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Abstract

We compute the quark and gluon form factors at up to three-loop order within
massless perturbative Quantum Chromodynamics by studying the photon-quark-
anti-quark vertex and the effective vertex of a Higgs boson and two gluons. We
use Feynman diagram methods to derive expressions for the form-factors in terms
of tensor loop integrals in D = 4 — 2¢ dimensions. We review various methods
for relating tensor integrals to a basis set of master integrals and utilize the FIRE
package based on Integration-By-Parts to perform the reduction, thereby enabling
the form factors to be expressed (in D-dimensions) as a sum of master integrals. We
assemble the known results for master integrals and use them to provide a Laurent
expansion in € through to O(e). The results for the three-loop form factors may

provide the building blocks for many third-order cross section calculations.
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Chapter 1

Introduction

In this chapter we give a brief introduction to the theory of the strong interactions
Quantum ChromoDynamics (QCD), emphasizing only the aspects needed for the

rest of this thesis. More details can be found in the relevant textbooks [3—10].

1.1 Quark Model

The particles which interact strongly are called hadrons. They are observed either in
fermionic (baryons) or bosonic (mesons) states. According to the quark model, the
baryons are bound states of three quarks (gqq) while the mesons are bound states of
a quark and an anti-quark (¢g). Six species (flavors) of quarks have been observed.
The dynamics of the elementary quarks is described by Quantum Chromodynamics
(QCD). Quarks are considered to be point-like entities, as demonstrated by the
scaling behavior observed in deep inelastic experiments, carrying color charge. The
quarks also possess some properties depending of the type (flavour) of the quark.
The corresponding anti-quarks are denoted by a negative sign.

As yet, no free quarks have been observed in nature and no other fractionally charged
particles found. In order not to contradict the fundamental assumption of quantum
mechanics, the wave function of any state must be anti-symmetric under the ex-
change of any identical spin 1/2 fermions, another property is attributed to the
wave function called color. The wave function describing the quarks is therefore

composed of spatial, spin and color parts. The quarks have color states denoted by

1



1.1. Quark Model 2

{r-red,g-green,b-blue}. According to the color confinement hypothesis, the hadrons
can only occur in color singlets that have zero values of color charges and this ex-
plains why hadrons have integer electromagnetic charges. The existence of three

color states was confirmed by the experimental observations of the ratio

o(ete™ — hadrons)

R=
olete” — ptu”)

as well as several other observables.

In QCD the quarks interact via gauge bosons called gluons which both undergo local
SU(3) (Special Unitary) transformations. The properties of this transformation will
be detailed in the next section. A three-color model of quarks has a local SU(3)
symmetry, with currents reflecting its group structure. This suggested a local non-
abelian gauge theory of the type originally introduced by Yang and Mills many years
before.

As seen in the table below (taken from the Review of Particle Physics. by the
Particle Data Group [11]), the masses of the quarks are light compared to the top

quark.

Property /Quark d u S c b t
Q-electric charge | -1/3 +2/3 -1/3 +2/3 -1/3 +2/3
[-isospin +1/2 +1/2 0 0 0 0
I,-isospin -1/2 +1/2 0 0 0 0
S-strangeness 0 0 -1 0 0 0
C-charm 0 0 0 +1 0 0
B-bottomness 0 0 0 0 -1 0
T-topness 0 0 0 0 0 +1

Mass 5.04703 | 255075 1 1052 | 1.271097 | 4.2075:07 | 171.242.1
Mev Mev Mev Gev Gev Gev

Table 1.1: Additive quantum numbers and masses of quarks.(The u,d,s quark masses
are estimates of the ”"current quark masses”, ¢ and b quarks masses are ”"running”

masses in M.S scheme.)
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1.2 QCD Lagrangian
The strong interaction is based on the Lagrangian density

EQCD = Eclassical + Egaugeffi:ving + Eghost (11)

which is a non-Abelian gauge theory based on a SU(3) group.
The Classical Lagrangian of QCD is given by:

Letassical = Y Vpi (i) —mypbij)iby; — iFfVFSV (1.2)

f
where the index f runs over all quark flavours. The quark fields ¢y; live in the
fundamental representation with colour index i = 1, ..., N whereas the gluon fields
Af, are in the adjoint representation with a =1,..., N 2 1. Here N represents the

number of colours, N = 3. Conventional notation for /) = ~,D" where the gamma

matrices satisfy the Clifford algebra,
(V" = T =297 (1.3)
The covariant derivative in the non-Abelian gauge theory is defined as:

DY = 3 — igALT (1.4)

a~ij

where ¢ is the strong coupling constant. The generators of the fundamental repre-

sentation group satisfy the commutation relation,
[T, T =i fopc T (1.5)

where fu. is known as the structure constant. The Pauli matrices relevant for the
SU(2) gauge theory describing weak interactions have a simple generalization to
SU(3). For SU(3) there are 32 — 1 = 8 generators which are 3 x 3 hermitian,
traceless Gell-Mann matrices and f,. is totally antisymmetric. The commutator of
two covariant derivatives gives the field strength tensor of the gluon fields which is

related to the kinetic energy term in the classical Lagrangian part of QCD,
Dy, D] = igT"FF, (1.6)

where

F;?u = 8MAZ - &JAZ =+ gfabcAZAi- (17)
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Unlike the abelian theory Quantum Electrodynamics (QED), gluons undergo self
interactions. The last term of eq. (1.2) exhibits the non-abelian character of QCD
and produces interactions amongst gluons (three and four gluon vertices) in the
theory. As required, £ is invariant under local SU(3) gauge transformations. Under
these transformations the quark fields transform in the fundamental representation,

and gluon fields transform in the adjoint representation of SU(3) so that,

vy — Ulz)dy, (1.8)
T*A% — U(x) (T“Ag — éU‘l(x)auU(x)) UY(x), (1.9)
U(z) = exp(—iT*0%(x)), (1.10)

and where 0%(z) is an arbitrary spacetime dependent function.
If one tries to canonically quantize the theory, a major problem occurs. The canon-
ical momentum of the gluon fields A# vanishes. This is because of the freedom to
make gauge transfromations of the gluon fields. A spin-1 massless particle has two
physical degrees of freedom (polarization), therefore one has to put a constraint
on the gluon field A* in order to avoid unphysical states. This is achieved by the
Lorentz condition 0" A, = 0 which leads to an additional gauge-fixing term inserted
in the Lagrangian:

Lo sising = —5¢ " A1)" (1.11)
The £ is called the gauge parameter and we are free to choose any value for £. The

physical predictions arising from it, are independent of £. Some common choices are:

E=0 E=1 E—o00 . (1.12)
~——— ~——— ——
Landau—gauge Feynman—gauge Unitarity—gauge

In this thesis we work in axial gauge for the external gluons, 1, - A* =0 ,n? # 0
and Feynman gauge for the internal gluons due to simplify the problem at hand. In
the axial gauge there is no need to account for the ghosts. In QCD the longitudinal
part of the gluon field can interact with the transverse (physical) component of
A, Those unphysical longitudinal components contribute to gluon loops and have

to be subtracted. In order to do this we introduce a new fictitious field called the
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Faddaev-Popov ghost. They behave like a scalar field but are quantized as a fermion

field:
Lghost = (0,n™)(0"6ap + gfabcAfj)nb. (1.13)

The final form of the Lagrangian is,

1 1

Locp =Y Wil —myL)y — S FI"Fy, — 2§(3"%1[‘1)2 +(0un™) Dy (1.14)
/

4 a

1.3 Feynman Rules

Feynman devised a pictorial method to calculate the terms in the perturbative
expansion called Feynman rules. This method was directly derived from the La-
grangian. With the help of these rules one can calculate the perturbative predictions
of the physical observables such as the decay width (I') and cross-section (o) of the
related process. According to the established conventions, quarks are represented
as solid lines, gluons as curly lines and ghosts are dashed lines.

For the external legs for quarks and gluons we have.

Incoming Lines Outgoing Lines

u(p) / u(p)

N

/ v(p)

1l
=

/ e(p) / e (p)

In order to calculate the matrix elements we need some identities for the fermion
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spins and gluon polarizations:

> alp)u(p) = p+m,

spins

BN () — | g 4 PP
S (e e ) = g AP,

pols

As mentioned in eq. (1.12), in the Feynman gauge £ — 1, Landau gauge £ — 0. The

propagators for quarks,gluons and ghosts are:

p,m, i p.m,j

iptm s
p27m2+2‘€ 1,
S —

D, a, p p,b,v

0000000000000 —i — pEn”+pUnt + n*Puby §ab
p?+ie pn (p-n)?

p,a p,b

—i_ Sab

p2tie 0

The Lorentz indices are denoted by {u,v,...}. The color indices for gluon and
ghost are denoted by {a,b,...} and for quarks {i,7,...}. We assigned a positive
imaginary part +ie to the denominator to ensure the propagation from past to
future. The interaction vertices for quark-gluon, gluon-ghost and gluon self interac-

tions are as follows:



1.3. Feynman Rules 7

—igy"(T)i;.
Figure 1?1: The Suark—gluon vertex
} i qf abcpu
Figure 1.2: The {%Iflost—gluon vertex
—gf((pr — p2)* g

+(p2 — p3)*'g””

+(ps — p1)" g™

b.v c.p

Figure 1.3: The three gluon vertex

a, b,v

o ’ngfabedee (guagup o gupgup)
o iQQfaceJdee (gpag;u/ o guagup)

o ,l»g2fadefcbe <gupgup o gpag;w>

Figure 1.4: The four gluon vertex
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The amplitude for a particular process is constructed by first writing down all
distinct Feynman diagrams of the required order in the coupling constant using
above rules. To compute the amplitude one must follow the prescription given be-

low:

Multiply by -1 for each fermion or ghost loop.

Impose momentum conservation at each vertex.

Integrate over any unconstrained momenta appearing in closed loops with the

d*p
)4

measure f @

Multiply by a symmetry factor to allow for permutation of the fields.

1.4 Regularization

Having briefly described the main ingredients of the theory in the last section, we
are now able to do some calculations at leading order (LO) in the strong coupling «.
The interaction of any set of quarks and gluons is described by the invariant matrix
element M;_ . The squared matrix element is always proportional to an even power
of the coupling g, therefore it is usual to make the perturbative expansion in powers

of a, where

g2

(1.15)

Qs

In a tree-level process one does not deal with divergences. But if precision results
are to be required, one must go beyond leading order to next-to-leading order (NLO)
and beyond. As soon as higher orders in o, are considered, divergences emerge in the
intermediate steps of the calculation, although the final result describing a physically
measurable quantity has to be finite. This does not mean that the Lagrangian is
incapable of defining the theory. At this stage it is better to scetch some Feynman
diagrams as to grasp what we mean by LO and NLO.
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Figure 1.6: Next-to-Leading Order Feynman diagrams for the virtual corrections to

v —qq

Figure 1.7: Leading Order Feynman diagrams for the real corrections to v* — ¢q.

The divergent pieces are generated by the behavior of the integrand at high and

low virtual momenta. There are basically two sources of singularities:

e Ultraviolet divergences (UV) emerge when the loop momentum is not bounded
and can take arbitrarily large values.

The below integral Z diverges as k — oo.

e Infrared divergences (IR) emerge when ;
a) the momentum of an emitted parton approaches zero.

b) a parton is emitted collinearly and propagates in the same direction as the
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[ )
é@ég@b% 7= | Gty

Figure 1.8: The one-loop quark self-

energy diagram

parent.

In order to isolate and mathematically manipulate the divergent behavior of these
integrals a technique called regularization has to be applied. A proper regular-
ization procedure should respect Lorentz invariance and unitarity and preserve the
gauge symmetry of the theory. In the literature some regularisation methods can
be found such as Pauli-Villars [12], but in this thesis we will be using a well tried
and tested one called Dimensional Regularization (DR). This method is based on
extending the space-time dimension from four to D = 4 — 2¢ with a small param-
eter e. Contributions which are simultaneously softly and collinearly divergent and
simple IR singularities cancel in the sum of all contributions in a suitably defined
observable. After a careful cancellation of the poles the limit ¢ — 0 can be taken

for a physical result.

1.4.1 Dimensional Regularization

In Dimensional Regularization (DR) the Feynman integral is regarded as an analyt-
ical continuation of space-time dimension to 4 — 2¢ dimensions where as € being a
small parameter. The actual calculation of partonic matrix elements in the frame-
work of dimensional regularization requires an extension of the Dirac algebra to D
dimensions. The details of the method can be found in ref. [13]. Here we only give

a summary of prescription to be applied using the scheme:

e The Clifford algebra becomes D dimensional. Instead of having four dimen-

sions now we have D dimensions and the matrices obey:

9" G =D, A= —(D =21, APy, = 4¢P — (4 — D)y
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e The loop integral measure in the Feynman rules changes

/ <(2i7£ - / <g:>kD

e The measure of the phase-space integration changes

/% o (2m)' 0N (i = py) — /% - (2m) 76" (pi = py)

e The action has to be modified as to keep it dimensionless

S:/dD:cﬁ.

The mass dimensions of the fields are:

B D—
mippy = ] = ——

0, A0, AL = [A}] = ——

Considering the interaction part of the Lagrangian gy A1, the coupling ¢ ac-
quires a dimension in D dimensions.
D

g—pyg, €=2-— Bl
After the application of DR to regularize the theory we naturally have introduced a
new scale p to the theory. This scale is not fixed apriori and leads to an unphysical
scale dependence.
There is still one piece missing after having fixed the dimensionality of the ac-
tion. We are free to choose the polarizations of the internal/external quark and
gluon fields. In this thesis we use Conventional Dimensional Regularization (CDR)
scheme. In C'DR there is no distinction between real and virtual partons. There are
two helicity states for quarks and there are (D —2) polarizations for the gauge fields.
There are several other DR schemes that undertake different helicity /polarization

configurations available in the literature. [13,14]
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1.5 Renormalization

The technique of regularization gives us a way to ‘parameterize the infinities’. Now
we must develop a way to get rid of the infinities appearing in the loop integrals.
This is the step of renormalization. The main idea of renormalization is to rewrite
the original Lagrangian of a quantum field theory by a set of new terms, labelled by
the Feynman graphs that encode the perturbative expansion of the theory. In the
procedure of multiplicative renormalization, we redefine the fields and coupling with
a multiplicative factor. The multiplicative constants absorb all UV divergences to
all orders in perturbative QCD and we get UV-finite renormalized Green’s functions.
One of the problems with any renormalization procedure is a systematic treatment
of nested /overlapping divergences in multiloop diagrams. In practice we write down

the Lagrangian with a set of new quantities:

Q/J;f - Zl/Q@Z)},R
a 1/2 qa
A — ZPAn
na N Zl/2na
no (1.16)
g — ZggR

m — L, Mg

§— ZAlR

The subscript R stands for renormalized quantities. By changing the bare quantities
to the renormalized ones we would expect no change in the action S = [dPzL.
The ultimate goal of this procedure, however, is to obtain a priori unrenormalized
so-called bare Green’s functions from the rewritten Loep in a form that all UV
singularities can be reshuffled into the multiplicative renormalization constants Z;.
By this procedure we can make physical predictions of the observables of the theory
such as cross-sections and decay rates. The cancellation of the UV divergences works
at all orders for all Green’s functions by readjusting the multiplicative factors Z at
each order. The proof of this leads to so called Slavnov-Taylor identities [15]. One
can deduce that, with the help of the aforementioned ideas, QCD is a renormalizable
theory. So far it has been proven that renormalization procedure worked in all orders

in perturbative QCD.
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There is a certain amount of arbitrariness in the renormalization procedure.
In order to remove the divergences from the Green’s functions, one has to choose
a subtraction scheme. In this thesis Modified Minimal Subtraction (MS) which
removes the UV pole, plus a fixed finite contribution, which corresponds to the

replacement
1

N —
€

A | =
A=

= (47)  exp(—e7)

where v = 0.5772 ... is the Euler-Mascheroni constant.

