplets and hypermultiplets. There are five untwisted 10 representa-
tions of the SU(5). These 10s along with the (5 @ 1)s form complete chiral and
vector-like 16 spinorial representations of the S O(10). As a result, this model has

four net generations of chiral matter fields: two of them coming directly from the

Vo + V5 while the remaining two come from the V, + V| + V, + aV; untwisted sec-

tors (where a = 1, 3), and with the scalar superpartners in the V; + V, and V, + aV;
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Fields State U(1) UQ) UQ) So6) UB) UQ) UQ) Uq) UQ) Sow) UL UQW
AD _1/2 . 12 . 10  -12
A® 12 . 12 . 10 -2 . .
A® ) . ) . 10 -2 12 12 ) . ) )
A®W . . . . 10 -y4 14 1/4 . . -2 -1/2
A® ) . ) . 10 -4 wya 14 ) . 12 12
L/R- oWy Y 5
handed Q@ 1/2 . -1/2 5 -1/2
matter o® 1/2 . ~1/2 5 -1/2 1/2
fields + oW i . _1/2 5 212
Higgs o . 12 12 5 4 1/4 1/4 _1/2 . . _1/2
fields Q“(ﬁ) -1/2 1/2 5 1/4 1/4 1/4 -1/2 . . -1/2
o . 1/2 1/2 5 1/4 1/4 1/4 -1/2 . . 1/2
o® . -2 172 5 1/4 1/4 1/4 -1/2 . . 1/2
QC(Q) g 1
Q10 5 2 o-y2 -1
Qca 5 34 -4 -4 . . y2 12
Q2 5 34 -4 -4 ) . 12 172
Q1 5 4 3/4  -1/4 . . 12 12
Q“(M) 5 1/4 3/4 —1/4 . . 1/2 -1/2
o s 5 -1/2 . -1/2
0 iy 5 -1/2 . -1/2
0 12 12 5 ~1/2 . -1/2
0c1® 12 12 5 ~1/2 . -1/2
A . . . 10 1/2 -2 -1/2
R/L- oW 1/2 . 1/2 5 12 12
handed 0% -1/2 . 12 5 -1/2 1/2
matter o® ) 2 -1y2 5 -4 -4 -4 172 . ) 172
fields + ow ) 2 -12 5 -4 -4 -4 12 . ) -1/2
Higgs Q(5) . -2 -1/2 5} -4 -1/4  -1/4 -1/2 . . 1/2
fields o . 2 -1/2 5 g4 -4 -ya4 12 . . 1/2
0" 5 -1 . .
o® 5 1/2 1/2 1/2
oW 5 4 4 -3/4 ) . 2 12
o ) . 5 -4 4 -3/4 ) . —12 172
o -2 12 5 -1/2 . 1/2
0 s i 5 172 . 1/2
01 TR 5 12 . 1/2
oW vz -2 5 _1/2 . 12

Table 10.2: The Z, massless GUT states of the N = 1, 4D model derived from the
twisted and untwisted sectors. Some of the states that give rise to the 5 and the
5 of the SU(5) GUT group produce the Higgs doublets. The remaining states that
give rise to the 16 representation produce the left- and right-handed chiral matter
fields as well as a vector-like set of fermionic matter.

sectors respectively. There is also a vector-like generation of matter fields coming
directly from the V, + V; + 2V; untwisted sector, with the scalar superpartners in
the 2V; sector. The remaining 5 and 5 pairs can be identified as Higgs fields, with

A and Q labelling antisymmetrics and 5 ’s respectively.
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The final stage of compactification is then, as described above, given a coor-
dinate dependence so as to obtain a chiral N =1 - N = 0, 4D SM-like theory.
The resulting CDC preserves all the vital features of the original theory, in par-
ticular modular invariance and hence finiteness. As discussed in Section 8.1 of
Chapter 8, there are multiple conditions involved in the construction of stable
non-supersymmetric theories, which add up to an extremely constraining set of
requirements for any consistent model. Therefore, finding working examples is
non-trivial as all of these constraints must be appreciated. On top of all the above,

there are also imposed two additional constraints for the present context:

 In order to have GUT precursor structure, only the orbifold action b3 and/or

the CDC itself may break a GUT symmetry;

e The N = 0 model interpolates between the N' = 1 6D model presented above
in the R — oo limit and a 6D model in the R — 0 limit which in this case
may not be necessarily non-supersymmetric. In the R — 0, the CDC vector e
reverts to the role of a normal vector and is added in the spin structure of that
model (a more detailed explanation of this argument will be presented in
Ref. [169]). Therefore, the e vector must obey the same modular invariance
constraints as the other V; vectors that define the model in four dimensions.

These constraints are given in Eq. (4.1.7).

Despite all these constraints it is still possible to construct a model that in the
low energy limit bears a resemblance to the SM. Before presenting its details, it is
useful to make some very general statements about where the matter generations
and the Higgses may appear. In order to do this it is a requisite to extend the
discussion of the previous Chapters so as to include cases where both the CDC
vector (e) and the orbifold vector (b3) can overlap with more general complex
GSO phases in the spin structure. Under such an extension the light states that
survive the orbifold projections are formed by a linear combination of excitations

in different winding sectors, namely

1, e _
(IwM2y + w2 ), (10.3.3)

qe-J,t

W’phys) =

&l

2
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where ¢, = e - Qis the CDC charge of the associated state. As stated above, in order
to have a consistent projection this must be conjugated under the orbifolding.
There are various consistent bases that one could work with but they are not quite
obvious. Despite being relevant, this issue is beyond the scope of this discussion,
but is extensively treated in the Appendix A of Ref. [166]. For a consistent model,
it is then required that there is at least one pair of complete worldsheet fermions

whose phases must overlap as follows:

Vn:—é» ............ ... 3d
by = -100100001]...01 ;
e = +3/00101 101 ... 11 (10.3.4)

A general form about how the phases of the vectors should overlap so as to obtain
a SM-like theory from a GUT precursor model, is then given in Table 10.3. The
to act degenerately on the components of the GUT group that must be preserved
and be asymptotically free. This breaks the gauge symmetry at the string scale, to
SUB)®U1); ® U(1); ® U(1); .... The = in Table 10.3 is used as wildcard for —%
or 0 phases, allowing these vectors to break the S O(6) factor at the string scale.
Finally, the vector V, is required to break the theory to unitary groups, with the use
of —1 complex phases on the worldsheet fermions. This is precisely the form of the
supersymmetric model specified in Table 10.1, but the overlap of e is prescribed
by the form of Eq. (10.3.4).

The final breaking of the S U(5) gauge symmetry occurs through the e, which
at the same time breaks SUSY spontaneously. By choosing the e for the breaking
of the gauge symmetry, it allows the retainment of an untwisted Higgs state which

appears in the NS-NS sector as a bi-fundamental of the general form

7 NU(I)I;%
Hy ~ ¢ 100@g g, 10)

-1
2

Hp ~ % 10)@g"® 3" o). (10.3.5)
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Sector || ¢, Yse | ... ... UBYRU2) U1 ......
Vo 1 1 |...... 11111 111 ......
Vi 0 0o |...... 11111 111 ......

Vica.om1 || O 0O |...... 00000 ¥ ok kL. ...
V, 0O 0 |...... 13323 33 .l
bs 0 0o |...... 11111 010 ......
e 0 0O |...... 00011 101 ......

Table 10.3: A general spin structure for a chiral SM-like theory obtained from a
GUT precursor model in 4D. The = is used as a wildcard ‘0’ or ‘1’. As with the
previous spin structure specifications, all entries are understood to be multiplied
by a factor of —3.

The generalised GSO projections in this sector are very general but the important
one is that from the orbifold which takes the form b5 - Ny = % Because of this
projection, no Higgs states involving /;;, are allowed to remain in the spectrum;

light vector-like triplets of the form

- ~ U}
T~ w0t
2

_1
2

10}, (10.3.6)

plus its conjugate, are however allowed. The benefit of choosing e to break the
GUT symmetry is now apparent: States which satisfy e - Q = % mod (1) become
massive by the CDC, so if the e is chosen so that it has degenerate entries across
SU) ® SU(2) it will inevitably either make all Higgs states massive or leave a
larger S U(4) symmetry unbroken. The resulting CDC’d model is then defined by
the spin structure in Table 10.4, with structure constants as in Eq. (10.3.1).
Evidently, the vector e breaks the gauge group down to G ® Gsemi—nidden @
Ghidgdens Where Geminiazen = [UD)]! and the visible sector contains the SM gauge

group. The convention for the hypercharge of the SM particles is now chosen as

1 1 1
SUy =2 [U(1)$1 + Uy + U(1)E3] ty [U(1)le + U(1)E5] . (10.3.7)
As always, the twisted sectors remain globally supersymmetric. In the untwisted
sectors all states satisfying Q, = e-Q # 0 mod (1) become massive, while those

states remaining massless satisfy O, = 0. The massless particle content from both

the twisted and untwisted sectors is summarised in Tables 10.5-10.8. Even though
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Sector |y Yty | TG B S U R T 6 6 0 6 6 6 6 o
Vo 11111111 |[11111111111111111111
Vi 00011011 [11111111111111111111
Vs 00101101 (01010000001 111111111
b 10100001 (0001111110101 01000°11
Vs 00000011 [10010000001101111011
Vi 00011000 |0101 4111111 1737777010
e [ 00101101 |10000001110101100010

Table 10.4: Spin structure of the N = 0, 4D chiral SM-like theory obtained from a
GUT precursor model after applying the CDC. This theory has Bose-Fermi degen-
eracy at the massless level which guarantees the exponential suppression of the
one-loop cosmological constant and dilaton tadpole, thereby having enhanced sta-
bility and finiteness properties. Note also that the entries of the CDC vector e are
assigned so that it spontaneously breaks SUSY and the S U(5) gauge symmetry to
SU(3)® S U(2), while at the same time it obeys the modular invariance constraints
applied to the other vectors.

the graviton and gauge bosons of the theory are not listed, they can be generally
identified in the NS-NS sector in the usual way, along with the complex Radion.
Conversely, the gravitino as well as the gauginos become massive after the CDC.
It should be noted that linear combinations of the basis vectors {V,,..., V;} can
potentially produce sectors that yield gauge bosons in the spinorial representa-
tions of the observable S U(3) ® S U(2) and/or the hidden gauge group, indicating
unwanted gauge enhancement. These states can be projected from the massless
physical spectrum of the theory through a consistent set of generalised GSO pro-
jections, which greatly depend on the value of the structure constants. Such states
are non existent for the GUT precursor model presented here.