The predictions for the observables may vary depending on the chosen value
for the scale p. This variation should not be perceived as an inconsistency in the
theory, but is a due to the truncation of the perturbative series. Nevertheless, the
requirement that the physical observanle is independent of the choice of u leads to
certain restrictions on the renormalized fields and couplings. The renormalization
group equations are differential equations which are generated by requiring that the

physical observables are independent of the scale.

1.5.1 Running Coupling o

From eq, (1.16) the renormalized strong coupling can be written as:

_ 9%

Qo = Zz(/JQ)EOéRa Qg .

g

where 0’ and 'R’ stands for the bare and renormalized coupling. The definition of

the 4-dimensional § — function is:

Jag

m = B(Oés) = —ﬁoag - ﬁlag’ — 5205? — ﬁgag + O(QS)

where o, = a, /41 = g?/1672, g = g(p?).
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The recent analytical four-loop calculation of the QCD S-function in the MS-

scheme is [16]:

17152 448

4204 352
= OOpT2n2 [ 2222 L 220
& AFF"F<243 9 )

C3) + CaCrTpnp (—7 —C:s

7073 656
CA pnp + CACFTFnF ( 213 9 3)
7930 224 1232
#CiTin: (TG + 5576 ) + g CrTin

39143 136 150653 44
3T i Mt 4 (7 7%
+C\Trnp 31 + 3 G| +C;% 186 9C3

1352 704

debedqabed (512 1664 dabed qabed 704 512
Ny 9 3 Ny 9
dgedet (80 704
—_— - 4+ — 1.17
N, g T3 (1.17)
2857 1415 158 44
ﬁz = 5—40 CATFnF CAT}% GCFTI%n%
205
——CFCATFTLF + 20 TFTLF,
34
fr = ?CA - §CATF7”LF —4CFTrnp,
11 4
bo = ?CA — gTFnF (1.18)

where N and N4 are the dimensions of the fundamental and adjoint representations.

The specific values for the SU(N) group are:

1 N2 -1 dabcddabcd N4 _ 6N2 +18
Te == (Cpn= Ci=N FF
Foy YPT ey  TAT N4 96Nz

(1.19)

Ayt N(N®+6) - difdi  N*(N2436) e (g9
NA I , NA Y ’ A ) .

The Riemann Zeta function (, is defined by:
-3 7
= E
k=1
At this point, it is useful to write down some of the numerical values of some Zeta
functions that will be relevant for the following chapters.
2 4

Co = % = 1.64493 (3 =1.20206 (4= g—o —1.08232 (= 1.03693.
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The solution of the [-function with respect to the p gives us the strong coupling

as(p?) d 2
/ da <M_2)
as(p3) B(O‘) Ko

2
gl

a,(p) = ° o\
1+ a,fylog (5—3>

This equation points a significant property of QCD known as "asymptotic freedom”.

with the scale pu.

To first order,

As p increases o decreases. Roughly speaking at shorter and shorter distances, the
coupling decreases in size, so that the theory acts like a free theory. Conversely
at larger and larger distances, the coupling increases, so that at a certain point
the perturbation calculations can no longer be valid. The quarks bind more tightly
together, giving rise to confinement. This is called “infrared slavery”. The measured
values of a4(Q), covering energy scales from () = M, = 1.78 GeV to 209 GeV,
exactly follow the energy dependence predicted by QCD and therefore significantly
test the concept of Asymptotic Freedom. The recent world average value of the

strong coupling at Z-pole is [1]:
a, (M) = 0.1184 = 0.0007.

This value is obtained from 7 decays, the proton structure function F5, hadronic
event shapes and jet production in e™e™ annihilation, jet production in deep inelastic
scattering and from Y decays and heavy quarkonia based on unquenched QCD lattice

calculations. This constitutes a striking test of asymptotic freedom in QCD.
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Figure 1.9: World average of the strong coupling constant o, as a function of the

scale Q. [1]



Chapter 2

Loop Integral Methods

In this chapter we will explain some of the methods to calculate the divergent
integrals which appear when applying the Feynman rules to a process. In any
perturbative QC'D calculation at some point, one has to deal with these types of
integrals which is not a trivial task. There are many methods to evaluate the loop
integrals which can be put into three categories. Pure numerical, pure analytical
and semi-numerical. In our study we will only deal with the analytical methods and
try to demonstrate them as clearly as possible. In order to ease the reasoning we
need a notation to carry out in all steps. We first put the problem in its general
form and then establish general methods for simplifying it.

The generic integral with L-loops and N-propagators raised to arbitrary powers

v; in D dimensions is denoted by:

TP (s {QP) 1 K ks KUY by ] =
/dD’fl /deL (L5 kf's ks R Ry kRS

iwP/2 " ) iwD/? Al AT

where {Q?} represents the external momentum scales present in the problem. In

(2.1)

the case of a scalar integral, the numerator J? ({v;}; {Q?}) is unity. Tensor integrals
have powers of the loop momenta in the numerator, and are much harder to compute

than scalar integrals. The propagators in the loop have the form:

1 1
S 2.2
A (2, &gk + @) — M7 + e 22)

where M; is the mass of the particle associated with propagator ¢, §;; = 0,1, —1 for

j=1...L, and g; is the linear combination of the external momenta.
17



2.1. Feynman Parameterization 18

Loop diagrams are classified according to their topological structure. There are
two types of diagrams. If the diagram doesn’t have crossings between its propagators
it is called planar otherwise it is a non-planar graph. Generally non-planar diagrams
are harder to compute than planar ones. The loop integrals become more difficult to
evaluate for increasing numbers of loops, increasing numbers of propagators, higher
rank tensors and with increasing numbers of external legs and scales.

In the next sections we will give the calculational details to evaluate a certain
type of topology for several methods. In doing so we begin with a simple topology
assuming that all propagators are massless and that all external particles are on

shell.

2.1 Feynman Parameterization

This very popular method was devised by Richard Feynman during the sixties. The
idea is to arrange the denominators of the propagators into a single quadratic form
in the loop-momenta with the help of the §-function.

Explicitly, the identity reads:

v1—1 vn—1

1 D(vy+- 4w, [! N
= . 1—Yz;)——-"-L— 2.
AT AT T T T(vw) /0 doy. o dend(l = Bay) oy —  (23)

and defining A; = (B? — M?), we can insert (2.2) into eq. (2.1) and obtain the

generic integral:

L
[T d°q;
I'(Ny) t z =1 1
Pv 1 {Q*H[1] = v d1—§~/J
J ({V]}v{QJ})[ ] P(Vl)...P(VN) /0 ZL’(;( — l‘]) i7TD/2)L N N
Z ijJQ' - E Ljm;
Jj=1 Jj=1
(2.4)
- N vi—1
where dox = dx; .. .dxy H:L’jJ and N, =+ +uvn).
j=1

N
We expand and reorder the sum ) x;B7 such that
j=1

N L L L
Z B} = Z Z %iAijq; — 2 Z kigi +J (2.5)
j=1 i=1

i=1 j=1
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or equivalently in the matrix form,

N
Z z;B? = q'Aq — 2k'q +J (2.6)

j=1

where:

A — Symmetric matrix of dimension L x L, whose elements are functions of the
Feynman parameters z only: A = A (z).

q = dimension L-vector, whose components are the loop momenta: q°¢ =
g1 -qr).

k = L-vector, whose components are linear combinations of external momenta,
with coefficients that are functions of the Feynman parameters x only, so k =
k (z;p)-

J = Scalar term, which is a linear combination of scalar products of exter-
nal momenta, with coefficients that depend on the Feynman parameters x only,
J=J(z,p).

The precise form of these quantities depend on the topology of the integral. Putting
these definitions into eq. (2.4) we find the parametric representation a general inte-

gral:

Z dPq;

JD:r(yl)F.({\.er)(yN / dzd(1 i / inD/2)L 1

Ny
N
Gt Aq —2ktq+ J — Zla:ij?]
j:

(2.7)
After evaluating the D-dimensional integral we obtain:
1 D
—1)™I(N, — Q N det ANV~ AT
JD = ( ) ( )/dl’ 5 Z [ © ] LD
L(v)..T(vy) s N,-LD

N

[det A (Z 2 M? — J + ktAlk)]
j=1

(2.8)

Only the integrations over the Feynman parameters remain to be evaluated.
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2.1.1 Example: One-Loop Triangle

We can now use (2.8) to evaluate the one-loop triangle with two legs on-shell p? =

p2 = 0 and one leg off-shell p?), # 0,

1

——

Unless stated otherwise we will assume all propagators to be massless throughout

our examples. The loop integral is given by

dPk 1
D 2 1
[3 (V17V27V375 ) = / inD/2 AllnAnggs

Ay = k2 +10,
Ay = (ki +p1)* + 40,
Az = (k1 + p1 + p2)® + 0.
We will frequently use the shorthand notation,
Vijk =1 + V2 + U3, V=1V +v;, el
Applying the Feynman parameterization (2.3) we find,
(v ! : APk 1
B = oot /, 70 2 [ or

where (2 is given by:

(2.9)

(2.10)
(2.11)

(2.12)

(2.13)

Q = (214 @2+ 23) k7 + 2 (22 + 23)p1 + z3pa] by + (22 + 23)p] + 20312+ 23p; (2.14)

Here, L =1 and

A: (ZE1+I‘2+ZL‘3)
k = — (22 + x3)p1 — 23p2

J = (22 + 23)p; + 223p1.p2 + T3p5

(2.15)
(2.16)

(2.17)
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According to eq. (2.8) the scalar integral is given by:

3 vies—D
r —D/2 det A"
R N Kakid Ve e -
L)L (w2)I (vs) = ' [det A (—J + ktAIK)]" 2
(2.18)
evaluating each term in the expression:
det A =21+ 9 + T3
~1 _ 1
A T z1twetas <2'19>
t A1l — L@2+zs)pitasps]®
KA™k = 211<3F:v21+133 :
and
det A (—J + K'ATk) = — (2110 + 2123)p? — 22123p1.p2 — (2123 + T273) P2
= —T1 TP} — T3Py — T173(P1 + P2)’
= —901!762]9% - $29€3P§ - $1$3P:23-
(2.20)
Putting everything together we find:
T (vi95 — D 2) vz
[é) _ (_1)D/2 1/123 / /d 5 j) 2[$1 —+ X9 ‘|‘2l’3] 7
[ 2 [—(z122)pT — (w273)p3 — (2123)p3]
(2.21)
with d @ = = dxidxodrsz]t™ 1:16;2 1x§3 !
In our case, we have
pi=0, p3=0, and (p1+p2)’=p5=su (2.22)

and the ¢ function sets x; + x5 + x3 = 1. Finally we obtain:

F(l/lgg — D/2) /
3 ( ) F(Vl)F(V2)F( d 5 Z x] 1’1I3812 l/123 D/2 ( 3)
0

With the change of variables:

T =X (2.24)
z2=(1=x)p (2.25)

z3 = (1—-x)(1—p), (2.26)
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we find,
Ié)(l/la Vo, Vs 812) _ (_1)D/2 P(V123 - D/Q) (812)D/271/123 (227)
L) (v2)T (vs)
1
X / dx " 1 — x)P et (2.28)
0
1
X / dppD/Qfl/mfl(l o p>D/27V1271. (229)
0
The x and p integrations can be solved with the g-function identity:
' (AT (B)
deat™1(1—z)B 1 = =2~ 2.30
/0 (1= a) (A + B) (2:30)

Finally we have the answer:

/2123 [(v193 — D/2)T(D/2 — 1v42)[(D /2 — 1113)

I3 (11, v, 13, 512) = (=1)7 (512 D(v2)T(v3)T(D — v123)

(2.31)
This is the analytic result for arbitray dimension and arbitrary powers of the prop-
agators. We can also evaluate sub-topologies of triangle such as the bubble integral
for two massless propagators and external momentum ps by pinching one of the

propagators, i.e. setting v; — 0.

2.2 Schwinger Parameterization

The fundamental identity for the Schwinger parameterization is :

I S
e :/dxj z;’ 1exp(—xjAj), (2.32)

J 0

As in the last section A5 = B — M?. Inserting (2.32) into our generic integral (2.1)
we find:

L
o0 H dPq;

b= ; T ex Tim ;ex a . B2
= F(l/l)...F<VN)/ p(Z J )/ i7TD/2)L p<; ]BJ>. (2.33)

0
Using (2.6), we find;

L
o0 1:[1 dDQj

JP = / T exp (Z x; M; — J) /Wexp (—d'Aq+2Kk'q) .
] —
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In an analogous way, after integration over internal momenta we obtain the Schwinger

parameterization of J:

LD o0 N
p_ (== — -2 2 tA—1
JU = T )T O/d:c [det A]”2 exp <Z zym; —J+ kA k) . (2.35)

j=1
2.2.1 Example: One-Loop Triangle

We will evaluate the same example in the last section with Schwinger representation.
The steps from eq. (2.9) to eq. (2.20) are the same for both. If we put our findings
in eq. (2.35) we find:

_1)D/2 00
P = ( - -D/2 _ 5
3 T ()T ()T (3) /0 A7 (x1 + x9 + x3) exp (—z123512) (2.36)

where d 7’ = dxydvydrsa? > Tap

Introducing new variables

T =& (2.37)
Ty = &M (2.38)
x3=(1-& —&)n (2.39)

The next step is the integration over n variable. Performing the Gaussian integral

over 1, we end up with the resulting intermediate expression:

_ (= 1)V123F V123 —D/2 nelen=l] g gyl
Iy = IO / d&y / & Eysrg) i DT (2.40)

Note that the boundaries of the integrals change after the new variables. After some

straightforward manipulations we get the same result in the last section for the one
loop triangle.

D212 [(vi93 — D/2)T(D/2 — v42)[(D/2 — 1113)

I3 (1, v3, v3, 812) = (1) (s512) L'(v2)I(v3)L'(D — v125)

(2.41)

2.3 Mellin-Barnes Technique

Although Mellin-Barnes representation is known quite a long time it was not used

till the work by M.C.Bergere and Y.M.P.Lam in 1974 [17,18]. They realized Mellin
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transforms and Mellin integrals can be used as a tool for Feynman diagrams. Since
then it has become a very popular and powerful method in the calculation of Feyn-
man loop integrals.

The method of Mellin-Barnes relies on a special identity to fully factorize the
sums in the numerator and denominator after the Feynman parameterization is used.
So it’s a two step process. First Feynman parameterization is applied and then we
continue with the Mellin-Barnes prescription.