This model should be thought of more as an existence proof rather than the
finished product. Nevertheless, to a certain extent it resembles the actual SM.
From Table 10.5, it is observed that there are 18 sets of Higgs pairs. Explicitly in

the notation of Ref. [135], the Higgs states remaining in the NS-NS sector are

HY® = (b,d) 0z ® 5™ d, 0},
2 T2 2

1.2)
HD

(b, d}fﬁ% [0)z ® J‘_"; 151_% [0); . (10.3.8)

The other Higgses as well as the singlets are produced from various untwisted or

twisted sectors and they all carry charges under the semi-hidden sector’s gauge
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Higgs fields
State | U(1) UQ) UQ) U@ U@B) U@ Ul Ux) U Ul ua Sod So4 ua ua v
HS) 2 -1 . . . . . . . . 1/2
H;j) 2 -1 . . . . . . . . 1/2
H(US) 2 1/2 1/2 1/2 . . . . . . 1/2
Hgl) 2 1/2 1/2 1/2 . . . . . . 1/2
HE?) 2 3/4 1/4 1/4 . . . . -1/2  1/2 1/2
Hgi) 2 -1/4  -3/4  1/4 . . . . 12 1/2 1/2
Hg) . . 2 -1/4 14  -3/4 . . . . -2 -1/2 12
HS;) -1/2  -1/2 2 1/2 . . . 1/2 . 1/2
HS’) -1/2 1/2 2 -1/2 . . . 1/2 . 1/2
HSO) 1/2 1/2 2 1/2 . . . 1/2 . 1/2
H;]m 1/2 -1/2 . 2 -1/2 . . . 1/2 . 1/2
HSZ) 1/2 . 1/2 2 1/2 . . . . . . . . 1/2
HSS) 1/2 . 1/2 2 1/2 ~1/2 . . . . . . 1/2
HS‘U -1/2 . 1/2 2 -1/2 1/2 . . . . . . 1/2
HSS) . /2 -1/2 2 14 -4 -4 1/2 . . . . —1/2 12
H;}G) . -1/2  -1/2 2 -1/4  -1/4 -1/4  -1/2 . . . . -1/2  1/2
HSD . -1/2  -1/2 2 -1/4  -1/4 -1/4 1/2 . . . . 1/2 1/2
HSS) . 1/2 -1/2 2 -4 -1/4  -1/4  -1/2 . . . . 1/2 1/2
Hg) 2 1 -1/2
Hg) 2 1 . . . . . . . . -1/2
H;f) 2 12 -1/2  -1/2 . . . . . . -1/2
Hgl) 2 12 -12  -1/2 . . . . . . -1/2
Hg’) 2 -3/4 -1/4  -1/4 . . . . 12 -2 -1/2
Hgi) 2 1/4 3/4  -1/4 . . . . 12 -2 -1/2
Hg) . . 2 14 -1/4  3/4 . . . . 1/2 12 12
Hf) -1/2 1/2 2 1/2 . . . -1/2 . -1/2
Hg’) 172 -1/2 2 -1/2 . . . -1/2 . -1/2
Hgo) 1/2 -1/2 2 1/2 . . . -1/2 . -1/2
HE)M) 1/2 1/2 . 2 -1/2 . . . -1/2 . -1/2
ng) -1/2 . -1/2 2 -1/2 . . . . . . . . -1/2
HSS) 1/2 . -1/2 2 1/2 -1/2 . . . . . . -1/2
Hg4) -1/2 . -1/2 2 -1/2 1/2 . . . . . . -1/2
Hgs) . -2 12 2 1/4 1/4 1/4 1/2 . . . . -2 -1/2
Hg& . 1/2 1/2 2 1/4 1/4 1/4 -1/2 . . . . -1/2  -1/2
H87) . 1/2 1/2 2 1/4 1/4 1/4 1/2 . . . . 12 -1/2
Hgs) . -1/2 1/2 2 1/4 1/4 1/4 -1/2 . . . . 2 -1/2

Table 10.5: The scalar Higgs states of the SM-like theory obtained from a GUT
precursor model. These states come from the twisted and untwisted sectors, and
survive in the physical massless spectrum after the CDC. The HS)’(Z) and the Hg)’(z)
come from the NS-NS sector of the theory and are explicitly identified in the text.

group. Note that although the supersymmetric counterparts of the Higgses in Ta-
ble 10.5 become massive, there are other Higgsino states that remain massless
even after the CDC, but can be lifted by their Yukawa couplings. Once the S U(5)
GUT symmetry is broken by the CDC there are only two net chiral fermion gener-

ations from the original four supermultiplets. One generation is in the V, + V, and

the other is in the V, + V; + Vo + @V, untwisted sectors. These states are listed in
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L / R - handed matter fields
State | U(1) UQ) UQ) UQ) UB) U@ U1 U U U ULD So4) So4) UL UL Y
q? 12 . 12 . 3 2 _1/2 . . . . . . . . 16
q? . . . . 3 2 2 Y2 12 . . . . . . 16
q® . . . . 3 2 4 4 4 . . . . 2 12 e
£ 12 . ~1/2 2 _1/2 . . . . . . . . _1/2
£2 12 . ~1/2 2 2 12 . . . . . . _1/2
£® . 2 12 2 y4e 4 4 12 . . . . 12 -12
W . vz 12 2 ya Y4 Y4 -1)2 . . . . y2 12
® 2 34 -y4  -ya . . . . vz yz 12
£® . . 2 ya 34 -ya . . . . vz yz -2
D 2 12 2 12 . . . 12 Y
® vz 12 . 2 12 . . . 12 Y
u® 12 . 1/2 3 “1/2 . . . . . . . R V7
u® . . 3 4 14 1/4 . . . . 2 -2 -3
dc® _1/2 . _1/2 3 _1/2 . . . . . . . . 13
d® 12 . 12 3 12 12 . . . . . . 13
4e® . vz 12 3 Y4 4 14 12 . . . . 2 13
ac® . 2 12 3 y4a  y4 4 12 . . . . vz 13
d® 3 1 1/3
d® 3 2 12 -2 . . . . . . 13
e 3 3/4  —14  -1/4 . . . . y2 -2 13
ac® . . 3 Y4 34 -1/4 . . . . vz -2 13
d® 2 12 3 12 . . . 12 . 13
4o 12 12 3 . _1/2 . . . “1/2 . 13
e® 12 . 12 . . . 12 . . . . . . . . 1
@ . . . . . . -1/4  1/4 1/4 . . . . -1/2 -1/2 1
y® _1/2 . 12 . . . 1 vz -1/2
Y@ . vz -2 . . . 34 —14 -4 12 . . . . 12
ye® . 12 -1/2 . . . 34 —1j4 -4 12 . . . . _1/2
ye@ . . . . . . 34 -3/4  1/4 . . . . 12 -1/2
V) vz -1/2 . . . . 1 . . 1/2 . . . 12
e 12 12 . . . . 1 . . 12 . . . 12
y® . . . . . . . -1 1
y® . . . . . . . 1 -1

Table 10.6: The chiral matter fields of the SM-like theory obtained from a GUT
precursor model. These fields come from the untwisted sectors of the theory and
remain massless after the CDC. There are only two net generations of chiral matter
fields; each one remains from an initial two in the Vo + Vo and Vo, + Vi + Vo + aV;
(@ = 1,3) sectors once the CDC is performed. The third generation is vector-like
and does not fall into complete multiplets.

Tables 10.6, 10.7 along with their SM representations and hypercharges.
Moreover, there are Smatter chiral fields surviving in the massless spectrum,
as shown in Table 10.8. It should be emphasised that the charges of those fields
under the horizontal gauge groups are different from those of the matter fields
in Table 10.6. This outcome forms another remarkable piece of evidence that

spacetime SUSY is indeed absent from the mass spectrum of this theory.
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L / R - handed partner matter fields
State | U(1) U1 UQ) U UB) U2 U UD UQ UQD) UQ SOoM) SOl U1 U1 Y
q® . . . . 3 2 vz -2 -1/2 . . . . . YT
£® 12 . 12 2 2 12 . . . . . . 12
£@ . vz -1/2 2 14 -4 -4 —1)2 . . . . 212
£® . 2 -2 2 14 -4 -4 172 . . . . vz 12
@ . . 2 —1/4 14 -3/4 . . . . -2 12 12
£ 12 -1/2 2 -1/2 . . . 1/2 . 1/2
£ 12 12 . . 2 . _1/2 . . . 12 . 12
4o _1/2 . 12 3 . 2 12 . . . . . . -3
d® . 2 12 3 14 -4 -4 —1)2 . . . . 2 -3
a® . vz -1/2 3 14 -4 -4 172 . . . . Uz -3
a@ 3 -1 ~1/3
d® 3 vz 12 12 . . . . . .o
d® . . 3 —1/4 14 -3/4 . . . . -2 -12 -3
d?D 2 12 3 12 . . . 1/2 .3
d® vz -1/2 . 3 . . _1/2 . . . 12 . -3
y® _1/2 . _1/2 . . . -1 12 -2
y® . 2 12 . . . 34 14 14 12 . . . . 12
y® . vz 12 . . . 3/4 4 U4 12 . . . . _1/2
@ . . . . . . 34 -4 3/4 . . . . vz -2
y® 12 12 . . . . -1 . . 12 . . . “1/2
v©® 12 -2 . . . . -1 . . 1/2 . . . 12

Table 10.7: The chiral partner matter fields in the untwisted sectors of the SM-like

theory obtained from a GUT precursor model. These fields remain massless after
the CDC.