The basic tool of the Mellin-Barnes method is given by the identity:

1 1 [etie I'(=6I(N
AT AN~ o / deATA; NS ( 5% (](V) ad) (2.42)

—100
The identity is derived by using the transformation formulae whence the method

got its name: Mellin transformations,

#o)= [ dat (243
1 peris
flz) = o /c_ioo dsF(s)x™* (2.44)
By the iteration of the formulae (2.42) we can generalize for many terms in the
denominator.
1 - ~1 - /HOO dé .. -dﬁmflA? . .Ag’”_‘f A N—&——€ma
A+ + AN~ @iyt Emt A~

(2.45)

y D(=&1) . . T(=&m )TN+ &+ + 1)
I'(N)

After the introduction of the Mellin-Barnes identities we are now to use contour
integration to evaluate the integral. The transformed expressions have I' functions
which have poles. This causes difficulty and may result in unfavorable situations.
In order to perform the integrations we need to choose straight lines parallel to
the imaginary axis and close the contour to the right or left whichever we choose.
With the employment of the Cauchy Residue theorem we can evaluate the expres-
sion usually in terms of I' functions. Sometimes it becomes very hard to separate
the overlapping poles. A number of algorithms and codes have been developed to

overcome this issue in a safe way. [19-21]
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e el

Figure 2.1: The separation of the poles for Mellin-Barnes integration

From (2.45), poles produced by I'(- - - + &) are to the left of the contour and the
poles from I'(- - - — ) lie to the right of the contour. The value of ¢ is chosen so that
it separates the poles correctly. One further condition is that though the numbers
may be complex they must satisfy |arg(A;) — arg(As)| < 7.

If we use the Residue theorem on the contour enclosing the poles to the right;

der€) = 2mi 3 Res{7(6) (2:46)

we see that the right-hand side of the equation is equal to the Taylor expansion of

the rearranged form of the left-hand side.

1 1l AN\ T(a+m)
A?(HAQ/A»@‘A_?W%(AT) Tl (247)

The residue of the I' function at n =0,1,2, ...

R%ﬂw@h:n:zkgr@_nnFozR%{ I'(1+4y) }_O:QJW

yy—1)...(y —n)
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2.3.1 Example: One Loop Triangle with Two Off-Shell Legs

We begin our calculation with eq. (2.21):
P(l/lgg — D/Q)
P(Vl)F(VQ)F(I/g)

1
vi23—D
% / 1 _ Z .ZL'] [.Tl —+ i) -+ .T3] V123_D/2’ (249)
/ —(z122)p] — (w223)p3 — (123)p3]

o= (-nP”

vi—1_1o—1

with d7 = doidazodrset oy 2™t We set p2 = 0, and keep p3 and p? off-shell.

Generally one introduces the shorthand:

2 2
Q = wox3p] + T172P5

Peuy by tas=1. (2.50)

Performing the integral over x5 we get:

D _ D/Q F(7/123—2)
[3 ( 1) F(Vg)

1 X1
/ d:cl/ drox? o N1 -z — a:Q)”S’lQD/z”’”S (2.51)
with @ = z9(1 — 21 — 22)p? + T129p3.

The boundaries of the integrals [0, 1],[0, 1 — z1] can be arranged for the later use of

the [-function with the following substitution:

=&
=&(1 &) (2.52)

It can be easily seen that the lower bounds of the both integrals become 0 and the

upper bounds turn to 1 so that:

I/
[é) _ (_1)D/2F( 123 — Vs / dél/ d§2 1 —§1 1/1 1 l/2 1( _£1>u2+u372

x (1—&)» ! [52(1 - 51) (1= &)pt + &&(1—&)p3)

:“”mﬂwym %g/d&/d&@llm"””lu—&wl

x (1= &)PPrmetetv=l [(1— &) (1 = &)p + &1p3)]

D/2—v123

D/271/123

(2.53)
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In the integrand we have;

Ay = & (2.54)

Ay =(1-&)(1—&)pf (2.55)
Keeping in mind the general tool of the Mellin-Barnes method,

1 1 e o D(=O)T
(Al +A2)V123 _ 2_7”/ de%AQ 123—¢& ( g)r(<]<[1)23 +£) (256)

100

eq. (2.53) takes the form.

D(vi93 — 2 too T(vigs — DJ2
[?f) _ (_1)1)/2 (V123 2 ) / dw (V123 / + W) <p1)2<p§)D/27u1237w
F(Vl)F(VQ)P(Vg) —00 P(l/lgg — D/2)
1 1
% / dfl / d§2§1D/2+V1—V123—1—w§2D/2—V123+V2—1(1 N gl)D/27u171+w(1 o 52)u371+w.
0 0
(2.57)
After integrating out & and & we get;
D (1—)P/2 /+oo dwl“(y123 —D/2+ w)F(—w)( 20 (2)D/2- iz
3 2t ) o C(vy)T(v2)(v3) 1A
P(D/Q — V193 + I/Q)P(l/g + w) P(D/Q — + w)T(D/Z — V193 + v — w)
I'(D/2 — v +w) [(D — vi23) '
(2.58)

This is a typical Mellin-Barnes integral.

D — (=1)P72 (p3) P2 15T (D2 — vigs + 1)
3 21 P(Vl)F(VQ)F(I/g)P(D — 1/123)

X /m doT (1 — D24 )0 + W)T(D/2 — v1as - 11 — W) —0) (P_)

— 00

which we close to the right (corresponding to p? < p3. There are two solutions due

to series of poles at w = n and w = n + D /2 — 3 respectively;

19 =19 + I3, (2.60)
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Each of them is evaluated as follows:

D/2 — N+ v)I'(D/2 — vy93 + 1) (1123 — D/2)
LT (1) T(D — v193)

2
Xo I <V123 —D/2,v3;1 + 1193 — D/2 — vy; %)
2

r
15, = (—1)P Pl

and

Iy = (—1)PP? (p})"/2 12t (p3) D (D/2 = vigs + v9)T(Viz3 — v — D/2)0(D/2 — 1)

C(v1)C(v3)T(D — v123)

2
X2F1 <D/2—V2,I/1;1—U123—|—1/1—|—D/2;%) (261)
2

2.4 Negative Dimension Integration Method

The Negative Dimension Integration Method (NDIM) was first developed by Hal-
liday and Ricotta in 1987 with the amazing assertion that the dimension D can
be considered as negative [22]. Their proposition was to perform the loop inte-
gration in a negative number of dimensions and analytically continue to positive
dimensions after evaluating the integrals. Since loop integrals are analytic in the
number of dimension D, this turns out to be a valid method. This method starts
from the Schwinger parameterization of the integral, but thereafter another path is
followed to evaluate the integrals. This method naturally introduces with infinite
sums leading to hypergeometric and other transcendental functions.

Some new concepts such as constraint equations, analytic continuation and pos-
sible kinematic region solutions, come into play during the calculations [23-25]. The
unique feature of this method is that solutions valid in different kinematic regions
can be found simultaneously.

The momentum integral expression that represents any diagram in D = 4 — 2¢
dimensional Minkowski space is:

dPk dPk 1 1
z'D:/,D/lQ._.,D/L2 P (2.62)
i imP/2 (B — M} 4+ i0)»1  (B% — MR +i0)v~

where N is the number of propagators and L is the number of loops. After intro-

ducing Schwinger’s representation, it is possible to solve the momenta integrals in
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terms of Gaussian integrals for which the general case is given by:

o _ ()P /wd?expemexp (-5)
I T Jo QPb/? '

To simplify we have introduced d@ = dx;...dzy vazl x;j ~' where P and Q are

(2.63)

the L-linear and (L + 1)-multilinears introduced in the previous section. The de-
termination of P and Q depends on the topology of the related Feynman diagram.
The mass function M is defined by

N

j=1
The key element of the method comes from the integral < Kronecker delta

function in the D-dimensional the Gaussian integral:

dPk 5 1
/MD/Q exp(ak?) = TR (2.64)

To derive the relevant identity, we make a Taylor series expansion,

LIS Pk ak2
— 5 exp(a Z inD/2

and use the identity,

D 2\n
/ .d k M = 0p+D/2,0- (2.65)

iwP/2 nl
The Taylor series requires that n > 0 and therefore < 0, which is then the origin of
the name of this integration technique. Inserting the delta function into the Taylor

series immediately gives the correct result.

2.4.1 The Algorithm

We begin our description of this method with (2.62). We introduce a Schwinger
parameter x; for each propagator:

1 (—1)
A7~ T(w)

/ da; ! exp (2, 4;) (2.66)
0

so that eq. (2.66) becomes:

D ({wy: {Q2y: {M2Y) = /Dx/g:;q/g .../j:qu\;eXp (zn:xA> (2.67)
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with the shorthand;

/Dx = <H P(‘;) /OOO dxix';i1> : (2.68)

=1

If we expand the exponentials and simplify we have:

= dP dPan 7 (i 4;)"
R T S e I X
n1,...,np=0 i=1
— /D:c > (—nl,---,—nn;{Q?};{Mf})Hi,
n1,...,np=0 i=1

(2.70)

Likewise we expand the exponentials in eq. (2.66) using the Multinomial Theorem:

n
18 Mgyt

for the expressions P, Q, M in the intermediate steps of the calculations.

np-n—-D/2 X m
D ({n}: {Q2): {M2)) / D1 97’ y M) (2.72)

m!
m=0

With the Multinomial theorem in hand we can expand the terms in equation (2.72):

OO q1 4q
q1,.--,gq=0 ¢ qq
e xpl Pn
PrPR= Y S (it )
D1y =0 P’ Pn:
" > —x M?2)™ —x, M?)™n
(M) = Y (=2 M) ( ) (my + -4 my)! (2.73)

my! my,!

Inserting the expansions of the quantities into eq. (2.72) we find:

P (v {Q7y {M7}) =

> on ... oF . aPr (—z ME)™ (—z, M2)mn
/Dx Z v 11 [ 11 [ (pr -+ pa)!
e ooagy iyt mq! my,!
qlye-ey qq=0
mi,...,mn=>0
(2.74)

with the constraints.

i%‘:na ipiz—n—g, zn:mizm. (2.75)
i=1 i=1 ;
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The constraints come into play because of the delta function in the multinomial
expansion and are very important for generating the full solution. There are many
infinite sums and the constraints which will be used together fix the summation
parameters in different ways.

In fact we are only expanding two representations of the same integral I”. There-

fore egs. (2.70) and (2.72) must be equivalent.

S0 12 (s {QL ) [T 5 =
n1,..nn=0 =1 "

L QR Qb P (—z ME)™ —x, M)

P e B '( ! ‘1) A ,) (p1+- +pa) (2.76)
promeo  D---dgt P1i-- P ma: Mn:
ql,...,qq=0

M1 =0

At this stage comparing the terms in the left-hand-side with the right-hand-side we
deduce that the power of x; variables should be negative. There is a further con-
straint obtained by adding the first and the second term in the constraint equations

which will be useful in later steps of the calculation.

g (2.77)

Writing up a general solution is not possible in NDIM method since P’s and Q’s
are process dependent. Nevertheless, we can extract the momentum scale Q? from

each of the Q; and find the coefficient of this term;

@)™ (@D)H(=ME)™ (=M™
Plyespn=0
q1,---,9q=0

mi,...,Mn=0

n q 1
(Hr1+m, 1+pi)> (ZI_IF(H%) (Hzp’“> (278)

i=1
In order to find the solutions, one has to evaluate the sums using the existing
constraints among the indexes of the sums. The number of different ways to evaluate

the loop integral I” is given by combinatorics:

s ik 2.7
T (2.79)

where o is the number of the summations and ¢ is the number of the constraints.

Although the total number of solutions is fixed by the combinatorics of the particular
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system, some of the solution sets will be empty due to the nature of the system. In
the example below we will see how the method works and give an idea of the form
of the solutions. We will also use some properties of the I'-functions to present the

solutions in a nice way.

2.4.2 Example: One-Loop Massless Triangle Diagram

To clarify the concepts of the last section we aim to give an example of this method
with the same loop integral we calculated in previous sections, the one-loop triangle
integral with one off-shell leg and no internal masses.

First we write down the P, Q and M functions of the triangle diagram in its
full generality - three internal masses, M; for ¢ = 1,...,3 and three off-shell legs

pr=Q?fori=1,...,3;

P=x1+x9+ 23
Q = SL’Q.TgQ% + .T3.T1Q§ + .Tll’gQg (280)

M = 1’1M12 + .T2M22 + .§L’3M§
It is very handy to construct a template solution of the diagram:;
[D(Vla Vo, 3, Qi Q§7 qu M127 M227 M??)

The constraint equations of the diagram is evaluated by equating the z;’s in the
left-hand-side and right-hand-side of the expressions with using the Multinomial

theorem:

Qo+ q+p1r+m =—-u
Q1+ g3+ p2+mg = —15
1+ g2 +p3+mg=—U3 (2.81)

P1+pe+p3s+q1+q+aq=——

The generic solution has nine summation variables and four constraints which gives

9!

us (4!5!

) = 126 solutions of which forty-five are empty sets due to the nature of the

system. The difference between the number of summation variables (nine) and the
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number of constraints (four) is five which means five-fold sums. In the literature
there are some special hypergeometric functions describing up to three-fold sums
but none for four-fold or more-fold sums.

In our special case we have three massless propagators and two external particles

=1.

are on-shell. So this reduces the number of solutions to only one ( ﬁé!)

M, =My,=M;=0 Q5 =Q3=0.

Putting this in our template solution, we immediately recover the same result as in

the previous chapters.

[?{)(Vlu Uy, V3; Qi 07 07 07 O) = (_1)D/2<Q%)D/27N

y F(% — v — UQ)F(% — v —u3) (N — %) (2.82)

T () (15)T(D — N)

where N = vy + vy + 3.

2.5 Differential Equations Method

This method was first introduced by A.V. Kotikov [26,27] and succesfully applied
by Gehrmann and Remiddi for the evaluation of double box two-loop master inte-
grals [28-32]. In this approach, we avoid the explicit integration of the loop momenta
by deriving differential equations in the internal propagator masses or in external
momenta for the master integral, and then solve these differential equations with
appropriate boundary conditions. The Integration-By-Parts (IBP) and Lorentz In-
variance (LI) identities allow us to express integrals as a combination of few integrals
which are less complicated than the original integral. These few integrals which are
not reducible further are called master integrals for the related Feynman diagram.
Differential equations method is one of the other methods to evaluate the master
integrals of a given topology.

Since there is no way of having general identities for this method we begin with a

pedagogical example to show how it works. In the case of four point functions with
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one external off-shell leg and no internal masses we have three differential equations.

O (LD,
205 2\ Plopi T Pop T P om
9 1( .0 L0 0
1 _ 2.8
S13, 2(+p1 o P angrpg apg‘) (2.83)
o 1( .0 L0
2 sy 2 ( Pigpr + Pagpr TP g )

The derivatives in the invariants are expressed by the external momenta s;; =

(pi + pj)*.

independent but related to each other under rescaling of the external momenta.

The derivatives on the right hand side of eq. (2.83) are not linearly

Let’s suppose we have an integral Z; , s(s12, S13, S23, D) where t being the number of
different propagators, r sum of powers of all propagators and s sum of powers of all

scalar products, one finds a scaling relation;

[t,r,s(5127 513, 523, D) = )\_a(d’r’s)[t,r,s()\%lz, )\28137 )\2823, d) (2-84)

a(d,r,s) is the mass dimension of the integral. The above equation yields the

rescaling relation;

0
5813

0

2.
8823 ( 85)

[t,r,s(5127 513, 523, d) =0

a
—5 T S12

0
+ s + s
5 D510 13 23
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Let us now consider the diagram we are interested in and apply the method to

the four point function with one off-shell external leg and massless propagators;

6 2

I:dek 1

(2m)4 k2(k—p2)?(k—p2—p3)?(k—p1 —p2—p3)?

3

The derivatives in the external momenta for this diagram are:

uiz = / a7k ! (2.86)
7 819” (27T)D kQ(k - p2)2(k: — P2 — p3)2(k: —P1— P2 — p3)2 .