L/ R - handed Smatter fields
State [ U() UM UM U0 UG U@ UL UQ) OO UQ) UL SO@A) So@) Ud) Ud) Y
gV . . . 3 2 4 4 4 . . . . 2 -2 e
g? “1/2 . 12 3 2 _1/2 . . . . . . . . 16
e 3 2 Y2 12 . . . . . . —93
i@ 3 Sz 2 12 . . . . . .23
i® 3 174 1/4 1/4 . . . . -1/2 2 -2/3
) 12 . 12 3 _1/2 . . . . . . . . —93
d® 3 34 -4 -4 . ) . ) vz 12 U3
d® 3 1/4 3/4  -1/4 . . . . 1/2 1/2 1/3
d® . . 3 4 -1/4  3/4 . . . . y2 -2 13
dc® 2 12 3 12 . . . _1/2 . 13
d® 12 12 3 -1/2 . . . 12 . 13
d® 12 12 3 12 . . . “1/2 . 13
iad vz -12 . 3 _1/2 . . . “1/2 . 13
dce® 12 . _1/2 3 _1/2 . . . . . . . . 13
d® 1/2 . 3 By ERY ) ) . ) ) TR
410 “1/2 . ~1/2 3 vz -1/2 . . . . . . 13
dew . 12 12 3 Y4 4 4 12 . . . . 12 13
e . 2 12 3 ya 4 ya -2 . . . a2 3
4w . 2 12 3 Y4 4 4 12 . . . . vz 13
4 . 12 12 3 Y4 4 4 12 . . . . vz 13
™ . . . . . . 2 Y2 12 . . . . . . 1
@ . . . . . . 2 Y2 12 . . 1
&® . . . . . . 174 1/4 1/4 . . . . -1/2 1/2 1
@ 1/2 . 1/2 . . . -1/2 1

Table 10.8: The chiral Smatter fields produced in the untwisted sectors of the

theory that remain massless after the CDC.
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In summary, this particular model has a total of Nl()o) = N}O) = 576 complex d.o.f,
thus the cosmological constant is exponentially suppressed making this the first
construction of a stable, non-supersymmetric SM-like theory which addresses the

decompactification problem, albeit having only two generations of chiral matter
fields.

10.4 Effective Field Theory

Before bringing the narrative of this chapter to an end, it is worth examining the
EFT description of the SM-like theory presented above. As mentioned, a key aspect
of this framework is that the non-supersymmetric four-dimensional theory interpo-
lates between two six-dimensional theories, one of which is supersymmetric. This
sets the compactification scale as a large free parameter by which the one-loop
cosmological constant can be exponentially suppressed in theories that have equal
numbers of massless bosons and fermions, N}()O) = N;.O). A scale of R™! provides a
dimensionful order parameter for SUSY breaking, which in conjuction with the UV
finiteness (due to misaligned supersymmetry) guarantees that all stringy thresh-
old corrections appear as soft terms in the EFT. Despite the absence of spacetime
SUSY, this is beneficial for writing down a spontaneously broken SUGRA theory
for the low-lying spectrum, with parametrically large SUSY breaking terms.

A SSSB does not yield any contributions at tree-level to the kinetic terms and as
a result the symmetries of the Kéhler manifold are the same in the broken theory
as they are in the theory without the CDC. Therefore the EFT can be built around
the structure of the unbroken N = 1 SUGRA; a review of which can be found in
Ref. [170]. The metric of a general T, torus in the absence of Wilson lines is given
by Eq. (D.0.9), Appendix D. The supermultiplets containing the Higgs scalars are
associated with continuous Wilson line moduli along the two cycles of the T,. The
U modulus remains unaffected by the Wilson lines, while the 7, combines with
them in the Kéhler metric according to

OI0)

T, —> Ty — T (10.4.1)
2
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where @ is a particular linear combination of the untwisted Higgs fields that can
be identified as 2® = (hu + Ed) [171-174]. In order to be in agreement with most

of the SUGRA literature, the convention used here is

iU = U +iU,y

iT = T+ iTz, (10.42)
and thus 27, = T + T, and det G = T7. The Kahler potential is then found to be
K =logY —log 4(TyUy — ®D). (10.4.3)

The dilaton combination (Y) generally includes a term from the (Heterotic) Green-

Schwarz mechanism given by
_ 1 -
Y=5+S5+ ﬁé‘GS log 4(T2U2 - (I)q)) s (10.44)
78

where S is the holomorphic tree coupling. Note that the low-energy effective

action obeys the shift-symmetry
h, — h,+C; hyg — h;—C*, (10.4.5)

for constant (superfield) C. This symmetry is allowed by the partition function
of the original theory which is modular invariant. The latter has been introduced
so that the overall effect will result in a massless Higgs state, given by the linear
combination 4 = «/Li (hu - Bd), while the orthogonal combination H = %@ (hu + Bd)
can be massive [175-179]. As per Ref. [180], a shift symmetry can be protected to
some extent beyond tree-loop if one takes highly asymmetric configurations, but
in general these configurations do not hold at one-loop order. Nevertheless, there
is a larger symmetry in the kind of theories discussed in this work that protects the
masses of both 4 and H at tree-level. This larger symmetry is in fact an N = 2 sub-
sector of the theory living on the T, torus. Even though in this set-up the gauge

kinetic term of the original N = 1 SUGRA theory is not discussed, the avid readers
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can find it in the review of Ref. [170].

Based on the previous work of Ref. [52], the shift in the masses of the light
d.o.f induced by the CDC results in a superpotential that is dependent on the U
modulus. To demonstrate this, one considers the gravitino mass which in the EFT
is determined by

mz3 = KW, (10.4.6)

It is known that the Scherk-Schwarz compactification causes a half-integer shift in
both of the KK numbers ¢, {5, so that adding left- and right-moving contributions,
the total mass-squared of the gravitino becomes

(m i G

1
= — 1 - iUP. 10.4.7
4o’ TQUQ—(D(D| : | ( )

)(string)

ole N

1
a/
1

As deduced in the Appendix D, the square T, with radii (normalised to the string

1

length) r, has Ty = rry, Us = nr,'. Therefore, the gravitino mass is actually

determined by

(string) 1 1 7‘2
2 =—=[|1+2 10.4.8
(mz) 4o/ rlz( 2)’ (10.4.8)

ry

The physical mass of the gravitino can then be identified as

1
= —iU - 11, (10.4.9)
2Y(T2U2 - q>c1>)

m

ol N

which in turn yields

W= V26U-1. (10.4.10)

As expected, there are no small parameters in the superpotential because the large
radii of compactification in the Scherk-Schwarz mechanism allow the suppression
of soft terms, while SUSY can be restored in the infinite radii limit. Note that the
expression in Eq. (10.4.10) is similar to the expression in Refs. [63,86]; the differ-
ence being that in this case the Scherk-Schwarz twists act along both large extra
dimensions. In the string spectrum the tree-level gaugino masses are degenerate

with the gravitino, and it is indeed checked in Ref. [166] that this effective SUGRA
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theory agrees with this statement.

There is at least one Higgs state coming from the untwisted sectors that re-
mains massless, while the corresponding Higgsino (as well as others) pick up a
mass which is equal to that of the gravitino. Explicitly, for the Higgsinos, the

Kahler potential is expanded as

K > —log(4T2Us  hy, + haf’)

1 o
= —logATyUy + ————(|h,* + |hyl* + huhg + hhy) . (10.4.11)
AT, U,

Using the result in Eq. (10.4.10), the effective tree-level fermion mass terms (i.e.

u-terms) are calculated as

W, W
/ W) ) (10.4.12)

= 4T Ug— — —
H mg( 22W W

In the case that there are no explicit W;; u-terms in the superpotential, this auto-
matically has the same magnitude as the gaugino and gravitino masses in accord
with the string theory spectrum. Finally, it is worth checking that all the scalars
remain massless. The only possible non-zero contributions after SUSY breaking
could come from U derivatives of W. However, using K/ K; = —=2(S 4, T2, Us, ®, @) it

is found that these contributions vanish as well resulting in

vV o K (KWKYWy + WoKY KW + WKV Wy)

= K-+ OO -i)-U+ DU+ +U+07| = 0. (10.4.13)

It is therefore inferred that the SUGRA effective theory discussed provides an ac-
curate description of the SUSY breaking up to the compactification scale ~ R;! at

which the lightest stringy modes appear.
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Conclusions

Nature uses only the longest threads
to weave her patterns, so that each
small piece of her fabric reveals the

organisation of the entire tapestry.

Richard P. Feynman

In our current era, theoretical particle physicists are in a relentless pursuit of ele-
gant and intelligible theories that would elucidate the mechanisms governing the
inner workings of our universe. It is an irrefutable fact though that up until now
they have managed to successfully build only a partially comprehensive picture
of the observable world; having seen only a part of the bigger picture, there are
still many unavoidable questions that demand lucid answers. Fortunately, theo-
rists are not alone in this pursuit; the rapid technological advancements of our
time have led to the development of powerful accelerators which have experi-
mentally validated theories, discarded others and altered the direction of other
theoretical pursuits. A prominent accelerator is the LHC, which sits at the root
of diverse experimental collaborations with ambitions to tackle some of the most
urgent issues head on. One of the challenges that the LHC faces is the discovery
of spacetime SUSY, which is the strongest contender for addressing the gauge hi-
erarchy issue. Indeed, the victorious discovery of the Higgs boson makes the need
for stabilising the gauge hierarchy mandatory, and has thus sparked a huge surge

in experimental activity. At the same time, the stark absence of spacetime SUSY
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from the currently accessible energy scales has forced theorists to resort to finding
alternative methods which could serve as its coequal substitutes.

One of the most disconcerting aspects of strings is their lack of stability once
they are formulated in the absence of spacetime SUSY. While most perturbative
strings have unfixed moduli, non-supersymmetric strings carry an extra degree
of difficulty: they admit non-zero dilaton tadpoles, which shift the vacuum and
destabilise the theory. This is a general feature of all non-supersymmetric strings,
and afflicts even those which are free of physical tachyons at tree level. This
represents an inescapable fundamental obstacle for the use of such strings as the
basis for constructing consistent non-supersymmetric string theories with viable
phenomenologies.

In this thesis, great care has been taken to demonstrate that this obstacle can
be overcome within a class of perturbative four-dimensional heterotic strings con-
structed through CDCs. Specifically, these strings belong in a class of models that
interpolate between two different six-dimensional theories at R — o0 and R — 0,
where R is the generic radius of compactification from six to four dimensions.