1
<2P§L(k —P1—P2— ps)u)
(k—p1—p2—p3)2 ’
0 / dPk 1
F— 7T = 2.87
P 8195 (27)1) kQ(k - pz)Q(k — P2 — p3)2(k: —P1— P2 — p3)2 ( )
<2p‘5(k‘ —p1—p2—p3)u , 205k —p2—p3), | 2ph(k— p2)u)

(k — p1 — p2 — p3)? (k —pa — p3)? (k —p2)?
dPk 1
iy 2.88
s opt / (2m)P k2(k — p2)%(k — pa — p3)*(k — p1 — p2 — p3)? (2.88)
<2P§(k‘ — D1 — D2 —DP3)u N 2p5 (k — po _p3)u)
(k — p1 — p2 — p3)? (k —pa — p3)?

When we look at the right hand side terms of the equations we see some of the
propagators are squared and some are pinched (eliminated or reduced in power).
With the help of the IBP relations we can reduce these integrals to simpler ones and
thereby make the differential equations simpler. To get a compact representation
we introduce a shorthand notation for our integral;

dPk 1

(2m)P k2(k — p2)*(k — pa — p3)?(k — p1 — p2 — p3)?

I(V17V27V37V47D) = /

Our scalar integral reads Z(1, 1,1, 1, D). The differential equations are simplified by

using the IBP equations and one obtains;

p‘f—aauf(l, 1,1, 1,D) = —I(l, 1,1, 1, D) —i—I(l, 1,0, 2, D) (2.89)
P1
0
pg‘—a MI(l, 1,1, l,D) = —I(l, 1,1, 1,D) +I(2,0, 1, 1,D) (2.90)
Po

0
pga—p“I(l’ 1,1,1,D)=(D-6)Z(1,1,1,1,D) — 7(1,1,0,2, D) — Z(2,0,1,1, D)
3

(2.91)
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The pinched and squared integrals on the right hand side of the equations can be

further reduced less complicated and simpler integrals are obtained.

D—-3 1
-7/-17170727D = 61717 _76 1717
( ) p2-(p1 + p3) [(pl + p2 + p3)? (1.1, prza) (p1 +p3)? ( pls)}
(2.92)
where B is a bubble type integral.
ATV T T(3 — D/2)I2(D/2 — 1) —2i D4
B(1,1,p%) = ( —p2)%
(1,1,9°) 1672 T(D - 3) DENOEE N
= Ay ro(—p9) T

Inserting the necessary expressions to our set of differential equations in (2.89)-(2.91)

we have;
512%1(1, 1,1,1,D) = ?Z(l, 1,1,1,D)
2(D — 1 1

* 3(12 + 821)):3 LmsB(L 1,p123) - 5_238(1’ 1,p23)]

+ ii?—l—_si) L;B(l, 1, p1a3) — 5%38(1’ 171713)} (2.93)
513%31(1, 1,1,1,D) = ?Z(l, 1,1,1,D)

— 25(1?+_52 _511236(1,1,39123) - }233(1,1,;923)_ (2.94)
3238%31(1, 1,1,1,D) = ?I(l, 1,1,1,D)

- i(li:si) _811236(1,1,19123) - SLBB(Lpr)_ (2.95)

where S193 = S12 + S13 + S23. Equations (2.93)-(2.95) are linear first order inhomo-
geneous equations which can be solved by introducing an integrating factor. We
obtain boundary conditions by setting the invariants to zero. Setting s;; = 0 in the
above equations:

AD-3) 1
D—4 513523

I<17 17 17 17 D)S12=0 = [B<17 17p123) - B(lu 17]713) - B<17 17p23)]

(2.96)

AD-3)1 [ 1 1
T(1,1,1,1, D)y —o = =B 1, pras) — —B(1,1, 2.97
L1 Dby = T LB 1 p) - B 1| 207

A4(D-3) 1 { 1

Z(1,1,1,1,D) gm0 = —

D -6 S12

1
B(l,l,plgg) — —B(l,l,plg):| (298)
5123 513
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In principle the solutions for the differential equations can be obtained from any
of the equations (2.96)-(2.98). We seck a general result with respect to the scale
¢> = 5193 = S12 + S13 + S93 and, by making a change of variables, we find the

differential equation in syo3 reads;

0 D —4
7(1,1,1,1,D) + 7(1,1,1,1,D) = 2.99
05123 ( ) 2(3123 — 513 — 823) ( ) ( )
2(D — 3) { 1 1 }
+ B 17 17 - —B 17 17
(5123 - 323)(5123 — 513 — 523) 5123 ( p123) 523 ( p23)
2(D — 3)

1 1
+ [ B(1,1, p12g) — —B(1, 1,2913)}
5123 513

(5123 - 313)(5123 — 513 — 523)

Eq. (2.99) is first order linear inhomogeneous differential equation of the form;

dy(x)
ozr

+ f(@)y(x) = g(x)

which can be solved with standard techniques by introducing an integrating factor
M(z) = el f(@)de

The general solution of the differential equations of these forms is;

o) = 5y ([ sty +0)

where C is an integrating constant. In eq. (2.104) we have the integrating factor;

D—4
M (s123) = (S13 + Sa3 — S123) 2

Finally the non-trivial solution of the differential equation in the invariants reads;

I(la ]-7 17 ]-7 D){8123,813,823} - 2(D - 3)A2,LO(313 + S93 — 5123)271)/2

S123
, . \D/2-3
X / d$123(s13 + S23 — S123) /

_ D/2-3 . D/2-3 24 _ _
y [( 513) +( S93) B $103 — S13 — So3 )(_5123>§3 (2.100)

513 — 5123 S§23 — 5123 (313 - 3123)(323 — 55123

In order to evaluate the integrals we change the boundaries in the relevant integrals.
For the first two integrals the integration variable is shifted to 103 — s13 — s93 and

for the last one it is shifted to $193($123 — S13 — S23). After performing the integrals
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with he shifted boundaries we obtain hypergeometric functions of the type oF}. The

result for one-loop box integral with massless propagators and one off-shell legs is:

4 D—3 1
I(l,l,l,l,D) (D—4)AQ’L0513323
Do
( 513523 ) Y <D/2—2,D/2—2;D/2—1;8123_813_823)
513 — S123 S$123 — S13

D_
2

Fy (D/Q —2,D/2—-2;D/2—1; S123 — 513 — 523)

5123 — S23

$13 — 523
; (7
523 — 5123

D_o
—5123513523 2 5123(5123 — 513 — 523)
— <( )> o Fy (D/Q—Q,D/Q—Q;D/Z—l; )]

513 — 3123)(823 — 5123 (5123 - 313)(5123 - 523)

(2.101)

where Aj; 10 is a buble type integral.

Since we have encountered some Hypergeometric functions in the results, it’s best
to represent some of them here. More information can be found in the relevant books
[33,34]. The Hypergeometric functions of one variable are sums of Pochhammer

symbols over a single summation parameter m.

e}

(cr,m) ﬁm
o Fi(a, 8,7, @) Z ml

m=0

= (o, m)(B,m)(B,m) z™
sFy(a, 8, 6,7, %, 7) Z_:O %( )(%)() )m,

where Pochhammer symbol (z,n) is defined:

[(z+n)

(z,n) = B



Chapter 3

Integration By Parts

So far we introduced how scalar integrals are evaluated with different methods in di-
mensional regularization. The techniques introduced in the previous chapter handle
the problem in different ways and some of them may not be suitable for the process
to be calculated. Besides analytical evaluations there are also numerical methods
to calculate the integrals. In this thesis we are most concerned with the analytical
approach.

In any typical QCD calculation after applying the Feynman rules, one usually
ends up with a set of very many tensor integrals. The evaluation of these integrals
with the methods outlined before is very hard. We need some other relational
identities between scalar integrals and tensor integrals. Our aim is to find a recursive
method which relates tensor integrals to scalars. The idea is to write down various
equations for integrals of derivatives with respect to loop momenta and use this set
of relations between Feynman integrals to express a general Feynman integral of the
given class in terms of a small number of master integrals. The reduction can be
stopped whenever one arrives at sufficiently simple integrals. One could also try
to solve to reduce a given integral to true irreducible integrals (master integrals)
which cannot be reduced further. This technique was first introduced and applied
by Chetyrkin, K. G. and Tkachov, F. V. in 1981 to calculate Beta functions at four
loops. [35]

Although there are various algorithms which were devised to do the reduction in

the literature [36,37], the Laporta Algorithm [38] has become the standard approach.

39
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We will give the basics of the reduction mechanism and apply it to some Feynman
integrals in the next section. Before that it is good to mention another type of
identities called Lorentz invariance identities (LI) [28]. Lorentz Invariance identities
(LI) complement the IBP identities and sometimes become very useful. In fact it
was proved in a recent paper by R.Lee [39] that the LI identities can be derived
from IBP directly.

3.1 Integration By Parts and Lorentz Invariance

Identities

We begin by exploring a way of expressing the IBP and LI identities for the loop

integrals in a symbolic and general manner. Consider the general scalar m-loop

diagram in D dimensions with n propagators — raised to arbitrary powers v; and

A;
Di, - - ., Py €xternal momenta.
d"k APk, 1
imP/? iz AT Avn
If we differentiate with respect to the loop momenta a* = ki, ... k¥ the surface

terms disappear and we get:

dPk dPk,, O b
/. 1/ S 0, (3.2)
inP/? inP/2 da, AT .. Al

b* can be internal loop momenta or external momenta of the diagram.

=K kR PPl

m

The total derivative of the integrand yields two types of terms:

bt 1
9 v Bar A1,...An A
— (3.3)
oa* Aq, ..., A, b o2 (1) B
Al...AiflAiJﬁl...An dar A;

The terms in A are always zero unless a = b in which case the result is D. The
terms in B are a bit complicated and may result in two types of contribution. The
derivative of the loop momenta in the denominator may either create reducible or

irreducible terms in the numerator. Suppose we have a denominator of the form:

1 1

A (X gk +q)+i0
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Differentiation gives ;

If the scalar products in the numerator can be cast in terms of the propagators A; it
is called reducible otherwise it is irreducible. If one can obtain reducible numerators
after differentiation, there are cancellations in the denominator and the integrals
turn out to be simpler than the parent one. It is a trade off between obtaining
simpler integrals and getting many integrals at the same time. The irreducible
terms can be often be simplified and eliminated by some of the IBP identities and
reduced to reducible forms.

We shall devise a symbolic representation for raising and lowering the powers of

the terms in the denominator by this operation;

Z+Z:I(,I/Z+]_,)

Ziz:I(,VZ—]_,)

The operator i* acts on the ith term in the denominator and raises or lowers the
power by one.

The Lorentz invariance identities [28] are sometimes used to complement the
IBP identities and might be useful in some calculations. As we know the Feynman
integral is a function of the scalar products of the external momenta and it is in-
variant under Lorentz transformations. However in a recent paper by R.Lee [39], it
was proved that these identities can be derived by the IBP identities. Nevertheless
it might be good to mention them here. The Lorentz transformation (rotation) is
of the form:

Aﬂpz ) Auu = Guv + 5€uua € = —CEup-

Here ¢ is a small parameter. The Feynman integral can be transformed as;

R Pk [Pk,
/iWD/Z .. / ,l’ﬂ.D/?f(k:j’pi) = / D2 /WT/zf(k’j,pl) (35)

Expanding the right hand side of eq. (3.5) around § = 0, we get

-1

dPk; APk ],pl ,
/mDﬂ"' mD/2Z bpl =0 (3.6)
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r — 1 being the independent external momenta. The number of the LI identities one
can build is;

N = 2(7“—1) (r—2)

3.1.1 Example: One

We begin with a simple example to make the concepts of the last section more

explicit.

o - _r dPk dP] 1
1= f inD/2 J ixD/2 Aj Ay Az Ay As
where
A1 = k’Q, A2 = (k? +p)2, Ag = (l +p)2, A4 = l2, A5 = (l — ]{?)2

Taking the total derivative of the tensor integral with (k—1[)* in the numerator with

respect to the loop momenta k* we find the idenity

_/de/le (k — ) 0
~ ) PR | xR okr k2 (k + p)22(L + p)2(k — 1)

Expanding the integrand, we find
dPk dPl 2(1+ p) 21 2(k —1)
0= (k—DF | —— =L —— 1 3.8
/mﬂ/z/mwz{ di R s =

> (k+p)2(l +p)2l2(k: —1)?

where we have used the following relations:

d «# 1 d o xz# df (x)
L f@) ~ fan e’ ) due
d
L — g — §h —
dor’ T =D
d 2 d po
dn® = gnd et

= ¢ (g™ 2z + Guo,)

=2z,
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The expressions in the square brackets were simplified according to another relation;
20@+b)-(a+c)=(a+c)+(a+b)?—(b—c)?

After some rearrangements we obtain:

_ [ 4%k fdh o (k=D (k=D K (k4 p)?
0= / / {D 4 L }

in D2 mm (+p2 B 2 (1)

“F2 ket p)2( + p)2l2(/<: — 1) (3.9)

Our original integral takes the reduced form;

B / Pk / dPl 1 . 1
D=4 ) x| wPR Rk +p)2[(+p) PR K2k +p)?( + p)?[P

1
_ (k+p)2(l +p) [1212(k —1)2 kQW +p)222(k — 1)2 } (3.10)

In a diagrammatic form the integral looks like:

The dots on the diagrams represent the squared propagators. Now the integral is

(D—4)T =

decomposed into a sum of four less complicated integrals which can be easily solved

compared to the original one.

3.1.2 Example: Two

Our next example is a rather more complicated three-loop non-planar nine-propagator
integral and it is one of the scalar integrals in our database in this project. We will
only give the output for the integral obtained using the IBP package FIRE [40].
FIRE has been used in our reductions extensively and it took a while for the cal-

culation of this integral (seed). The details of the program and algorithm will be
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explained in the following sections. Since it is a 1 — 2 three-loop topology with two

external legs on-shell, there are 15 IBP equations.

I—f dPj dPk f dPi 1
- oxD/2 oxD/2 onD/2 A1A2A3AL A5 Ag A7 AgAg

where p% = p% =0, (m +p2)2 = S12,

A =7 Ay=j+pi+p As=k
A4:k’+p1 A5:l A6:l+p1+p2 (311)
Ar=j—k Ag=1—7 Ag=j—k+ps

After the reduction the integral reads;

32(D — 3)(2D — 7)(2D — 5)(3D — 10)(3D — 8)(13D — 57)
3(D — 4)5(2D — 9)s3,
128(D — 3)3(2D —7)
 3(D—4)4sd,
64(D — 3)32D — 7)(3D — 14)
 3(D—4)i2D - 9)si, A52
8(D — 3)2(3D — 10)(3D — 8)
T D-aeb-9s,
32(D — 3)%(2D — 7)(3D — 8)(19D — 84)

1 =- A4l

B52

a 3(D — 4)4(2D — 9)s%, A5
A(D — 4)
- (2D —9)st, AT
8(3D —13)(3D — 11)
(D-—DeD—9),
10(D —3)(5D —22) ..,

(D —4)(2D —9)s3,

2(D — 3)
B (D — 4)812 081

The quantities (A41, A51, A52, B51, B52, AT1, A73, A74, C81) represent the master
(irreducible) integrals in our database. They correspond to 4-5-6-7-8 propagator type
integrals and we have many of them in this study. Their topologies and definitions

will be discussed in the next section.
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We have see the reduction of one integral produces many different master inte-
grals. In a typical pQCD process one has to deal with thousands of integrals and

bookkeeping turns out to be very important in these calculations.