The discussion in this work begins with a concise description of the prerequisite
theoretical background. This entails details that appear throughout the narrative
of the entire thesis, and set the stage for presenting new ideas. A more extensive
description of the basic mathematical framework used for the construction of all
models presented in this work then follows. The end of this discussion signals the
beginning of the original work in this thesis. The main part starts with a presenta-
tion of several crucial aspects associated with the spectra of non-supersymmetric
string models. Included among these aspects is the study of the one-loop partition
functions, the existence of off-shell states such as the proto-gravitons and proto-
gravitinos, as well as the study of the leading and subleading contributions from
these and other states to the corresponding one-loop cosmological constants. A
particular emphasis is placed on how such strings preserve their finite properties
when spacetime SUSY is no longer present in the spectrum. This led to the intro-
duction of “misaligned SUSY”, the mechanism which in conjuction with modular

invariance maintains the finiteness of the strings. The generic class of models that
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interpolate between supersymmetric and non-supersymmetric models at their two
endpoints is then explored. In particular, it is demonstrated how the one-loop
cosmological constant, and hence the dilaton tadpole of such models, can be ex-
ponentially suppressed, thus enhancing the stability properties of the associated
theory.

It is then outlined how one can actually construct phenomenologically appeal-
ing models that have equal numbers of massless bosonic and fermionic d.o.f. In-
deed, this is the condition that must be satisfied for the exponential suppression
of the cosmological constant. As demonstrated, such models are most easily built
by starting with existing self-consistent supersymmetric four-dimensional string
theories, and lifting them to N = 1 in six dimensions. The higher-dimensional
supersymmetric theory then undergoes a CDC on a Z, orbifold, thus yielding a
four-dimensional theory in which SUSY is spontaneously broken. The CDC is con-
sidered to be a generalisation of a Scherk-Schwarz compactification. It should
be stressed that even though the breaking of SUSY is spontaneous, from a four-
dimensional perspective this SUSY breaking is not “soft” in the usual sense of the
term. Actually, there is no longer an exact cancellation between the numbers
of bosonic and fermionic d.o.f at every energy level, but instead there is a net
degeneracy of bosonic minus fermionic d.o.f at adjacent energy levels. These de-
generacies grow exponentially with energy therefore such models are genuinely
non-supersymmetric by construction and at all energy scales.

All models are constructed in the so-called free-fermionic formalism, but there
is no reason why this procedure cannot be duplicated within other formalisms.
In addition, all the interpolating models in four dimensions are derived from the
same N = 1 six-dimensional theory. Each model can be constructed so as to have
a different gauge group and particle content. Most importantly, the models can be
constructed so as to have chiral generations coming from either both the twisted
and untwisted sectors or only from one of them. This is achieved by altering the
boundary conditions assigned to the vectors of the theory as well as adjusting
the choice of CDC vector e. An SO(10) grand-unified model, a flipped SU(5), a

Pati-Salam and finally a SM-like theory are then presented.
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Despite the fact that all these models exhibit equal numbers of massless bosonic
and fermionic d.o.f and thus suppressed instabilities, each one of these demon-
strates a different degree of phenomenological success. However, none has all of
the desirable phenomenological features one would want in order to serve as the
starting point for a detailed phenomenological study. All their properties were
examined in three independent ways: through their partition functions, through
their Poisson-resummed large-radius expansions, and finally through explicit con-
struction and study of their low-energy spectra. These models could be considered
as a stepping stone in the fabrication of non-supersymmetric string models which
are not plagued by instabilities, and in the evolution of string phenomenology.
They are distinctly characterised by a Bose-Fermi degeneracy exhibited by the KK
excitations of the massless modes. This is essentially a cancellation of an aggregate
of bosonic states in an observable sector against an aggregate of fermionic states
in a presumably hidden sector, and vice versa. Since this is a feature applicable
only to the massless modes, it implies that there is no remnant spacetime SUSY in
the spectrum. Indeed, the massive string-oscillator excitations do not exhibit any
such bosonic/fermionic degeneracies, and instead it is only through misaligned
SUSY at all mass levels that the finiteness of such strings is ensured.

A general phenomenological feature of these models is that SUSY can be spon-
taneously broken only in the untwisted sectors of the theory, while the twisted
sectors remain globally supersymmetric. Depending on the choice of CDC vector
e, the states in the gauge sector and the untwisted matter sectors that do not fulfil
the condition e - Q = 0 gain masses of order R™!. By contrast, the twisted sectors
are initially unaffected, with states gaining masses only radiatively. One appeal-
ing aspect of this setup is that all radiative terms, including their RG running, are
completely calculable within the string theory, and are finite.

Aside from general phenomenological features which are in fact derived from
the interpolating structure of the model, there is also a discussion on some model-
dependent phenomenological properties. These include the natural particle as-
signment, the Yukawa couplings, and the masses of the scalar particles. Specif-

ically for the latter, it is shown that it might be possible to suppress the radia-
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tive corrections to the scalar particles that survive in the massless spectrum of
the theory after CDC, thereby achieving naturally light scalars and addressing
the issue of naturalness. There can be a range of mass scales for which non-
supersymmetric string theories can be consistent and produce interesting, suffi-
ciently small, cosmological-constant values and at the same time reasonable ra-
diative physical masses for scalars. However, for such models there appear to
be low string scales, implying ultimately either some form of strong coupling or
large gauge threshold corrections from KK modes. This occurrence is more com-
monly referred to as the “decompactification problem”. There are configurations
which prevent these unwanted scenarios, and may be compatible with perturba-
tive unification near the canonical heterotic string scale. The configurations are
known as GUT precursors and their existence provide the freedom to construct a
non-supersymmetric string theory with small couplings at large volumes.

The issues addressed in this thesis regarding the cosmological constant, vac-
uum stability, and the mass hierarchy for light scalars such as the Higgs are some
of the most challenging and unique problems of non-supersymmetric string mod-
els. It must not come as a surprise that they are all related within this framework.
This is precisely because there is only one source of SSSB which is applicable for all
of them and hence they are all intrinsically non-supersymmetric, even at the string
scale. Moreover, the tight self-consistency constraints of the string constructions
unavoidably tie the resolutions of these different problems to each other.

In particular, the exponential suppression of the cosmological constants sug-
gests that there is hope of stabilising such models within field theory. This is due
to the fact that stability issues in general are considered to have the same sta-
tus and degree of severity as in a SUGRA theory in which SUSY is softly broken by
non-perturbative field-theory effects. A possible scenario is that field theory effects
can dominate over the exponentially suppressed dilaton tadpole, or that there is
some interesting interplay between the two effects.

Significantly, it was suggested a long time ago that non-supersymmetric string
compactifications would benefit from exponentially suppressed cosmological con-

stants if there were an exact cancellation between the massless bosonic and fermionic
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d.o.f. This thesis has explored the ideas relevant to this suggestion, has presented
their development and eventually has demonstrated the successful construction
of actual models which exhibit enhanced stability. Therefore, this work paves
a new pathway for studying non-supersymmetric models built entirely within a
heterotic string framework. In regards to the phenomenological viability of the
resulting models, it should be emphasised that they stand on equal grounds with
non-stabilised supersymmetric strings; when the latter undergoes a SUSY breaking
typically, a runaway dilaton potential appears which is comparable to the potential
of these models. In order to verify the full stability of theories with exponentially
suppressed cosmological constants, it will be necessary to study their complete
moduli spaces, also taking extreme care to prevent the F-flat directions from be-
coming tachyonic.

Clearly, all the ideas encompassed in this thesis are still in their infancy, which
implies that they require a perpetual and meticulous approach in order to develop
into tools for powerful theories. Consequently, at this stage there are many pos-
sibilities for future work, beyond those related to the purely technical side (con-
struction) of the models. First, it is important to understand the precise nature
of the model under interpolation, which requires the identification of the com-
plete structure of the tachyon-free non-supersymmetric six-dimensional theory at
the R — 0 endpoint. This would help to clarify how the six-dimensional theory
at R — 0 relates to the six-dimensional theory at R — oo, it would provide more
details on the phenomenological structure of the interpolating theory and it would
also shed light on the full effects of CDC at that endpoint. Second, one issue of
particular interest is to identify the precise form of the potential and how it is asso-
ciated to an EFT in which SUSY is spontaneously broken. It is equally important to
understand and interpret the various features related to potentials, such as those
in Fig. 9.3, as they would undoubtedly provide useful details about the dynamics
of the theory.

From a phenomenological perspective, it would be ideal if a three-generation
SM-like theory with an exponentially small one-loop cosmological constant and

a working Higgs sector could be formulated. The benefit of constructing such a
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model is that all scalar masses would be calculable and finite. In addition, being
non-supersymmetric by construction, the Yukawa couplings would also receive
radiative corrections suppressed by powers of RM™. This outcome brings forth
the question of whether these radiative corrections would have any impact on the
SM hierarchies. Furthermore, it would be interesting to examine how one can
relate the suppressed Yukawa terms with those terms obtained in field theories
with softly-broken SUSY.

One other issue that certainly deserves further investigation is whether the
exponential suppression of the cosmological constant continues beyond one-loop
order. In general, higher-order contributions depend not only on the spectra of the
theories but also on the particle content interactions. One would speculate that
as long as there are no contributions from the massless d.o.f to the cosmological
constant, then the suppressions exhibited at one-loop would continue to persist to
higher loops. In the EFT, all loops would then be expected to experience the same
cancellations, while the couplings exhibit a high degree of degeneracy. However,
this is just speculation and needs to be handled with extra care, requiring careful
analysis before being turned into a definite fact. Another issue, on a par with the
former, that requires clarification, is whether there can be scalar particles in the
theory which remain naturally light. As demonstrated, the contributions to the
mass-squared of the Higgs field that survives in the massless spectrum could be
suppressed, provided that the numbers of massless bosonic and fermionic states
that couple to the Higgs cancel each other. This finding is truly significant as
it would undoubtedly help to elucidate the naturalness problem in string theory.
Hence, finding a model that satisfies this condition and that also has an exponen-
tially suppressed cosmological constant is of utmost priority. It should be noted
that in the construction of such theories there are various different scales involved,
such as the Planck scale, the string scale, the unification scale and of course the
compactification scale O (R™"). Generally, these scales are related to each other
through the string coupling and the volume of compactification. In light of the
above discussion about ensuring a naturally light Higgs, great attention must be

paid to what constitutes reasonable energy and mass scales for the phenomenolo-
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gies of such models.

Finally, this setup was focused on model building and phenomenology in weakly
coupled heterotic strings. However, there is no restriction on applying these ideas
to other types of string theories so as to yield more diverse results. These ideas
could also be extended into QFT by attempting to reproduce at least to some ex-
tent some of the most significant aspects of the theories presented. There is also
potential for such theories to be applied in string cosmology, opening new doors
in the field of inflation and other relevant studies.

In conclusion, then, there are numerous compelling pieces of evidence to sug-
gest that the models and methods presented here could be considered as a bench-
mark for the emergence and evolution of a genuine non-supersymmetric string
phenomenology. This work has inevitably triggered an avalanche of issues, both
on a theoretical and a phenomenological level; some of them are presently under
investigation while others clearly remain an attractive challenge for future works.
Although this could be considered as downside, it still cannot outshine the evi-
dent existence of numerous models which are fundamentally non-supersymmetric
and at the same time admit suppressed dilaton tadpoles. Inevitably, the existence
of such models correlates with the existence of a vast landscape of finite non-
supersymmetric theories which bear enhanced stability properties. All such mod-
els carry a promising theoretical background as well as fascinating phenomeno-
logical prospects. Because of this, they can be considered as suitable candidates
for providing a good description of nature, especially at the low energies where
our observable non-supersymmetric world resides. Therefore, it is imperative that
the landscape must be explored with every tool that string phenomenologists have
at their disposal in order to determine the extent to which a remarkably accurate
non-supersymmetric string phenomenology is achievable. This thesis is coming
to an end, however as is always the case, this end marks a new beginning! This
is a turning point for bringing together auspicious, ambitious and perhaps even
revolutionary ideas in order to target some of the most crucial and perpetuating
issues in theoretical particle physics. It goes without saying that nature will never

cease to amaze us and that there are certainly exciting times to look forward to.
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Appendix A

Basic theoretical tools for the

Standard Model

A.1 The full form of the Standard Model Lagrangian

In this section the explicit form of each component that constitutes the SM La-
grangian, as per Eq. (2.1.8) of Chapter 2 is presented. The first component is the
L for the SM gauge bosons:

LM = —1Tr [F,F"]

gauge bosons

= -1 B —1pe paw _1pA pAw o p
= gauge +,£ FP (A].].)
47K 47wy 47wy fixing ghosts

where B,, = 0,B, — 0,B, is the hypercharge field strength. The second term cor-
responds to the S U(2) field strength with a = 1,2, 3 corresponding to each SU(2)
vector boson. The third term is the gluon kinetic term with A = 1,...,8 for each
gluon. For explicit perturbative calculations, it is necessary to do some gauge fix-
ing. This requires the consideration of additional terms which include the gauge
fixing terms and the Fadeev-Popov (FP) ghosts. Since the form of these terms
depends on the choice of gauge, the final form of the fourth and fifth terms in
Eq. (A.1.1) is not predefined.

The second component of the £5¥ contains the kinetic terms of the SM chiral
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matter fields:

SM _ w u
‘Efermi()n KT — lPLﬁy Du\IILZ'
'_T Dt e
= llLé)/'uD#lL@ + leR@y“D#eRg + lngy”aﬂng

+ i@ZéyuD,uQLé + iC_iRé'yﬂDludR@ + iﬁR@y“aﬂuRe . (A.1.2)

The covariant derivatives are defined as

D, = 0,+igT'W;+ig'Y; B, for the /; and Q; fields (A.1.3)
D, = 8,+ig,T G} +ig'YyB, for the dy, fields (A.1.4)
D, = 0,+ig'Y,.B, for the ey fields (A.1.5)

where g, ¢’ and g, are the weak and strong coupling respectively, T,* are the S U(3)
generators, G, are the gluon fields, W; are the SU(2), gauge fields, and Y is
the hypercharge of fermion f. Similarly, the third component is the Lagrangian
that determines the masses of the SM chiral matter fields, through their Yukawa
couplings:

LY = 19 Ch®¥, + h.c

ermion masses

= —l,’\Le@gngcI)eRg — i/\ldﬁgaLéq)ng — iluggaLé(buRg + h.c . (A16)

where ¢ (and 2) = 1,2, 3 are the fermion families, h are the Yukawa couplings and
® = io»,®*. Note that in this case a neutrino Yukawa term is omitted because
neutrinos do not get their masses from Yukawa interactions. Finally, the last piece
of the SM Lagrangian is the Higgs part:

s = DO — (PO D — 1y (DT D) (A.1.7)

Higgs

The Lagrangian associated with the the spontaneous breaking of the electroweak
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symmetry is found by substituting Eq. (2.1.9) to the equation above. The result is

L8 = MOHY + i+ S w8
Higgs 2 4 k" 8cos by

+ interactions. (A.1.8)

7'7,

The expression Ayv?H* = ;m3H?* defines the mass of the Higgs boson (my), and 1y

is the Higgs coupling. The weak mixing angle, 8y, is defined by the expression

tan @y = & , (A.1.9)
82

where g1, g» are the coupling strengths of the U(1) and S U(2) gauge bosons. The
g is directly the coupling strength of the W* bosons and is analogous to the value

1
T 8182-
Veite;

of the electromagnetic coupling for photons, ¢ = g, sinfy =

A.2 Masses of particles in the Standard Model

The mass of the physical gauge bosons W* and Z°, is determined by the kinetic

SM
term of the Liiizes

my,. = Lg% miy = Lg% + gV, (A.2.1)

where v = 246.22 GeV is the VEV.

The masses of the chiral matter fields, except neutrino masses, are determined by
SM

Lfermion masses?

mp=—=hsv. (A.2.2)
=5

where f labels the fermions.

A.3 One-loop corrections to the Higgs mass

As it is seen in Eq. (A.1.7), the £ of the scalar Higgs boson includes a term m?®’®.
The m* parameter is the bare mass. At tree level it obeys m* = m? and the value

is equivalent to the experimental result my. At one-loop the theoretical mass is
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Figure A.1: Higgs mass renormalisation from a fermion loop.

subjected to quantum corrections so the total Higgs mass is given by

2 2 2
mbare - mrenormalised +om”. (A31)

The quantum corrections are due to scalar and fermion loops generated by Higgs
self-interactions as it is demonstrated in the Feynman diagrams depicted in Figs. A.1-
A.3. Considering the renormalisation of the scalar mass from a fermion loop

shown in Fig. A.1 using the £5¥ there is a resulting contribution [106]:

~iX(Q%) = (6mf)r

; (—igF )2 Y dtp Tr[(p + mp)(p — @)+ mp)]
V2 @em* (p? - mfc)[(p - Q) —m%]
2

_ g—F{/lZ + (0% - 6m2) ln(mi)

_87(2 F
2
1+ 11 (%)
mp

where I1(x) = fol dylog[1 - xy(1 —y)] and my is the physical mass of the fermion V.

_l_

(me7 — %QZ)

}+0(%), (A.3.2)

From the diagram of Fig. A.2, the contribution to the Higgs mass renormalisation

due to scalar fields ¢ interacting with the Higgs boson is calculated as in [106]:

d*p i i
Sm; = - +
(6my)si 8s (2m)’ [pz _ mf - mg]

8s 2 2 A 2 A 1

where gg is the scalar coupling and m;, are the physical masses of the scalar par-
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Figure A.2: Higgs mass renormalisation from a scalar loop.

ticles ¢y».

After SSB, the part of the £5 that determines the renormalisation of the Higgs
mass parameter from scalar loops leads to a cubic interaction shown in the dia-
gram of Fig. A.3 which yields a non quadratically divergent contribution, as calcu-

lated in [106]:

(6m%)s2

Il

|
o9
o

d*p 1 1
f @)t [(pz e (e m§>2]
2.2 2
= &{ -1+2In (i) -1 (@)} + (my — my) + O(%) (A.3.4)

ny ny

Even though the calculations presented above are applied to the case of the Higgs

boson mass, it is worth emphasising that they are valid for any light, scalar particle.

P12
P o ~
/ N
, \
| \
________ ‘ F——————-
H \ / H
N /
~ /7
- -
- -
$1-2

Figure A.3: Higgs mass renormalisation from a scalar loop of cubic interaction.
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The MSSM Higgs sector

As described in Section 2.2.1 of Chapter 2, in the MSSM it is necessary to add a
second complex Higgs doublet field with opposite hypercharge (Y = —%) There-

fore, the two complex Higgs doublet fields are postulated as

hO
H,=|"“ and H, =
h 1

Y:—§

h+
‘; ) (B.0.1)
h” y=ti

d
The Higgs scalar potential (at tree level) in the MSSM is determined by

Vo= md) Hol* + (uF + md) | HP = B (eHLH] + h.c)
ij
g2 +g/2
8

2
(H 2 = |H2? + % HOH,E. (B.0.2)

The terms proportional to u?> come from F-terms. Similarly, the terms proportional
to (g% + g’%) come from D-terms, and the remaining ones are contributions from
the soft breaking terms [181]. The scalar potential also includes many other terms
that are contributions from squark and slepton fields. However, these terms are
omitted in Eq. (B.0.2) since they are not relevant for the upcoming discussion.
The potential has a trivial minimum V = 0 which is satisfied for H; = H, = 0,

so no spontaneous breaking takes place. To achieve a spontaneous breaking of the
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SU(2) ® U(1) symmetry to the U(1),,, it is essential to break first SUSY'. Without
loss of generality, one can set 4; = h = 0 as justified in Ref. [114]. The scalar

potential is now modified to

Vo= @+ mB) RGP+ @+ m2) G = B (&hSh) + hc)
ij

2 2
(e % R RO (B.0.3)

g +g/2
8

Requiring gauge breaking and having a potential that is necessarily bounded from

below yields the following constraints:

(UBY > (l? + m2)(ul? +m?) (B.0.4a)

2uB| < (luf* + m?) + (u* + m?), (B.0.4b)

which surprisingly are fulfilled provided that the condition m? # n is satisfied. In
GMSB and mSUGRA models, m? # m?, at tree level so that the electroweak breaking
is driven by the different evolution of the m% and m?. This is the mechanism
of radiative electroweak symmetry breaking. Once this breaking occurs the two

Higgs fields obtain a VEV:

Hy = —— | and  (H)= —
V2l o NG

0
, (B.0.5)
i

where both v, and v, are taken to be real and positive. Note that the two VEVs

add up quadratically to a net VEV value, as in the SM, and their ratio is written as

tanf = Yu , V2= VRV (B.0.6)
Vd

The value of tan S is largely dependent on the parameters of the MSSM Lagrangian

and as a result can be determined quantitatively. The condition

IThis is defined to be a radiative breaking of the gauge group.
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v v
=— =0, B.0.7
a0~ o (B.0.7)
minimises the potential of Eq. (B.0.3) yielding:

g2 + g/2

w2 +m’ = (-Bu)’ tan 8 + (05 +12) (B.0.8a)

g2 + g/2

w2 +m? = (—Bu)? cot B + (V5 +12). (B.0.8b)
These expressions relate the parameters on which tan 8 depends to the gauge cou-
plings, the soft breaking terms and the mass parameter u. They also eliminate the
parameters B and u from the Lagrangian but do not produce any value for the
latter. From this result it is concluded that the ratio of v, and v,, along with the
mass parameter u are significant parameters in describing the phenomenology of
the Higgs sector.