3.2 Laporta Algorithm

The seminal paper by S.Laporta [38] introduced a very efficent technique to system-
atically organise the IBP equations and use them to write an integral in terms of
a (small) set of masters. Since then it has become the standard algorithm in the
reduction process of scalar and tensor integrals. It solves the set of equations in
a systematic way. The strategy is similar to pyramid hierarchy which begins from
bottom and goes up to top. Although a detailed explanation of the algorithm is

given in the paper [38], we would like to mention the basic steps here.
The Algorithm

We shall have compact symbolic representations of the numbers related to the
generic Feynman Integral. The input of the algorithm consists of four terms.
[DenSet, MaxDen, MaxNum, SolutionSet].

In the beginning, our solution set in empty {}. We store our previous solutions in
this set as the program goes on calculating different integrals (seeds). DenSet is the
set of denominators which correspond to our propagators in the diagram. It may
have positive and negative values in the entries. MaxDen and MaxNum are defined
as;

My=) (vi—=1) M,= Z(yj) (3.12)

i
where ¢ can only be positive and j can be zero or negative. Let us define N,, as

the number of loops in the diagram and Ny as the number of denominators of the

integral in the denominator set.
e Set V,, = 0 in the beginning
e Let n = N,, + 1 generate all combinations from n to N, and store them set.4

e Select the n denominator topologies from A and store them in set B
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e Seclect the first seed from the set B and let My =0 M, =0

e Generate all combinations in which the sum of the powers of the n denomina-
tors is My 4+ n and the sum of the powers of the numerators is M, and store

them in set C
e take the 1°* member of the set C and generate the IBP equations for that seed

e Solve the system of IBP equations for that seed and store them in the solution

set
e Take the next member and repeat the procedure, union the set
e End the Loop on set C and take the next member of the set B
e End the Loop on B and take the next member of the set A
e Terminate — Solution Set

In perturbative calculations one has to find a way handling lots of integrals to the
required level which we call master (irreducible) integrals. In order to achieve that,
many attempts have been done with using Laporta algorithm. Currently there are
two public codes available in order to do the reduction using the Laporta algorithm -
FIRE and AIR. In this study we chose to use FIRE rather than AIR. This is because
FIRE makes better use of the computer memory. AIR uses less memory, but can
slow down when writing large numbers of small files. The differences will become

clear in the comparison benchmark below.

e AIR (Automated Integral Reduction) [41] was written by Charalampos Anas-
tasiou and Achilleas Lazopoulos in Maple. The details and the usage of the

code can be found in their paper [41].

e FIRE (Feynman Integral REduction) [40] was written in Mathematica [42]
by A.V.Smirnov and became public in July 2008. It has lots of versions and
the most stable one is FIRE3.4.0. Most of our calculations were done with

FIRE3.4.0 and some parts were crosschecked with AIR.



3.3. The FIRE (Feynman Integral REduction) Package 47

3.3 The FIRE (Feynman Integral REduction) Pack-
age

The FIRE code interfaces with two external programs - Flink and Qlink - to speed
up the calculations that are slow in the built-in routines in the Mathematica working
environment.

FLink

FLink tool links the Fermat code for polynomials to FIRE.

QLink

Qlink tool was written in C and links the Database programs to FIRE. Unlike
AIR, FIRE stores all the information in the memory. For heavy calculations the
program may exceed the physical memory of the system. In most situations it
becomes inevitable to use a database. The previous versions of FIRE applied QDMB
database then changed to TokyoCabinet because of the efficiency problems. In the
latest version TokyoCabinet is recommended.

One can work with FIRE in two modes - either pure Laporta or employing
Grobner bases. We preferred to use the pure Laporta mode instead of using Grébner
bases mainly because the Grobner bases are less well defined. More information can
be found in [43] and the algorithm for Grébner bases is described in [37].

In the program FIRE some definitions are generated and applied for solving the
system of equations in an efficient way. The terms; directions, sectors, regions are
used to do the ordering and priority of the integrals are devised. Basically they
aim to shorten the evaluation of the required integrals. The termination of the
over-constrained system is guaranteed by masking some of the IBPs and doing the
necessary substitutions effectively. This is because the set of linear orderings in the
Laporta algorithm is big enough so that only a subset of these is used in practice.

The program first creates the sectors according to the proper expressions of the
system and finds the number of sub-integrals to be evaluated. It scans all the sectors
one by one and in each sector evaluates the sub-sectors from one corner to another.
Everytime a sector finishes it stores the relevant information in the memory and

constantly crosscheck with the ongoing sectors. This crosscheck is vital for the sake
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of termination time and memory or harddrive of the system. To construct a proper

expression for a given integral FIRE:
e checks the integral whether it is zero or not by the boundary conditions
e checks the integral whether it is zero or not by the parity conditions
e looks at the symmetry conditions of the given integral
e looks for manual rules- if there are any - for mappings onto other integrals

Benchmarks

To illustrate the terminating times for the two codes, we consider a simple massless
one-loop box diagram with four legs on-shell. Only the tensor type seeds were given
as inputs to both codes. F'(aq, ag, as, as) where a; < 1 and — ) . max(a;,0) < N for

a given N. The termination time also depends on some other factors such as CPU

N | AIR | FIRE (pure Laporta)
10 o6 8

15| 126 15

20| 331 26

30 | 1375 70

o0 | 14137 336

Table 3.1: Comparison of AIR and FIRE (times given in seconds)

speed and harddrive speed. But as seen from the table FIRE is faster than AIR in
all respects. [40]

Usage Of the Code FIRE It is simpler to explain the instructions of the code
with the help of one of our inputs. It will make the performance of the code easier
to understand. We preferred to use the code in two steps and the output of the first
step becomes the input of the second. We show the generic input for calculating
planar vertex type 1 — 2 diagrams with two legs on-shell at three-loops.

INPUT 1:
@D) Get["FIRE.3.4.0.m"];
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(2)  Get["IBP.m"];

(3) UsingFermat=True;
(4) DirectIBP=False;
(5) Leeldeas=True;

(6) Internal

{1, k2, k3};

{p1, P2};
(8)  Propagators = {k1%, (k1 + p1)?, (kl+pl+p2)?,

N External

k2?2, (k2+p1)?, (k2+p1+p2)?, k32, (k3+p1)?, (k3+pl1+p2)?,

(k1-k2)?, (k2-k3)%, (k3-k1)?};

9 PrepareIBP[];

(10) reps = {p1? —0, p2? —0, pl*p2 — s12/2};

(11) startinglist = {IBP[k1,k1],IBP[k1,ki+p1], IBP[k1,kl+pi+p2],

IBP[k2,k2], IBP[k2, k2+pl], IBP[k2,k2+pl+p2], IBP[k3,k3],

IBP [k3,k3+p1], IBP[k3,k3+pi+p2], IBP[kl,ki-k2],

IBP[k1,k3-k1], IBP[k2,k1-k2], IBP[k2,k2-k3],

IBP[k3,k2-k3], IBP [k3,k3—k1]} /. reps

(12) r=Get["zero"];

(13) RESTRICTIONS = r;

(14) SYMMETRIES = {{4,5,6,1,2,3,7,8,9,10,12,11},

{7,8,9,4,5,6,1,2,3,11,10,12},{1,2,3,7,8,9,4,5,6,12,11,10},

{4,5,6,7,8,9,1,2,3,11,12,10},{7,8,9,1,2,3,4,5,6,12,10,11}

{3,2,1,6,5,4,9,8,7,10,11,12}};

(15) Preparel];

(16) SaveStart["loop3.4"];

(17) Burnl]l;

(18) SaveData["loop3.4"];

(19)  Quit[]
In our first input we prepare the two files-loop3.4.start and loop3.4.data ready for the
second stage. All the mathematica packages should be in the same folder otherwise
you need to locate the files in the code. Let’s explain briefly what the code does in

each line;
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10.

11.

12.

13.

14.

15.

16.

17.

18.

The code reads the main package.
Gets the auxiliary package for composing the Integration By Parts Equations.

The package option whether Fermat code is used or not. We strictly recom-

mend this option.Set to TRUE.

This turns of the Grobner bases off. Set to FALSE for pure Laporta Mode.
It eliminates some of the IBP equations according to R.Lee ideas [37]
Number of loops in the diagram. In our case we have three.

Number of external legs.

The propagators of the diagram.

It initiates of the auxiliary package.

On-shell conditions for the diagram.

All possibilities of differentiation according to the loop momenta. The number

of IBP’'sis Nigp =m X (m+n—1)
The file contains the integrals which are zero-boundary conditions.

The code reads the zeros and skips the unnecessary sectors for the calculation.

This saves a big amount of time during the calculations.

If a diagram contains some certain symmetries it is better to specify them in
order to save time. For the planar case our auxiliary diagram is symmetric

when the loop momenta is shifted.

The code prepares the .start file. It contains the information about all sectors.
Saves the .start file

Main routine of the program.

Saves the .data file
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19. Quit

There are two outputs of this program loop3.4.start and loop3.4.data. The termina-
tion time is less than 3 minutes. These two files contain the necessary information
for the reduction process. Our second input evaluates the integrals.

(1)  INPUT 2:

(2) Get["FIRE.3.4.0.m"];

(3) UsingIBP=True;

(4) UsingFermat=True;

(5) DirectIBP=False;

(6) Leeldeas=True;

&) LoadStart["loop3.4",1];

(8)  Burn[];

(9)  r=Get["int1"]l;

(10) EvaluateAndSave[r,"int1l.Tables"];

1D Quit[]

The steps from 1 to 6 are the same as in the first input file.
7. Loads the .start file.
8. Performs some internal optimizations for speeding up the algorithm.
9. Read the integrals to be evaluated from the file.

10. Main routine to perform the reductions. It calculates and saves the results as

tables.
11. Quit

The evaluation time depends on the number and complexity of the integrals. Step
2 provides a .Tables file as an output. All the reductions and master integrals are
stored in that file.

At this stage one can determine and label the master integrals. The master
integrals appear as G[1,{...}] form. If there is no symmetry in the system some G

integrals may correspond to the same master integral. It is best to try to draw the



3.3. The FIRE (Feynman Integral REduction) Package 52

master integrals and make a global definition of them. If some symmetry conditions
are given, the code succesfully maps the integrals onto the same master integral.
The optimum way of running FIRE is to enter as many as boundary and symmetry
conditions if possible for achieving less termination times. In our case we had the
difficulty of dealing with the tensor integrals with up to 5 powers in the numerator
and there was no symmetry in the diagram.

Another problem is related with the storage capability. If one uses QLink to
avoid the memory problems in the system, we expose a second (hardware) problem.
The efficiency of reading and writing from the hard drive decreases as long as the
calculations continue. To avoid this problem and keep the efficiency at a certain level,
we had to employ a SSD(Solid State Disc) which is essentially almost fast as RAM.
Since the code can perform millions of integrals, one of the possible improvements

in the future is to enable the parallelization of the code.



Chapter 4

Quark and Gluon Form Factors up

to Two Loops

4.1 History and definitions

The form factors are of considerable interest for phenomenology: In fact, they nat-
urally appear as building blocks in the computation of some of the ‘gold-plated’
observables such as Drell-Yan production, Deep Inelastic Scattering and Higgs bo-
son hadroproduction.

The one-loop corrections to the quark form factor Fj, was evaluated by Schwinger
in 1949 [44], and the two-loop calculations became available 20 years ago [45-49].
Progress in determining the gluon form factor Fj (in the large top mass limit) has
been more recent. The one-loop corrections were established in 1990/1991 [50, 51]
and the two-loop corrections were computed in 2000 [49].

In recent years, attention has been focused on evaluating the three-loop form
factor [52-55]. The first calculation of the three-loop form factors was carried out
in refs. [52,53] where only pole parts of Fj, and F, were given.

The purpose of this section is to establish the definitions of the form factors
and test whether our code is working properly or not by re-calculating the one-
loop and two-loop form factors again and comparing our results with those in the

literature [46,56-59].

23
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4.1.1 The quark form factor

The sum of all diagrams contributing to the on-shell quark form factor is given by :

u(p1)Tho(pa) = u(pr) v v(p2) Fo(q?) (4.1)

=T{(v" = q9).

Figure 4.1: Vertex diagram for the process

v —qq

Here u and v are quark and anti-quark spinors, I} is the vertex function and
F,(q*) is the scalar quark form factor. The most general possible structure of the

vertex function looks like:
I = Ay" + B(py + py) + C(py — ph) (4.2)
With the help of the Ward identity
Py = p2, Iy =0
and the Dirac equation of motion we conclude that

B=C=0

F,(¢*) can be extracted using a D-dimensional projection operator such that,

NpN

) = Y g5 by ey 0w T ) (13)

Q=1 pi=p3=0

where D = 4 — 2¢, ¢ = p1 + po , Np is the number of quark flavors, N is the number

of colours and e is the colour charge of the quarks.
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g, K

=T (H — gg).

Figure 4.2: Vertex diagram for the process

H — gg

4.1.2 The gluon form factor

In the limit where the top quark is very heavy, the H-gluon interactions are obtained

from the effective interaction,
H a
Loy = —;Cl(GW)Q. (4.4)

where G, denotes the field strength tensor and v = 246GeV is the vacuum expec-
tation value. The coefficient function C is computed up to a? in [60], with n; = 5,
N, = 3 and m; being the M S top-quark mass renormalized at the scale p.

1 L(gnﬂrl) gnﬂrl) 11 1 2
o - Lo () )y o () L
12 T

(n+1) 2T 2 2
( 2821 1 1
+<a W) LA “—+—1n2:1 +n <—6—7+—1 “)]
t

™

3
. a("’+1)(u) 4004351 1305893 ) 859, 10 431 bt 1 g
as )| _ 89 8l 1
62208 = 13824 D A VY R B T R
115607 110779 641 p* 151, , 12
3)+—1In +-——1In
( 62208 13524 °® 132 2 T w2

6865 I M_Q il 9 u
31104 1728 m? 18 m?
(4.5)
The most general possible structure of the Hgg vertex is:

I = Fy(q°) (Ag" p1.ps + Bpips + Cpiph) (4.6)

where I'” represents the vertex function obtained from Feynman diagrams.
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Using the Ward identity
pl,urgy = p2,urgy = 07

we find that B = C' = —A. By choosing A = 1 and using an appropriate projector

(Guwp1-D2 — D1,uD2,y — P1uP2,) acting on both sides of eq. (4.6),

(gwpl'PZ — DPruP2y — pl,upQ,u)FZV =
(GuvPr-P2 — PruD2w — PruDau) (9" p1-p2 — PIDs — DYD5) FL (¢°)
we can extract the gluon form factor,

Foq?) = ATEY (guupr-P2 — PLuP2y — PruPau)
! (D —2)¢*

. (4.7)
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4.2 General Algorithm for Form Factor Calcula-
tion

In order to evaluate the quark and gluon form factors, all relevant diagrams for the
relevant processes are summed up. For this purpose QGRAF program is employed
[61]. Table 4.3 shows the number of diagrams generated by QGRAF. We have set
the external legs to be free of self energy insertions and the graphs free of tadpoles.

The QGRAF program needs three input files to process the diagrams(data, style

Process | v* — qq | H — gg
1-loop 1 4
2-loop 13 69
3-loop 244 1586

Table 4.1: Number of Feynman diagrams generated by QGRAF

and model files). Examples of the source code for these input files can be found in
the appendix.