The complex scalar Higgs field has originally eight real scalar d.o.f. After elec-
troweak SSB, three d.o.f correspond to the Goldstone bosons G° and G* which are
absorbed into the longitudinal modes of the Z° and W* massive vector bosons un-
der a unitary gauge transformation. This leaves five d.o.f which are actually five
Higgs physical states. Two of them are identified as charged: the H* with charge
+1 along with its conjugate state H- with charge —1. The remaining three are iden-
tified as neutral states: the h° and H® with CP = +1 and the A° with CP = -1. The
eigenstates of the Goldstone and Higgs fields is a mixture of the mass eigenstates

which have the same charge and CP quantum numbers:

G- _ [cosﬁ —smﬁ] [hd ’ (B.0.92)
H- sin  cosf |\h!

G° 3 cosf —sing||Im (hY) , (B.0.9b)
A° sin  cosfB |\ Im(h%)

H° _ | cosa sina || Re (h9) — vy ’ (B.0.96)
h° —sina cosa|Re(h°) —v,

Gt = (G)', H'=MH), (B.0.9d)
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where « is the mixing angle between the two Higgs physical states with CP = +1
quantum number. Provided that the scalar potential in Eq. (B.0.3) is minimised
and with the Goldstone masses being méo = m%. = 0, the mass eigenvalues of the

eigenstates in Eq. (B.0.9) are found to be:

B 2
m?{i = }1 g+ 2(# ) (v?l + vi) , (B.0.10a)
VaVy
s WB? 4, 4 2 _ 2 2
my, = (v +v,) = (uB)“(tan B + cot B) = my. —my,., (B.0.10Db)
VaVu
mzo, o = slmi+ml £ \/mio +m2, — 4m’,m’, cos? 2,8). (B.0.10c¢)

The mixing angle « is then determined at tree level in terms of the eigenvalues in

Eqg. (B.0.10) as shown:

2 2 2 2
. . m, +m 0 nm., +m 0
sin 2a = —sin 283 (H) , cos 2a = —cos 283 (H . (B.0.11)
mé, —m m2, —m
1o HO 1o HO

These ingredients can now be used to determine the masses of the SM gauge

bosons and fermions. The procedure is the same as described in Appendix A.2 and

2 2+G12
me. = 1/gz(vflJrvg), Mg = \/g 088, (B.0.12)

Ny _ hg _hy
m=——Vvi, my = m, =

As deduced from Eq. (B.0.9), all three neutral Higgs physical states are a mixture

yields:

Py . (B.0.13)

of the two Higgs fields. This property allows the couplings of A°, h° and H® with the
up- and down-type quarks. The coupling of the pseudoscalar A° with the gauge
bosons violates CP invariance at tree level and hence is not allowed. A comparison
between the masses of all the Higgs and gauge bosons which have the same charge

in the MSSM theory, as presented in Eq. (B.0.10) and (B.0.12) respectively, yields:

mgo < (mAO,mZO) < nmyo , Ny« < mpyg+ . (B014)

An interesting outcome from this relation is that the lightest neutral Higgs state is
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predicted to be lighter than the Z° boson. This is a perplexing outcome since the
successful experimental discovery of Higgs boson, and subsequently the accurate
measurements of its mass, rule out any possibility of a Higgs boson being lighter
than Z°. The outcome ceases to be perplexing when one realises that this is a result
derived at tree level where radiative corrections due to higher order loop diagrams
are neglected. If one takes the radiative corrections into account, the upper bound
for the mass of the lightest Higgs boson is significantly lifted. Nevertheless, and
despite the contribution from the radiative corrections, the mass of the Higgs is

found to have the definite value of my = 125.09 + 0.24 GeV.
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Appendix C

Quantising the bosonic string

The classical bosonic string theory and all of its properties and structure are stud-
ied in Section 3.2.1 of Chapter 3. Even though this type of string theory is not
quite realistic, it provides a good understanding on the type of analysis that takes
place in string theory. Therefore, the next step of this analysis is the study of
the quantised theory. The best course of action is to consider first what options
are available for quantising this classical theory. It is found that there are three

options:
1. Covariant quantisation
2. Lightcone quantisation
3. BRST quantisation

Each one of them bears different features and each points out some hurdles that
must be overcome if the quantisation is to be considered successful. The following
discussion is focused only on the main characteristics of each quantisation proce-

dure and to the most important problems that arise in each.

C.1 Covariant Quantisation

The first step is to promote the fields X* and their canonical momenta P* = =L X*,

2na’

to operator valued fields which obey the canonical equal-time commutation rela-
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tions,

[XH(1,0), P'(1,07)] = in"é(o - o)

[XH(1,0), X" (1,0")] = [P(1,0), P'(1,07)] = 0. (C.1.1)

Plugging into Eq. (C.1.1) the mode expansions for the X* and P* one obtains
the canonical equal-time commutation relations in terms of the Fourier modes

x*, p*, oy, which are now also promoted to operators:

(%, p"1=in™
[ a,,, n] = [ AV = mnuv(sm+n,0
[&",&]=0. (C.1.2)

By defining new operators: & = &' and &' = L&"! V n > 0; the expressions in

a Vn
Eq. (C.1.2) clearly satisfy
[@,a' =1a,a" 1 =9"6n, VYmn>0. (C.1.3)

From the results presented so far, it is inferred that from each scalar field’s left-
and right-moving modes emerge two infinite towers of creation and annihilation
operators. The vacuum state of the string (|0)) is then defined as the state which

is annihilated by all of the annihilation operators &, or &,
a'0y=a'10y=0 Vn>0. (C.1.4)

The physical states of the string are states that are constructed by acting on the

ground state with the creation operators & or &',

) = at et antart .. |0sk). (C.1.5)

my mz

The physical states are momentum eigenstates, i.e. p*|0;k) = k*|0; k), where k* is

the momentum eigenvalue. Since there are infinite towers of operators, there is an
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infinite number of string excitations. All the excitations are different states of the
string and their physical interpretation is that they are in fact different particles
in the spectrum of the string theory. The set of all physical states in the theory is
known as the Fock space.

The problem with this quantisation procedure arises in the Fock space of the
theory. Due to the signature of the Minkowski metric, the commutation relations

in Eq. (C.1.3) yield a negative sign for the u = v = 0 modes,
[@°,a%"1 = [a°,a°"1 = 1”60 = ~Opmon - (C.1.6)

This outcome has dire implications because it leads to the prediction of negative
norm physical states,

(k';01a% a’ 105 ky o« =62 (k — k'), (C.1.7)

known also as ghost states. These states are unacceptable in the theory as they
are unphysical. However, it is possible to remove these unphysical states at the
expense of imposing a constraint on the number of background spacetime dimen-
sions.

A direct implication of the Fourier modes promotion to operators is that the
generators L,, L, are also upgraded to the status of operators. The expressions for

the classical theory, given in Eq. (3.2.17) are now modified to
:%Z L@ - Gy and I:”:%Z o Y (C.1.8)

where the : : indicates normal ordering. Similarly to the classical strings, the Lo
and L, operators play a pivotal role in determining the physical spectrum of the
quantised string theory. The operators carry an ambiguity as a result of the normal
ordering and hence are determined by

8+ b B+ (€1.9)
n=1

n=1

N
l\‘JIr—l
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The mass-shell conditions for the quantised closed strings become

(Lo —2)1¢) = 0 (C.1.10a)
(Lo—2)1¢) =0, (C.1.10b)

where z is a constant which arises due to the normal ordering ambiguity of L, L.
Subsequently, the mass of the physical states of a quantised closed string is given

by

4. 4 4 =
mg = ;(Z&—n'&n_Z):;(N—Z)
n=1
4 (< 4 .
= _,(Z&—n’&n—z):—,(N—Z), (C.1.11)
@ n=1 a

with the N and ¥ defined as the number operators for the left- and right-moving
modes respectively. Back to Eq. (C.1.10), subtracting the condition for the left-
moving physical state from the right-moving one implies that the numbers of left-

and right-moving oscillator modes are equal, i.e.
(Lo-Lo)lpy=0= N =N; (C.1.12)

thus setting the level-matching condition for a quantised bosonic string theory with
closed strings. In turn, the generators Ly, io, form an algebra which is a central
extension of the Witt algebra. It is known as the Virasoro algebra and the gener-
ators are called Virasoro operators, satisfying the following general commutation

relations

C
m+n + E m (mZ - 1) 6m, —-n

(s L] = (1 = 1) Ly + é m(m? =1) 6, (C.1.13)

where c is the central charge and is equivalent to the dimension of the background
spacetime for the bosonic string theory. Even though in the covariant quantisation

string theory is plagued by unphysical states, these states are eliminated if z = 1
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and ¢ = 26. These constraints imply that the background spacetime dimension
of a covariantly quantised bosonic string theory free from unphysical states and

manifestly Lorentz invariant is in fact twenty-six.

C.2 Lightcone quantisation

An advantage of this choice over the previous one is that there are no negative
norm states predicted. This advantage is eclipsed by a serious disadvantage; the
theory is no longer manifestly Lorentz invariance as shall be shortly demonstrated.

As was presented in Section 3.2.1, even though the spacetime dynamical metric
h®® becomes flat, the bosonic string theory still carries residual gauge symmetries
which are the conformal transformations. Under conformal transformations, the

lightcone coordinates on the worldsheet are reparametrized as
ot ot = E(0), (C.2.1)

leaving the bosonic string action invariant. The conformal symmetry allows the
freedom of choosing a particular noncovariant gauge, known as the lightcone
gauge which removes the negative norm states from the theory. Following the
definition of the lightcone coordinates on the worldsheet, the corresponding co-
ordinates on the background spacetime are defined to be the set {X~, X*, X'} for
i=1,...,D -2 and with

i(xo + XPy. (C.2.2)

Xi
V2

Here the X° is the choice for the time direction and the XP! is the choice for
the transverse spatial direction. Due to the different treatment of the lightcone
spacetime coordinates, the manifest Lorentz invariance of the symmetry does not
hold any longer. Instead, the new Lorentz symmetry becomes S O(D — 2) and the
spacetime Minkowski metric now is defined as

D-2

ds® = —2dX*dX~ + Z dXidx: . (C.2.3)
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The solution to the equation of motion of the X* now becomes

X" = XH o) + Xi (o) (C.2.4)
with
X/ (o") = %xJ' + %a/'pJ'O'Jr and Xi(o7) = %x+ + %a’erO'_ , (C.2.5)
which results in
X"'=x"+adp'r. (C.2.6)

This is the lightcone gauge in which all the oscillator modes for the X* of the closed
string are set to zero. Subsequently, the form of the X~ coordinates is expected
to be similar to that of Eq. (C.2.5) and is derived using the lightcone gauge in
conjuction with the constraints in Eq. (3.2.15). These coordinates differ from the

X* as they carry mode expansions:

% 1__
X (") = %x‘ + %a'p‘aJr + l\,E Z e ino*

n#0

(o~ - Nl ; a’ 1 - ,—inc”
X (0 )r=3x +idp o ‘”w/EZZ%e , (C.2.7a)

n#0

where the x~ (along with the x') describes the string’s centre of mass. The mode

expansions are given by

=)}

S

Il
D] =
Q\
|-
=)}
]
3

=)}
3=

R
Il

. PP (C.2.82)

where the p* (along with the p) describes the string’s momentum. In the light-
cone gauge, the bosonic string theory is expressed in terms of 2(D — 2) transverse
oscillators only and so a string with ¢ = 26 has only transverse oscillations. Note
that the transverse oscillators are not regarded as the transverse excitations of the

string. As in the case of the classical string, it is found that the zero modes satisfy
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@y =a, = \/% p~. Hence, applying the constraints of Eq. (3.2.15) it is found that:

o 1 1 &

—p~ Z lo/pl - p' +Za o Z %a’pl-p’+20/n-a/’_n . (C.2.9)
2 2p 2pJr

n#0

Moving on to the quantisation procedure, it is not surprising to find that some
equal-time commutation relations are the same as the ones defined for the covari-
ant quantisation in Eq. (C.1.2). In fact, this occurrence is natural as some of the
physical d.o.f in the lightcone quantisation are the same as those in the covari-
ant quantisation. A distinct difference of lightcone quantisation from covariant
quantisation is that the former has additional fields, the x* and p~, which must be
promoted to operators. As a result the equal-time commutation relations for the

quantisation of a bosonic closed string in the lightcone gauge are given by

&, p/] = i 6"
(&, 821 = [}, &)1 = 16" Gyuen0
[, &1] =

(5, p71=1, [, p"]1=—i. (C.2.10)

Identically to the covariant quantisation method, the string vacuum and physical

states are defined as
aloy=a10y=0 and  p*l0;ky=K'|0;k) Vn>0, (C.2.11)

whereas the Fock space is built up by acting on the physical states with the creation
operators &', or & . It should be noted that since the spatial index takes values
i =1,...,D - 2, the Hilbert space of the theory is positive definite. This clearly
demonstrates that said theory has no unphysical states. Thence the expressions in
Eq. (C.2.9) are modified in the sense that they obey the normal ordering condition.

From the resulting normal ordered expressions one is able to derive the mass-shell
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level-matching condition for closed strings in lightcone gauge:

R YIS DI BT R LR
’ i=1 Y\ = o a’
D-2
4 . _ 4 .
= —,( ZO/ - @, —z) =—(N-2). (C.2.12)
@\ S0 a

The N and N are the number operators of the left- and right-moving transverse
oscillator modes respectively. Naturally, the next step required for the completion
of quantisation is to fix the value of the constant z. In Ref. [107], there is a very
detailed derivation of the value, which is achieved when one employs tools from
conformal field theory. It turns out then that the value of the constant is directly

proportional to the number of background spacetime dimensions (D), i.e.
2= —. (C.2.13)

To overcome the hurdle of not having a manifest Lorentz invariance, a constraint
needs to be imposed on the theory. This means that z and hence D can each take
a specific value. Through a series of calculations one derives z = 1, thus D = 26
which is equivalent to the value obtained for the central charge of this theory.
Substituting Eq. (C.2.13) into the formula in Eq. (C.2.12) it is straightforward to

determine the mass spectrum of said theory:

 In the absence of oscillator modes, the ground state |0) = |0;k*) has mass-
squared equal to —4(a’)"!. It does not actually make much sense for a
state to have negative mass-squared, thus the state is deemed unphysical.
Such states give rise to particles which are commonly known as tachyons.
Tachyons in the bosonic string theory contribute extra terms in the poten-
tial resulting to the destabilisation of vacuum. Therefore, tachyons are un-
wanted states; they make the theory look extremely problematic as it is not

in toto stable.

» For the first excited states there is one left- and one right-moving oscillator
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mode such that, |QY) = o lc”xf ,10; &)!. This is a tensor product between two
massless vectors, one left- and one right-moving, and the total number of
states is 242 = 576. The first excited states give rise to massless bosonic par-
ticles which fill out the 24 ® 24 representation of the little group S 0(24).
This representation is further decomposed into three irreducible represen-
tations and the corresponding particles are associated with a massless field
in spacetime. The irrepresentation which is symmetric in (i, j) transforms
under SO(24) as a massless spin-2 particle; this is the graviton (g,,). The
irrepresentation which is antisymmetric in (i, j) transforms under the little
group as a massless tensor; this is also called a “2-form” (B,,). Finally, the

trace irrepresentation transforms as a massless scalar, which is the dilaton

().

» Higher excited states are infinite in number and all of them are massive.
Such states give rise to massive bosonic particles which fill the representations

of the § O(25) Lorentz group.

So far, it has been made clear that both methods utilised to quantise the string
have their advantages and disadvantages. Covariant quantisation ensures that the
theory is manifestly Lorentz invariant. However, it is difficult to identify the phys-
ical states and it allows negative norm states in the mass spectrum of the theory.
On the other hand, lightcone quantisation ensures that the mass spectrum of the
theory has no unphysical states and is relatively easy to identify the physical states.
The drawback of this method is that the theory is no longer manifestly Lorentz in-
variant. The third method of quantisation meets both of the previous methods
halfway. BRST quantisation is manifestly Lorentz invariant and it is relatively easy
to identify the physical states, but there are also unphysical ones that must be

eliminated.

IThe hat is dropped on this notation for a matter of convenience.
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C.3 BRST quantisation

Revisiting the Polyakov action in Eq. (3.2.5), it has already been mentioned that
besides the global and local gauge symmetries it is also invariant under another

symmetry which is characterised by conformal transformations, i.e.

6I’la,3 =D, fﬁ + Dﬁ fa + 2w haﬁ (C31a)
SXH = £, X", (C.3.1b)

with &, and w being bosonic parameters. In BRST quantisation there are a number
of steps that one must follow, as listed below:

1. Firstly, it is necessary to introduce fermionic ghost fields ¢, s and ¢, that

correspond to each of the bosonic parameters respectively.

2. Secondly, one introduces gauge fixing terms F4(®'), two for the bosonic pa-
rameters &, s and one for the bosonic parameter w. The gauge fixing terms

are Fop = hap — 8,5, Where 6,5 is the two-dimensional Euclidean metric.

3. Thirdly, one includes an anti-ghost field »** and an auxiliary field B* for

each of the gauge fixing terms F,.

4. The fourth step requires a modification of the Polyakov action, adding two

terms: the gauge-fixing action S, and the ghost action S 3 which are given by

S2

f dr do Nh[~iB(heg — 6up)] (C.3.2a)

S3

f dt do b (Dycg + Dpco + 2¢4,hap) - (C.3.2b)

5. Finally, the last step is the quantisation itself. This is realised through the

definition of the partition function

Z= f DX Dhog DB Db D De,, e Sr52+59) (C.3.3)
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which describes a bosonic string propagating in a twenty-six-dimensional

background spacetime.

The overall action S + S, + S3 in the partition function has a global symmetry,

known as BRST. This symmetry is defined by the following set of transformations:

6Bhaﬁ = —iK (Da é:,B + D,B é:a + 2w ]’la,ﬁ), 5BX# = —iK (CQGQX#)
Spc” = —ik (Pdpc™), 0pCy = —IK (¢"0aCw)

53b® = k B, 53B® =0 (C.3.4)

where « is an arbitrary global parameter with the same statistics as the ghost fields
¢, The partition function is linear in both the ghost field ¢, and the auxiliary field
B% hence both fields can be integrated out. Integrating out the ghost fields intro-
duces a Dirac §-function which removes the trace of the anti-ghost field »%. Inte-
grating out the auxiliary fields introduces another Dirac §-function which causes
the dynamical metric &, to be flat, i.e. h. = §,5. Taking these into account and
realising that the worldsheet now becomes Euclidean, i.e. D, — 4,, the partition
function simplifies to

7 = f DX* Db D 75, (C.3.5)

1
S’ = f drdo [? B X X, + bP(Dycs + Dpca) |- (C.3.6)
7[(0%

Due to the worldsheet being Euclidean there is the benefit of X*(r,0) — X*(z,2)

and hence the partition function can be mapped to the complex plane

7 = fZ)XZ)bZ)c e (C.3.7)

1 1 ]
"= 5— f dzdZ (D.X"9:X,) + o f dzdz (b,, -¢° + b= 8.6%). (C.3.8)

The mapping to the complex plane gauge fixes the BRST transformations of Eq. (C.3.4)

so that the action in Eq. (C.3.8) remains invariant. The gauge fixed transforma-
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tions are given by