The general layout of the form factor calculations is depicted in fig. (4.1). After
the generation of the diagrams, a specifically designed FORM program is employed
to calculate the amplitude of the relevant process [62]. Before passing the QGRAF
output to our FORM code, it has to be prepared in such a way that FORM can
handle and process this file. For this purpose a small code was devised in MAPLE.
The main FORM code performs the sums over colour and spin as well as the Dirac
traces. During the calculation of the Dirac traces the program creates thousands
of integrals which have to be reduced and evaluated. The gluon polarisations are
summed over by ensuring polarisation states are physical (transverse). In this thesis

we applied Feynman gauge for the internal gluons and axial gauge for the external

gluons.
MoV Vool PANTINY
Ze’.‘ei”*:—g“”+np tup _?7]9]92 , Azial  gauge
o np (n-p)
e = — gt , Feynman gauge
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The final result does not depend on the choice of the light-like momentum n*.

All the integrals appearing in the output file are collected and separated accord-
ing to their topological structure and then stored. Integrals which are trivially zero
are identified and eliminated at this stage.

Integrals belonging to a particular topology are then fed into the FIRE package.
In our study we preferred to split the planar and non-planar integrals and run them
separately. Naturally the time for the difficult tensor reductions takes a long cpu
time and memory.

As mentioned earlier several crosschecks were made between the outputs of FIRE
and AIR just to be sure of getting the correct expressions of the integrals.

After running FIRE, the expressions for the integrals are included in our original
FORM program. In between these, the integrals which point the same topology
should be identified and named in order prevent the master integral inflation. As
can be seen in the appendix A.3 for the three-loop form factor, lots of integrals point
the same topology. By doing the necessary simplifications and groupings in FORM
we get the raw result in the form of polynomials in D and ¢? = s;5 multiplying the
master integrals.

All L-loop integrals have an overall factor of,

o <—812 — iO)_LE
2T — el

where n is fixed by dimensional arguments. Unlike Refs. [63-65], there is no (—1)"
factor.

At the final stage the expansion of the integrals in € are inserted and the result
is represented as compactly as possible.

The general layout of the entire process can be depicted in the flowchart diagram

shown in fig. (4.1).
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Reduction

FIRE

Of Loop Integrals

QGRAF

Generation Of Diagrams

MAPLE

Form Input Preparation

MASTER

INTEGRALS
(Literature)

\ A

FORM

Feynman Rules

FORM

Summing Up All Diagrams

RESULTS

Figure 4.3: General layout of the form factor calculations
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4.3 Master Integrals for One and Two-Loop Form

Factors

The master integrals relevant for the one- and two-loop form factors are given in this
section. All the integrals are expanded up to the desired order in €. In the figures,
the dark lines represent the incoming and outgoing momenta of the loop integral.
The incoming momentum is pyo = p; + p2 while the outgoing momenta are taken to
be on-shell and massless, p? = p3 = 0. The actual QGRAF output is different than

these diagrams e.g two external lines come out instead of one at the outer vertex.

Figure 4.4: B21: One-loop master integral with two massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.

1
B2l = | dK 4.8
/ 1]?%(1471 + p1 + p2)? ( )

1
:+;+2+4e—62(+2c3—8)
62
— <+&+4C3—16>

5
12¢2
— <+ 542 + 8 + 6(5 — 32)
1663 24¢2
—e <+ 742 + 5@ — 203+ 16¢3 + 124564)

+ €5p21

where the integral measure is represented as :

dPk; ,
dlCi:/(Zﬂ_)D, 221,2,3
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Figure 4.5: B31: Two-loop master integral with three massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.

1
(k1 + p1+ p2)? (k1 — k2)?k2

B3l = / A dKC (4.9)

1

e
13

8
115€

16

5C3 865
2 B ——
+ € <+ 7 32)

32 65¢; 5971
3 52 4 U TV
+ € <+ 5 + 1 61
39¢2 575 27 39193
e <+ G n ¢! . G )

1 T8 T2 T iss
JACE 3452 252 4325(C;  351C; 249355
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Figure 4.6: B42: Two-loop master integral with four massless propagators. The

incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.

1
B42 = | dKdK 4.10
/ ! Qk%(lﬁ +m +p2)2k§(k2 + p1 + p2)? ( )
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Figure 4.7: C41: Two-loop master integral with four massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.

1
ki (k1 + p1+ p2)* (ky — k2)? (k2 + p1)?
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Figure 4.8: C62: Two-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.

1
(ky + p1+ p2)?(ky — k2)?(ky — kg + p2)2(k2 + p1)?kTES
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4.4 Notation for the Form Factor

We present our results in terms of the expansion coefficients of the bare (unrenor-

malised) form factor,

a - Oég ! —$ o a
Filabs)=1+Y (E) ( /ﬂ”) Fe (4.13)
n=1

where a = q, g.

4.5 Results at one-loop

Written in terms of the one-loop bubble integral, the unrenormalised one-loop form

factors are given by

D2 — 7D+ 16
9 = CprB2l1———MM M —
g r GEY
D3 —16D? 4+ 68D — 88
9 — —C 4 B21
Fi A (D —4)(D —2)

which agree with egs. (8) and (9) of ref. [56] respectively.
Inserting the expansion of the one-loop master integrals and keeping terms

through to O(e?), we find that

Fl=Cp —6% —§+(+C2—8)+6 <+37@+% — 16) + € <+4;§22 +4§2+7g3—32)
+é <+1i10§§ —~ 7%)(3 + 8+ %@’ + %@ - 64)
+et <+9;1§g§ + 475<§ - 74;@’ - 499@? +16C, + 11;@, + %Q" - 128)]
F=Ca —€%+CQ+E<+%—2>+€2 <+4;g§—6>
+é <+ 7%;@’ — G- %C"’ + 14) +é <+9;1§§§ - 499@? +3G + % - 30)]

which agrees with eq. (7) of ref. [52].
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4.6 Results at two-loops

Written in terms of the two-loop master integrals, the unrenormalised two-loop gluon

form factor is given by

(D% — 7D + 16)?
(D —4)?

7D? 983D 565 20 28

8 48 32(2D—7) 93D —-8) (D-—4)
40 10693
(D—47 2% )
B31 ( 27D%  1293D 3955 17 476
512

+D542

Fi=C2

—C41 <+

3 6 " 320eD-7 2D-3 (D-49
456 288 581
(D—47 (D—4p 3
D? —20D* + 104D — 176
8(2D — 7)

—5122C62

+CpCay

cqp (W22 7D 565 12 23
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which, after re-expressing in terms of N and Np agrees with egs. (10) and (11) of
ref. [56].
Inserting the expansion of the two-loop master integrals and keeping terms

through to O(€?), we find that
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which agrees with eq. (3.6) of ref. [53].

Similarly we find that the two-loop expansion of the gluon form factor is given

by
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Chapter 5

Quark and Gluon Form Factors At

Three Loops

In this chapter we extend our study of quark and gluon form factors to three loops.
As in the one and two loop cases, the amplitudes are reduced to a small set of
master integrals by means of algebraic reduction techniques. Since the number of
the diagrams for three loops are significantly more than two loops, one expects and
finds more master integrals.

We therefore need to find a compact and general representation for all three-loop
vertex integrals. To this end we have created (fictitious) general planar and non-
planar auxiliary diagrams. In these diagrams, each of the propagators is labelled by
an integer and carries a specific momentum conserving the momenta throughout.
The auxiliary diagrams help us to represent our Feynman diagrams in the real
process. All possible distributions of momenta in Feynman diagrams with different
sets of propagators, can be obtained by pinching some of the propagators from these

diagrams.

70
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5.1 Auxiliary Planar Diagram

P2 P1
k+p1+p2 l

P2

l+p1+p2

P12 P12

Jtpi+pe

D2 D1

Figure 5.1: The twelve-propagator general planar diagram A with p; and ps incoming

and pis outgoing

The most general planar integral that we can consider is:

D
[ (Vluy27V37V47V57V67V77V87V97V107V117V127812>

1
= | dK{dKyd 1
R o e o
Al == ]{Z% A4 == k% A7 - k§ AIO == (kl - k2)2
Ay = (kv +p1)? Ay = (ks +p1)? Ag = (ks +p1)? A = (kg — k3)?

Az = (ki +p1+p2)® As = (ko +p1+p2)® Ag= (ks +p1+p2)° Aip= (ks — k1)

(k1, ko, k3) corresponds to (7, k,[) in the auxiliary diagram and dC__ is represented
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as before:
dPk;
(2m)P

The integral is symmetric under any of the exchanges,

aK; =

i=1,2,3

kl — k:27
k2 = k37
]{Z3 s ]{Zl, (52)

or equivalently,

{UI,U27V37V10’V12} — {V47V57V67V107y11}7
{V4, Vs, Ve, V10, V11} — {V77 Vg, Vg, V12, V11}7

{vr,v8,v9, 11,12} < {11,103, V10, V12 }. (5.3)
There is a further symmetry when v; > 0 Vi,
ki < —ki1 —p1 — pa, ko < —ka — p1 — p2, ks < —kz — p1 — pa(5.4)
or equivalently,

{v1,v3, V4,6, V7, V9 } < {V3, 11, U, V4, Vo, U7 }. (5.5)

Any planar diagram of the QGRAF output can be mapped into our general planar
auxiliary diagram by suitable momentum shiftings. As an example the propagators
of the 98th diagram of the QGRAF output are:

(—k1, k1 + p1, —k1 + pa, —k1 + k3 + p2, —ks3, —ko). This is a seven propagator planar

diagram and in our notation it is represented as:
(—k’l, k’1+p1, —k’1+p2, —k?1+k3+p2, —k’g, —k?g) — Z?’Lt]_(l, ]_, 1, ]_, 0, O, 0, O, 1, ]_, 0, ]_, 812)

By pinching five propagators from our auxiliary diagram we get the desired diagram.
As mentioned, by doing lots of momentum shiftings for each diagram of QGRAF

output we are able to obtain all planar diagrams.
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k1——ki1—p1

k3——ks—p1—p2
P12 ki + k2 +py _
—ki k1 +p

"k + ks + p2

ki +p1+ p2

P2 p2

Figure 5.2: Mapping of the seven propagator planar diagram

- -

k1 +p1+po

k1—ki1+p1+p2
ka—ko—+p1 b
-

—ky — ks -+ p1 V2

ky — ks

\\1?2 \\Pz

Figure 5.3: Mapping of the seven propagator non-planar diagram
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5.2 Auxiliary Non-Planar Diagrams

However not all the diagrams are planar. Some non-planar diagrams do not fit into
our propagator set. We need two more auxiliary topologies in order to cast all non-

planar diagrams in a compact notation similar to eq. (5.1).

h1

P2

| —k+pi+p

L+ p1+p2

P12

Figure 5.4: The twelve propagator general non-planar diagram B with p; and p,

incoming and p;2 outgoing

The most general non-planar integral B that we can consider is:

D
-[ (VlaVQ)V37V47V57V67V77V87V97V107V117V127$12)

1
= [ s A AT O
A= k?% Ay = k% A; = (k?, + p1 +p2)2 Ay = (kg - k1)2
Ay = (k1 +p1)? As = k3 Ag = (k1 — ko) A= (ki — ke +m)?

Az = (k1 +p1+p2)® Ao = (ks +p1)> Ag= (ko — k3)° Ay = (k1 — kg +p1 + p2)?
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h1

n h1
k+p l

l+p1+p2

P12 P12

Figure 5.5: The twelve propagator general non-planar diagram C with p; and p,

incoming and pi outgoing

The most general non-planar integral C that we can consider is:

D
-[ (VlaVZ)V37V4aV57V67V75V87V97V107V11a1/127812)

1
= [ dK{dKsd 7
R o e o
Ay =k Ar=(ka+p1)> Ar=(ks+p1+p2)® A= (ks — k1)’
Ay = (k1 +p1+p2)* A5 =k; Ag = (k1 — ks)® A = (k1 — ko + p2)?

Ay = k3 Ag = (ks +p1)? Ag = (ky — k3)® Agg = (k3 — k1 — pa)®
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5.3 IBP Identities for Auxiliary Integrals

We know from chapter three, that the number of IBP equations depends on the
number of loops and external independent momenta. For our auxiliary integrals
we have m x (m +mn — 1) = 15 IBP identities. Applying the IBP method to the
planar and non-planar auxiliary diagrams we get the following fifteen identities for
each of them. In order to keep the expressions compact we preferred arranging
them as operators acting on the function. In each IBP identities Z belongs to its
propagator set. As mentioned before not all of these identities are used in the actual
calculation if one sets the option of Lee’s ideas to true. That option reduces the
number of IBP identities and saves time in the calculations. Unlike AIR, FIRE
evaluates the identities in an other module (IBP.m) and prepares the sectors for the
main algorithm. The IBP identities for the non-planar auxiliary diagrams have more
terms than the planar one because of the non-planar structure of the propagator
configuration. In addition of having no symmetry of the non-planar diagrams, the

calculation time needed for the evaluation is quite longer than the planar one.
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5.3.1 IBP Identities for the Planar Auxiliary Diagram A

(D — 21 — Uy — U3 — Vg — V12 + S19133T — 152117

— 133717 — 1010717 — 1512717 + 11074 + y1212+7)1 =0
<D — 1 — 20y — V3 — Vg — Vg — 11727 — 133727

— 11010727 — 1512127 4 110757 + 1/1212+8_)I =0
(D — vy — Uy — 2U3 — g — Vig + Span 1T — 141737

— 152737 — 1010737 — 11512137 + 110767 + 1/1212+9_)I =0
(D — QU4 — Vs — Vg — V1o — V11 + S19066T + 1101071

— 54T — 6747 — 11074 — 1174 £ V1111+7)I =0
<D — vy — 205 — Vg — 9 — V11 + 11010727 — 1,475

— 166757 — 1010757 — v 11757 + V1111+8>I =0
<D — vy — Vs — 25 — o — V11 + S1oadT 4+ 11010737

— 14757 — 155767 — 1010767 — 111767 + V1111+9)I =0
(D —2Up — Vg — Vg — V11 — Vig + S19199T + 11512717

+ 1174 — g 8TTT — 9T T — 11T — V1212+7)I =0
<D — v — 205 — Vg — 1 — V19 + 11212727 + 1311757

— T8 — 19978 — 111787 — y1212+8)1 =0
<D —vp— vy —2ug — vy — Vig + s1a7TH + 1011767

— 7797 — 158797 — 111797 — y1212+9—)1 =0
(D — v — Uy — U3 — 20 — Vg + 111747 + 152757 + 13376

- V11+107 - V22+107 - V33+107 - U1212+107 - V1212+11)I =0
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( — D4 vy +va+uvs+ug+ 200 — 1T — 15278

— 133797 —vp10T11T + 117127 4 1,217127 41337127 + y1010+12)I =0
< — D4 vy +vs+uvs+ 200+ —adTlT —usbt27

— 1661737 4+ 1447107 + 557107 + 1567107 + 1117107 — 1/1111+12_)I =0
<D — Uy — U5 — Vg — Vg — 2011 + 1 4TTT 458

+ 166797 — 1447117 — 1557117 — 1567117 — 110111 + V1010+12_)I =0
< — D+ v +vs+vg+ 20 +1v1g — T4 — 18157

— 19976 — 115127107 + 77117 + 18711 4 1y9T 11 4 V1212+11)I =0
<D —Up — Vg — Vg — U1y — 219 + 7 TT1T 4 158727

+ 199737 4 1117107 — 1777127 — 1587127 — 197127 — V1111+12_>I =0
(5.8)

From the symmetry of the planar auxiliary topology (5.3), we see that these IBP
identities are related. As an example the sixth, fifth and fourth ones can be obtained

from the third, second and first ones by using eq. (5.3).
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5.3.2 IBP Identities for the Non-Planar Auxiliary Diagram
B