Opc* = —ik (c* 0,¢Y), 6pc” = —ik (¢ 0:¢%)
opb™ = —ix Ts g, Opbz = ik Ts i
SsX" = —ik (¢° 0.X" + ¢ 0:X"), (C.3.9)

where Ts_g is the stress-energy tensor of the theory. It is given by the sum of both

the matter and ghost contributions from the action in Eq. (C.3.8):

Ts.p = TY+T9;

1
™ = —;(@X)Z and T¢"=-2:b,0.c°: +:0.b,, : . (C.3.10)

For the derivation of the mass spectrum of the BRST theory, there is a different
procedure to be followed than the other two quantisation methods. This stems
from the fact that the BRST theory is basically split into two parts, one part that
includes the matter fields and another part that includes the ghost fields. The
vacuum of the theory, [0); is the tensor product of the matter vacuum and the
ghost vacuum. However, the ghost vacuum is split into two states, | T) and | |) that

satisfy

bo| Y =11), clTy=0
bo|1)=0, col) =11
by, c,| T)=0, by, cy|l1)=0 Yn>1. (C.3.11a)

It is evident that due to the zero modes, the vacuum state of ghost fields is doubly
degenerate. However, only one of the two states is necessary for the formation of
the BRST vacuum state which is defined as |0); = [0)® | |) [126]. The physical

states are obtained by acting on the vacuum with the BRST charge operator Qj:

Q5= ) (L, = 8n0)cn = D M =1 Cp Con by (C3.12)

m,n
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510)r = (L = D10)] [eol D1+ D [LXI0)] [eon] DI, (C.3.13)

m>0
with LY being the Virasoro operators obtained from the matter fields. If the Qg
annihilates the vacuum then (L} —1)|0) = L) |0) = 0. This condition results in the
existence of tachyons in the theory. The full mass spectrum of the BRST theory
can be found in Ref. [107] but it should be noted that it is in agreement with the

mass spectrum obtained from the previous two methods of quantisation.
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Theta-function notation and

partition function conventions

The basic n function is defined as

U(T) = q1/24 l_[ (1 _ qn) — Z (_l)l’l q3(n—1/6)2/2’ (D.Ol)
n=1

n=—oo

and the 9 functions are defined as

H(r) = —i i (_1)nq(n+1/2>2/2
dy(v) = 2¢"° ﬁ(l +¢")?(1-q") = i TR
n=1 n=-00
I5(1) = ﬁ(l + g V21— g = i q”z/z
n=1 oo
n=1 n=—o0

Here ¢ = exp(2nit), with 71, denoting Re r and Im 7 respectively. These functions

satisfy the identities

95t = 9.t + 9,2 (D.0.3a)

192793194 = 2773 . (DOBb)
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Note that ¢¥(¢) has a vanishing g-expansion and is modular invariant; the coeffi-
cient of its infinite-product representation vanishes and is thus omitted. Nonethe-
less, this function needs to be taken into consideration because within string parti-
tion functions it can often play a role when determining the chirality of fermionic
states, as discussed below.

In order to simplify and unify the notation, and also in order to be able to han-
dle more complicated systems, it is more efficient to introduce several generalisa-
tions of these functions. First, the more general theta-function of two arguments

is defined as follows:

i & qn2/2

n=—o0o

= g [Ja+ D asete, (D.04)
m=1

Mz, 7)

where & = 277, Similarly, the ¥-functions with characteristics are defined as

[

Z eZni(n+a)(z+b) q(n+a)2/2

9 ¢ |

n=—oo

— eZiriab é';a qa2/2 79(Z +at+ b, T) ; (D.OS)

of course these latter functions have a certain redundancy, depending only on z+5b
rather than z and b separately. For a,b € {0,1/2}, a common “shorthand” for these

functions is given by

2]t med s
Ior = ﬂ[ 1?2 ] -y 9y = 19[ i; ; ] - (D.0.6)

Note that there are no restrictions on the (z, 7) arguments. Hence the expressions

in Eq. (D.0.6) implicitly define two-argument Jacobi functions ¥;(z, 7) for i, ..., 4.
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In general, the functions in Eq.(D.0.5) have modular transformations

19[ Z ](z, ) \/Tﬁ'ez”i“bei”Tzzﬂ[ _ab ](—ZT, 7)),

ﬁ[“
b

(z,T+1) e‘i”(“2+“)ﬁ[ a ](z, 7). (D.0.7)

a+b+1/2
Moreover, in the 7, > 1 (or |g| < 1) limit, these functions have the leading be-
haviours

n@ ~ ¢"™*
9oo(0lT) ~ 1+2¢"%+ ...
I (Olr) ~ 1-2¢"%+ ...
Po(Olr) ~ 2478+ ...

I (0lr) = 0. (D.0.8)

Worldsheet bosons and fermions give rise to partition-function contributions which
can be expressed in terms of these functions. For those worldsheet bosons which
are spacetime coordinates (which is always the case for the string constructions
presented in this work), the partition-function contributions also depend on the
spacetime compactification metric. In general, a single complex extra dimension
has a metric which is conventionally parametrized as

G = % 1 U12 ; B;j = o h ’ (D.0.9)

2| Ui U] T, 0

where T = T| + iT, and U = U, + iU,. In this study, the compactification metrics
used are all diagonal, i.e. metrics with Ty, = U; = 0. For U; = 0, the corresponding

Poisson resummed partition function for the compactified complex boson is given
by

0 9 TQ T T2 9 T 9
z[ ] - M > b P = T, + . (D.0.10
Bl (1) Tl Z; exP{ o U2| 1+ Tl ol 2lls + Jo7l } ( )
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From this, it is straightforward to identify R, = /T»U,"' and R, = VT,U,. Con-
versely, T» = RiR; is a volume modulus while U, = RyR;' is a complex-structure
modulus. By contrast, the contribution to the total partition function from a sin-
gle complex fermion with worldsheet boundary conditions v = oV; and u = BV, is

given by

Z"; = Trl:qﬂve_Zniqu]

1

— qQ(VZ—ﬁ) 1—[(1 + eZni(V‘r—u)qn—%)(l + e—27ri(\/‘r—u)qn—%)

n=1
— 2miuv L v
= e U(T)ﬁ[ y ](O,T). (D.0.11)
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Breaking of supersymmetry by

discrete torsion

In Chapter 6, it is stated that the choice of structure constants k;; that define a the-
ory is of great importance. Indeed, in the free fermionic formulation, a “wrong”
choice of structure constants can result in the breaking of spacetime SUSY. This
occurs when some combination of boundary condition phases not overlapping the
gravitinos depend on these structure constants, and the end result is that the grav-
itinos are projected from the physical spectrum of the theory. The breaking of
SUSY via this option is called discrete torsion.

To see this, the first thing to note is that in 4D any N = 1 model in the fermionic

formulation can be written without loss of generality in terms of the following

vectors:
Vo = —=[1a1m?| (12
b =~z [’
1
Vi = —[1100)°] 0)*]
Vizg = ... (EO].)

This basis is always possible because the V, vector must always be present for
modular invariance, and because there must be gravitinos in the supersymmetric
model. The sector in which these appear can be taken to define the V; sector.
In addition, there is the assumption that the right-movers have only 0 and —%
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boundary conditions. Therefore, since the lowest possible vacuum energy on the
right-moving side is —1, a tachyon can appear only if there are no right-moving NS
excitations.

The V), projections on the gravitinos are determined by

1 1
V0N+Z(1_F) k01+§—V()'V1 mod(l)
1
ku + 5 -V Vl mod (1) s (EOZ)

1
Vl-N+Z(1—F)

where I' = T'y, = I'y, are the chirality projections when the vectors overlap with
the R states; for the gravitinos they are necessarily degenerate. By inspection, the
massless gravitinos have no excitations, thus V,,- N = V; - N = 0. These equations
are compatible if and only if ko + k;; = 0 mod (1), which must be true since kyy +
ko1 = ki + ko = 0 by the relations in Eq. (4.1.7). However, an incompatibility for
these states can occur if there is an additional vector (or combination of vectors)
that does not overlap with V;. This is because if there was an overlap, then any
projection would simply fix the definition of chirality in a subset of the spinors.

To be more explicit, this additional vector Vy is defined as
VX -N = le mod (1) . (EOB)

This leads to a general conclusion: If kx; = % then the gravitinos are projected out
and spacetime SUSY is broken. By contrast, if there is a combination of vectors that
did not overlap with Vj, then it would be the corresponding linear combination of

k; that would have to sum to i in order to achieve spacetime SUSY breaking.

2
Moreover, a Vy completely overlapping with V; could also be incompatible, but
this is again equivalent to a new vector Vx — Vy + V, that has no overlap with
V). Given this, one can then prove the following: tachyons can be present in the
resulting non-supersymmetric model only if there are sectors including Vy that have
negative vacuum energy.

Proof: To see this, it is assumed that there exists a would-be tachyonic sector 'V in

the theory. Normally, this would be just the NS-NS sector; however, it could also
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involve a linear combination of other V; sectors. In the supersymmetric theory,
these states are absent as they are projected out by the V; sector which is the

supersymmetric generator in the theory. Hence tachyons are absent if and only if

Z ia —T) # aky; + % ~Vi-aV  VTmod(l). (E.0.4)
ieVi=R
Note that ky; = kix appears in this equation only if @y # 0. Thus, in sectors
without Vy, the generalised GSO projections of the gravitinos are independent of
the projections of the tachyons. Since the supersymmetric theory is tachyon-free,
it follows that the theories with discrete torsion which have the “wrong” choice of
kx; also have no tachyons in these sectors, and are thus also tachyon-free.

It remains to consider sectors that do contain Vy, such as Vy + @V. The overlap
of Vx with V] is zero, so the left side of Eq. (E.0.4) is the same as it is for the sector
aV. Likewise the right side of this equation is kjy + &;ky; + % — V, - &V, which differs
only by kix from the version without Vx. Therefore, since there are no tachyons
in any @V sector without Vy, the “wrong” choice ky; = % may be consistent with
tachyons in any sector that does contain Vy, provided there is negative vacuum
energy (on both left and right moving sides). O
In general, it is not difficult to exploit these observations in order to generate
non-supersymmetric string models whose tree-level spectra are tachyon-free. A
particularly large collection of such models is presented and analysed in Refs. [30,

43].
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