(D — 21/1 — Vg — Vg — UVig — V12 + 8121/22+ -+ 812V1111+ + 8121/1212+ - 1/22+1_ - 1/88+1_

- 1/1010+1_ - 1/1111+]__ - 1/1212+1_ + 1/88+3_ + V1111+3_ + V1010+5_
+ V1212+57 + V1211+67 + V1212+67 - V1111+77 - V1212+77

— ;1178 41117107 — V1111+12>I =0
(D — 1 — 20y — Vg — V11 — Vig + S1o 1T — 141727 — 158727 — 110727
— v 11727 — 1512727 158147 4111747 — 158167 + 1512767
+ 8T + 10107 T — 1817107 — 1s8T11 + V88+12_)I =0
( — D+ v+ vy + 140+ 2019 — Spon 1T — 1T — 11767
— 152767 + 14177 — 158797 — 1111797 + 1587107 + 1587117

+ 1117127 + 1527127 4 1107127 + 1/1111+12_)I =0
(D — 23 — Uy — Vg — Vg — y1 — S1a11 11T + 158717 + 131171 — 144737 — 15873~
— 199737 — 111737 + 1975 — 111767 — 1117107 + y1111+12)1 =0
(D — U3 — 2y — Vs — Vg — 1 + 8727 + 1111727 — 15374 — 15874 — 1974~
— 11747 + 18167 + 199767 — 1 8TTT + 158710 — y88+12>z =0
(D +vs+ vy + g+ v+ 2011 + S1av33T — 153717 — 1,44727 + 153767 — 13377
+ 1337107 + 1537117 4 1447117 + 1587117 + 1497117 — 13317127 — 1/99+12_)I =0
(D — Qs — Vg — U7 — Vg — V1o + S1a7 T — s19112127 + 11010171~
+ 1151271 + 159737 — 675 — 1, T — 195

— 11010757 — 1512757 — 12767 4+ 11277 — 1/1212+10)I =0
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(D — Uy — 2 — V7 — Vg — V1o + 11010727 4+ 119512727 + 199747 — 15576
— 1 TT67 — 19976 — 1h6T — 11077 — u1010+12)1 =0

(D — Uy — Vg — 207 — Vg — V1o + 5B + 11010727 + 11512727 4 15974
— 199767 — 11912767 — 1s5TTT — 61T — 11077
+ 19978 — 1997107 — 1,127107 — 99711 — 1/09+12)I =0

(D — U — Uy — 205 — g — V11 + 11178 4152147 — 152767 + 10277

— 1178 — 1401078 — 111178 4+ 1101079 + 14512797 — 11,2710~

— 119127107 — 1527117 — 1127117 + 1/22+12_>I =0
( — D4+ +uvs+ 200+ 1vis — 15T — 1277 + 1011178 — 1819

— 311797 4+ 1417107 + 1527107 + 187107 + 14,12710 + V1111+12_)I =0
( —DH4uvg+uvg+25+vg+uv —133T1T — 4727 — 14767 4147

+ 1338+ 1,478 + 1978 + 11178 — 1447107 — 19710 + u44+12)1 =0
(D — U3 — Uy — Vg — 29—y + 13375 + 14,4767 — 133797

— 1897 — 1479 — 1111797 4+ 187107 + y1111+12—>z =0
( — D+ s+ v+ 2+ 110+ 112 — BT — 15674 — 1 TT4AT 4 1,TT6”

— 1T 8 — 101078 + 15579 + 1679 + 1,79 + 1y101T9

+ 11010797 + 11512797 + 1, 7T107 + 1, TT1I1T —vp12111 — 1/77+12_)I =0
(D — Uy — Uy — Vg — 249 — V1o + 5B 4+ 156727 + 1,727

— U6 T + 1978 — 1557107 — 1, 7TT1I0T — 1997107 — 15127107 — u66+12)1 =0
(5.9)



5.3. IBP Identities for Auxiliary Integrals 81

5.3.3 IBP Identities for the Non-Planar Auxiliary Diagram
C

<D — 20 — Uy — U3 — Ug — V1o + S12V331 4 S19112127 — 152717153717

— 18717 — 10717 — 111727 — 112737 + 15874

+ 11747 4+ 1512747 41310757 — 111787 — 1/1212+8_)I =0
<D — — 2y — U3 — g — Vg — V8Tl — 141727 — 133727

— 11010727 — v 111727 — 1512737 4 15874~

+ 11747 4+ 11512747 41010176 — 15817117 — 1/1212+11_)I =0
<D — v — Uy — 2U3 — Vg — V19 — S1ai 1T 4 19188 — 111727

— 11737 — 152737 — 14010737 — 1512737 + 15,874~

+ 111747 + 1512747 4+ 1401077 — 1587127 — y1111+12—)1 =0
(D — 2y — Vs — Vg — 1y — V1o + 8 1T 41111727 414512737
—g8T4™ — 1974 — 111747 — 112747 + y99+5)1' =0
< —D+uvi+uvs+vyg+ 20 +v9+ 19971 — 14727 — 1927 — 195
+ 199767 — 1997107 + 147117 4+ 187117 + 19711 + 1/1212+11_)I =0
( — D+ vy + s+ vy + 11 + 2019 — S19V88T — S191299T + 129971

— 4T3 — 19973 — 195 + 19T — 159710

— 147127 + 1587127 + 1597127 + V1111+12_)I =0

(D — 2y — Vg — V7 — Vg — V1o + S1o7 T + 11010717

+ 199747 — 1675 — 1T —1y9TET — V1010+5)I =0

<D — Uy — 25 — v — Vg — 19971 4159727 + 11010727 4+ 15974

— 1/55+67 — 1/77+67 — 1/99+67 — 1/1010+67 + V99+87 — V99+11>I =0
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(D — U5 — Ug — 207 — Vg — V10 + S12V5D1 + S12199T

— 199717159737 + 1010737 + 194 — s5TT

V6 7T — 19T T — 101077 + 1,978 — y99+12)I =0
(D — v — 205 — g — V11 — Vig + S1933T 4+ 519119127 — 152717

3371 + 1174 + 15274 + 133747 — 141787 — 11078

vl11T8 — 151278 4+ 191079 — 127117 — V33+12)I =0
( —D4vi+vatuvs g+ 2v0— v 11117 — 012717 4+ 0111727 4 11,1273
— 1757 411757 +0p12757 — 1,276 — v 11767 — 1536+7~

— 1277 411787 41512787 — 148797 — 111797 — 112797

+ 1117107 + 1527107 + 1337107 + 1587107 + 14117107 + u1212+10)I =0
( — D 4 vy + 2U5 + vg + 141 + Vig — S1ov12127 — 1 4T1

+ 1448 4 19978 + v 11787 £ 112787 — 1/99+10_)I =0
(D — Uy — Vs — 2y — V1q — Vig + S12112127 — 311717 — 1512717 414311127

+ 11912737 414475 4 v 11757 412757 — 11767 — 1127 T — 14797
— 18797 — 1111797 — 1151279 + 181710 + 11117107 + y1212+10—)1 =0
(D + U5+ g+ v+ 20 + vy — ST 6Tl + T — 16727

— T3 — bt — 1614 — 1T AT — 1678 — 178 — 11018

+ 55797 + 16797 4 1, TT9 + 1010797 4+ 156711 + y77+12)z =0
(D — Uslg — V7 — Vg — 2019 + 5517 + 156727 41,773

+ 15978 — 1s5T10” — 14561710 — 1, 7T10 — u99+10)z =0
(5.10)
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Since there is no symmetry in the non-planar diagrams we don’t have inter-relations
between IBP identites. In the next section we list all the master integrals necessary
for the evaluation of the quark and gluon form factors. Some of the master integrals
have been known for sometime and the harder ones were calculated recently. [63-65].
We present the master integrals expanded in Laurent series in .

All L-loop integrals have an overall factor of,

Sn (—812 — Z.O)iLE
2T eof

where n is fixed by dimensional arguments. Unlike Refs. [63-65], there is no (—1)"

factor.
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5.4 Master Integrals for Three-Loop Form Fac-

tors

Figure 5.6: B41: Three-loop master integral with four massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.7: B51: Three-loop master integral with five massless propagators. The

incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.8: B52: Three-loop master integral with five massless propagators. The

incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.9: A51: Three-loop master integral with five massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.10: Ab52: Three-loop master integral with five massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.11: B61: Three-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.12: B62: Three-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.13: C61: Three-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.14: A61: Three-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.15: A62: Three-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.16: A63: Three-loop master integral with six massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.17: A71: Three-loop master integral with seven massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.18: A72: Three-loop master integral with seven massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.19: A73: Three-loop master integral with seven massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.20: A74: Three-loop master integral with seven massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.21: A75: Three-loop master integral with seven massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.22: B81: Three-loop master integral with eight massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.23: C81: Three-loop master integral with eight massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.24: A81: Three-loop master integral with eight massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.25: A91: Three-loop master integral with nine massless propagators. The

incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.26: A92: Three-loop master integral with nine massless propagators. The
incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Figure 5.27: A94: Three-loop master integral with nine massless propagators. The

incoming momentum is p1s = p; + p2. Outgoing momenta are taken to be on-shell

and massless, p? = p3 = 0.
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Chapter 6

Results

6.1 Results at three-loops

In this section we give the results for the three loop form factor. At first we present
our results in closed form without expansion of the master integrals in D dimensions.
Then we will provide the final result in 4 — 2¢ dimensions as usual. We present our
results in terms of the expansion coefficients of the bare (unrenormalised) form

factor,
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Inserting the expansion of the three-loop master integrals and keeping terms through

to O(e%), we find that the three-loop coefficients are given by
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where the last term is generated by graphs where the virtual gauge boson does not
couple directly to the final-state quarks. This contribution is denoted by Ngy and
is proportional to the charge weighted sum of the quark flavours. In the case of
purely electromagnetic interactions, we find,

_ quq

NFW e

(6.4)

q
The pole contributions of Fy are given in eq. (3.7) of ref. [53] while the finite parts
of the N2, C4Nr and CrNp contributions are given in eq. (6) of ref. [52]. The

remaining finite contributions are given in egs. (8) and (9) of ref. [66].
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Similarly, the expansion of the gluon form factor at three-loops is given by
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The divergent parts agree with eq. (8) of ref. [52] while the finite contributions agree
with eq. (10) of ref. [66]. The relations between (xgs,xgs) and (agoq., agsy) are as

follows:

55 2 C 83 , _ 43637
Tga = —Qg2q — —= —
92 Ty 37T 516" 544320

1177

92 1
7T6 — EC?% + §C5 - 2—1677' Cg (66)
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B 17 , 2039 , 1285 217 503
Ty = —Qgqp + 27 C3 13907 ~ 517798" Cg C5 -7 25 (6.7)
where xgy is:

213307, ATIT . TGS, 987 2909 5521 8251
T = T o™ Timgead” 2 T a1e " @t ag ¢ gy o (68)



Chapter 7

Conclusions and Outlook

The main purpose of this thesis is the calculation of the quark and gluon form factors
at three loops. It is one of the main ingredients necessary for the calculation of the
standard model Drell-Yan and Higgs production via gluon fusion cross sections at
NNNLO. The Higgs production process is particularly important since gluon fusion
is expected to be the largest of the four Higgs production mechanisms at the LHC.
Because of the very large NLO and NNLO corrections to Higgs gluo-production, the
NNNLO corrections may be necessary for the determination of the Higgs properties
in the experiments at the Large Hadron Collider.

The three-loop form factors represent highly non-trivial calculations, but with the
help of the new techniques and powerful computer supplies they became manageable
and possible.

In the first chapter we gave a brief introduction to the basics of QCD. The
Feynman rules derived from the QCD Lagrangian were given and the concept of
regularization explained. We used Dimensional Regularization (DR) and showed
the steps going from four to D dimensions. The divergences are exposed as poles
in €. In order to absorb the singularities and get an UV-finite Green’s functions
we employed multiplicative renormalization scheme with using Modified Minimal
subtraction. At the end it was shown how the strong interaction coupling «a; runs
with the scale p known as asymptotic freedom.

Loop integrals are introduced with some simple examples in the second chapter.

We introduce some basic methods for evaluating loop integrals which are efficient

136
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Figure 7.1: Standard Model Higgs production at the LHC [2]

and applicable for most of the calculations. As mentioned in chapter two, the Mellin-
Barnes technique turned out to be widely accepted in multi-loop calculations and
there some packages publicly available for this purpose [19-21,67-70]. At one-loop
and beyond one naturally encounters complicated functions such as hypergeometric
functions and Zeta functions and we expect to see these functions frequently in the
future calculations.

The three-loop quark and gluon form factor calculations involve a huge number
of scalar and tensor integrals. In chapter three, the derivation of the integration
by parts (IBP) procedure explained and showed how it works in practice with some
examples. In order to deal with the relatively difficult tensor integrals we employed
the Laporta algorithm in the reduction process. In our calculations we used the
mathematica package FIRE. All the inputs and outputs can be found in the appendix
section for both form factors. The main disadvantage of the code is that it can only
use a single cpu. For difficult tensor integrals the termination time is very long and
one may encounter hardware problems. We hope that for the future applications
the code would be parallelized.

In the fourth chapter, we gave the definitions of the form factors and explained
how to extract them from Feynman diagrams using projection operators. We cal-

culated the one-loop and two-loop form factors again to make sure of that our



Chapter 7. Conclusions and Outlook 138

codes are working properly and cross checked our results with those in the litera-
ture [45-49,56,71].

Our approach for the calculation of the form factors at three-loops was based
on the auxiliary diagrams introduced in chapter five. We found three auxiliary
diagrams, figs. (5.1), (5.4) and (5.5), from which all three-loop integrals can be ex-
tracted out by pinching the relevant propagators. This is the core of our calculation.
By mapping all the integrals onto these auxiliary integrals, we managed to reduce
them to scalar integrals. Explicit expressions for all the master integrals are given
up to the desired order in €. The coefficients of the € terms in the last two master
integrals A92 and A94 are numerically known [66], but not analytically. We expect
that these two unknown coefficients will be evaluated soon.

As we mentioned in the results chapter, werever there is an overlap, our findings
agree with the previous works. The pole and finite parts of the three-loop quark
and gluon form factors concide with those in refs. [52-55,63-66].

The results presented in this thesis are only a small contribution to the great
efforts by the particle physics community in studying the fundamental constituents
of nature. We think that our result is an important bulding block for some physical
applications. Among them are the hadronic cross section in ete™ collisions, lepton
pair production via the Drell-Yan mechanism and Higgs boson gluon-production in
hadron colliders. The three loop gluon form factor is an ingredient to the NNNLO
Higgs cross section at the LHC and may be important for hunting for the Higgs
boson.

We finish this thesis by listing the matrix elements that would be needed for
computing the Higgs boson production via gluon fusion at this high accuracy. The
theoretical uncertanities at NNNLO level will be smaller than the existing NNLO
estimates thereby enabling improved descriptions of the high energy phenomena
[72-76]. At this order, one encounters the three-loop Hgg, the two-loop Hggg, the-
one loop Hgggg and the tree-level Hggggg amplitudes sketched in Fig. (7.2). All
the other contributions at this order can be found in various papers [71,75, 77-87]

and references therein.
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Figure 7.2: Amplitudes that contribute to the NNNLO conributions to Higgs boson

production via gluon fusion.



Appendix A

Trace and Color Structure of QCD
Scattering Amplitudes

A.1 Dirac Algebra in Dimension D

The definition of v in D dimension is:

Y05 Yuts - -+ VuD (A.1.1)
7% is Hermitian, 4*,i > 0 anti-Hermitian : (A.1.2)
AT = A0 HA 0 (A.1.3)

The algebra is defined through the usual anti-commutation relations;

{7} =291 (A.14)

gl = D and therefore 7/} = Di. (A.1.5)

Using the relations above, one can derive some useful identities:

Vet = (2 = D)ya (A.1.6)
V%2787 = (D = 4)7a75 + 49as (A.L7)
VY875 = =27578%a — (D = 47787 (A-18)
V' 0agtu = (D — 4)0ap (A.1.9)
Yooy = 1D —1)7, (A.1.10)
0¥ = i(1 — D)7, (A.1.11)
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where we have in the usual way:
o =5 0]
VYo = G — 10w (A.1.12)
The trace over an odd number of 5 matrices vanishes:
tryt =0 (A.1.13)
troyty” = 4g” (A.1.14)
trytyy oy = 4(g" g™ — "9 + 9" ") (A.1.15)
The definition of v5 in 4-dimension is:
V5 = ifyofylnyfy?’ = _%Ewgo,yu,yv,yg,ya (A.1.16)
whereas the €,,,,, tensor is:
.
1,  even permutation of (0123)
€uos = § —1, odd permutation of (0123) (A.1.17)
\O, otherwise
From this one gets the following commutation relations:
V5,7 =0: p=0,1,2,3 (A.1.18)

In D # 4 dimensions, the definition of 75 is more complicated, but in this thesis we

didn’t need to use it.

A.2 Colour Interactions

The gauge transformations of QCD satisfy the SU(N) Lie group properties. The

SU(N) group consists of determinant one acting on a complex N dimensional vector

space. The number of generators of the group is determined by the free parameters

of a N x N dimensional space. Since the determinant of the group is one, the number

of the free parameters is given by N? — 1. The generators of a SU(N) Lie group

obey the following identity:
[Ta’ Tb] — ifabcTc

(A.2.19)
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fo¢ is the structure constant. The combination of the commutators in such a way

that it gives zero is called Jacobi Identity:
(7, [T°, T°]] + [T°, [T, T°]] + [T°, [T*, T"]] =0 (A.2.20)
and using equation A2.19, A2.20 can be written in the form:
fode pbed | ghde pead 4 pede pabd _ () (A.2.21)

There are two representations of the Lie algebra for the SU(N). In the fundamental
representation the generators are denoted by T}; where a is a colour index and runs
from 1to N2—1, and i, j are the group indices run from 1 to N. Pauli and Gell-mann

matrices are the examples of this representation. It has the following properties:
tr[T =T =0 (A.2.22)

(1) =18 (A.2.23)

In the adjoint representation the generators are denoted by F%¢ where a, b, ¢ are all

colour indices and run from 1 to N2 — 1. They are defined as:
Fabe — j fabe (A.2.24)
The conversion from the adjoint to the fundamental representation is:
fore = —2itr {[T*,T"] T} (A.2.25)
The generators are normalized using the following identities,
tr[T°T%) = %5“” (A.2.26)
tr[F*F) = N§% (A.2.27)

where we have dropped any indices which are summed over. The products of two

generators in the fundamental representation is called the Fierz Identity,

a1 1
If each generator has only one free index, is known as Casimir operators,
NZ -1
T5Ti = —5 ik (A.2.29)

and in the adjoint representation,

Frocd phed — N gab (A.2.30)



A.3. FIRE Input Codes for Auxiliary Integrals 143

A.3 FIRE Input Codes for Auxiliary Integrals

In this section we list the input files for the planar fig. (5.1) and non-planar figs.
(5.4-5.5) auxiliary diagrams. As mentioned in Chapter three, we run FIRE in three
steps. First input prepares the .start and .data files for the actual run of the program.
Second input is the main code for the evaluation of the master integrals. In the third

input we substitute and name of the master integrals that can be processed by our

FORM code.

A.3.1 Planar Diagram A

INPUT 1:

(1)  Get["FIRE 3.4.0.m"];
(2)  Get["IBP.m"];

(3)  UsingFermat=True;
(4) DirectIBP=False;

(5) Leeldeas=True;

(6) Internal = {k1, k2, k3};
{pt, p2};

(8)  Propagators = {k1%, (k1 + p1)?, (kil+pil+p2)?,

N External

k2?2, (k2+p1)?, (k2+p1+p2)?, k32, (k3+p1)?, (k3+pl+p2)?,
(k1-k2)?, (k2-k3)%, (k3-k1)?};

(9) PrepareIBP[];

(10) reps = {p1? —0, p2? —0, pl*p2 — s12/2};

(11) startinglist = {IBP[k1,k1],IBP[k1,ki+p1], IBP[ki1,kl+pl+p2],
IBP[k2,k2], IBP[k2, k2+p1], IBP[k2,k2+pl+p2], IBP[k3,k3],
IBP[k3,k3+p1], IBP[k3,k3+pi+p2], IBP[k1,k1-k2],
IBP[k1,k3-k1], IBP[k2,k1-k2], IBP[k2,k2-k3],
IBP[k3,k2-k3], IBP[k3,k3-k1]} /. reps

(12) r=Get["zero"];

(13) RESTRICTIONS = r;

(14) SYMMETRIES ={
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{7,8,9,4,5,6,1,2,3,11,10,12},{1,2,3,7,8,9,4,5,6,12,11,10},
{4,5,6,7,8,9,1,2,3,11,12,10},{7,8,9,1,2,3,4,5,6,12,10,11},
{3,2,1,6,5,4,9,8,7,10,11,12},{4,5,6,1,2,3,7,8,9,10,12,11}};

(15) Preparel];

(16) SaveStart["loop3inti"];
(17) Burnl[];

(18) SaveData["loop3intl.data"];
(19)  Quit[]

INPUT 2:

(1) Get ["FIRE_3.4.0.m"];

(2) UsingIBP=True;

(3)  UsingFermat=True;

(4) DirectIBP=False;

(5) Leeldeas=True;

(6) LoadStart["loop3intl",1];
(7)  Burn[];

(8)  r=Get["int1"];

(9) EvaluateAndSave[r,"int1l.Tables"];
(10)  Quit[]

INPUT 3:

@D) Get["FIRE_.3.4.0.m"];

(2) UsingIBP=True;

(3) UsingFermat=True;

(4) DirectIBP=False;

(5) Leeldeas=True;

(6) LoadStart["loop3intl",1];

(7

Burnl[];
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(8)

(9)

(10)
(11)
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,
G[1,

r=Get["int1"];

LoadTables["int1.Tables"];
st=OpenWrite["intl-r",PageWidth—Infinity];
Do[Write[st,Id,r[[i,2]],"=",F[1,r[[i,2]111/.{

{0, 0, 0, 0,

{0, 0, 1, 0, 1, 0,
{0, 0, 1, 0, 1, 0,
{0, 0, 1, 1, 0, 0,
{0, 0, 0, 1, 0, 1,
{0, 1, 0, 1, 0, 1,
{1, 0, 1, 0, 1, 0,

{0,

{1,
{0,
{1,

0
0

{0, 0, 1, 1,
0
0
0

{O, 1, 1, 1’ O: 1’

1, O,

0,

- - -

-

-

-

O O O O o o o o

1, O,

—

-
[ENY

-

- - -

-

- - -

o
O O O O O O o o o

-

—

-
[ERY

-

s—s12,d—D},";"]1,{i,1,Length[r]}];

(12)

A.3.2 Non-Planar Diagram B

Quit[]

Get["FIRE 3.4.0.m"];

UsingFermat=True;

=False;

True;

INPUT 1:

(D

() Get["IBP.m"];
(3)

(4) DirectIBP

(56) LeeIdeas=

(6) Internal

7 External

(8)

{1, k2, k3};

{p1, p2};

0, 1, 1, 0, 0, 1, 0, 1}]1—A41,

1}1—A52,
1}1—A462,
111 —B52,
1}1—A51,
1}1—A63,
111 —A61,
1}]1—B51,
1}1—A73,
1}1—C61,
1}1—B62,
0}1—B61,
1}1—A91,

Propagators = {k1%, (k1 + pl + p2)?, k22,
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(x2+p1)2, k3%, (k3+p1)?, (k3+p1+p2)?,

(k1-k2)%, (k2-k3)%, (k3-k1)?

(k1-k2+p2)? , (k3-k1-p2)?};

(9 PrepareIBP[];

(10) reps = {p1? —0, p2? —0, pl*p2 — s12/2};

(11) startinglist = {IBP[k1,k1],IBP[k1,k1+p1+p2], IBP[k1,k3-ki-p2],
IBP[k2,k2], IBP[k2,k2+pl1], IBP[k2,k1-k2+p2], IBP[k3,k3],
IBP [k3,k3+p1], IBP[k3,k3+pi+p2], IBP[kl,ki-k2],
IBP[k1,k3-k1], IBP[k2,k1-k2], IBP[k2,k2-k3],
IBP[k3,k2-k3], IBP[k3,k3-k1]} /. reps

(12) r=Get["zero"];

(13) RESTRICTIONS = r;

(14) SYMMETRIES ={}

(15) Preparel];

(16) SaveStart["loop3int2"];

(17) Burnl[];

(18) SaveData["loop3int2.data"];

(19)  Quit[]

INPUT 2:

@D) Get["FIRE.3.4.0.m"];

(2) UsingIBP=True;

(3)  UsingFermat=True;

4) DirectIBP=False;

(5) Leeldeas=True;

(6) LoadStart["loop3int2",1];

(7)  Burn[];

(8)  r=Get["int2"];

(9) EvaluateAndSave[r,"int2.Tables"];

(10) Quit[]



A.3. FIRE Input Codes for Auxiliary Integrals

147

INPUT 3:

@D) Get["FIRE.3.4.0.m"];

(2) UsingIBP=True;

(3) UsingFermat=True;

4) DirectIBP=False;

(5) Leeldeas=True;

(6) LoadStart["loop3int2",1];

€0 Burn[];

(8)  r=Get["int2"];

(9) LoadTables["int2.Tables"];

(10) st=0OpenWrite["int2-r",PageWidth—Infinity];
(11)  Dol[wWritel[st,Id,r[[i,2]],"=",F[1,r[[i,2]1]1]/.{

G[1,{0, 0, 0, 1,
G[1,{0, 0, 1, 0
G[1,{0, 0, 1, 0
G[1,{0, 1, 0, 0,
al1,{o0, 1, 1, 0

0

G[1,{1, 0, 0, 0,
¢l1,{1, 0, 0, 1,
¢l1,{0, 0, 0, 1,
G[1,{0, 0, 1, 0,
¢l1,{0, 1, 0, 0,
¢l1,{1, 1, 0, 0,
Gl1,{1, 1, 0, 0,
Gl1,{1, 1, 0, 1,

Gr1,{1, 1, 1,
Gl1,{0, 1, 0
¢1,{0, 1, 0, 1,
Gl1,{o, 1, 1, 0,

1,

[ERY
-

1,
0,
0,
0,
0

b

=
-

0}1—A41,
0}1—A41,
1}1—A41,
0}1—A41,
0}1—A41,
0}1—A41,
1}1—A41,
0}]1—A51,
0}1—A51,
0}]1—A51,
0}]1—A51,
0}1—A51,
0}1—A51,
1}1—A51,
0}]1—A52,
0}1—A52,
1}1—A52,
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G¢ft,{0, 1, 1, 0, 0, 1, 0, 1, 0, 1, O, 0}]—A52,
G[1,{t, 0, 0, 0, O, 1, 0, 1, 1, O, 0, 1}]—A52,
G[1,{t, 0, 0, 1, 0, 0, 0, 0, 1, 1, 1, 0}]1—A52,
Gf1,{t, 0, 0, 1, 1, 0, 0, O, O, O, 1, 1}]1—A52,
G[1,{t, 0, 1, 0, 0, 0, 1, O, 0, 1, 1, 0}]—A52,
Gft,{o, 1, 0, 1, 1, 0, 0, 0, 1, 1, 0, 0}]—A52,
G¢ft,{o, 1, 1, 0, 0, 1, 0, 1, 1, O, O, 0}]1—A52,
G[1,{0, 1, 1, 0, 1, 0, 0, 0, O, 1, 1, 0}]1—A52,
Gft,{o, 1, 1, 0, 1, 0, 0, 1, 0, 0, 0, 1}]1—A52,
G[t,{1, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 0}]—A52,
G[1,{t, 0, 0, 1, 1, 0, 0, 0, 1, O, 1, 0}]1—A52,
G[1,{t, 0, 1, 0, O, 1, 0, O, 1, O, 0, 1}]—A52,
Gft,{o, 1, 1, 0, 1, 0, 0, 1, 0, 1, 0, 0}]—B52,
G¢f1,{t, 0, 0, 1, 0, 0, 1, 0, 0, 1, 1, 0}]1—B52,
G¢ft,{o, 1, 1, 0, 1, 0, 1, 1, 0, O, O, 0}]—B51,
Gf1,{t, 0, 0, 1, 1, 0, 1, O, 0, O, 1, 0}]—B51,
G[1,{0, 0, 0, 1, 1, 0, 1, 0, 1, 1, 1, 0}]1—A63,
G¢ft,{o, 1, 0, 1, 1, 0, 1, 1, 1, 0, O, 0}]1—A63,
G[1,{t, 1, 0, 0, 0, 1, 0, O, 1, 1, 1, 0}]—A63,
Gf1,{t, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 1}]1—A63,
G[1,{t, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 0}]1—A63,
G[1,{0, 1, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0}]1—A62,
Gft,{o, 1, 0, 1, 1, 0, 0, 1, 1, 1, 0, 0}]1—A62,
Gft,{0, 1, 1, 0, 0, 1, 0, 1, 1, 0, 0, 1}1—A62,
G¢ft,{o, 1, 1, 0, 0, 1, 0, 1, 1, 1, 0, 0}]1—A62,
G¢f1,{0, 1, 1, 0, 1, 0, 0, 0, 1, 1, 1, 0}]1—A62,
Gf1,{0o, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1}]1—A62,
G[1,{t, 0, 0, 1, 1, 0, 0, 0, 1, 0, 1, 1}]1—A62,
G[1,{t, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0}]1—A62,
G[1,{t, 0, 1, 0, O, 1, 0, 1, 1, 0, 0, 1}]1—A62,
G¢f1,{t, 1, 0, 1, 1, 0, 0, 0, 1, O, O, 1}]1—A63,
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¢l1,{1, 1, 1, 0, 0,

H
N
L
-
-
L

0}1—A63,

Gft,{t, 1, 0, 1, 1, 0, 1, 1, 0, 0, 0, 0}]—C61,
G¢f1,{¢, 1, 1, 0, 1, 0, 1, 0, 0, O, 1, 0}]—C61,
Gf1,{t, 1, 1, 0, 1, 0, 0, O, O, O, 1, 1}]1—A61,
Gft,{o, 1, 1, 0, 1, 0, 1, 1, 0, 1, 1, 0}]—A73,
G[1,{t, 0, 0, 1, 1, 0, 1, 1, 0, 1, 1, 0}]—A73,
Gft,{o, 1, 1, 1, 1, 0, 1, 1, 0, 1, O, 0}]1—A73,
Gf1,{¢, 0, 1, 1, 1, 0, 1, 0, 0, 1, 1, 0}]1—A73,
G[1,{0, 0, 1, 1, 1, 0, 1, 1, 0, 1, 1, 0}]—A74,
Gft,{0, 1, 1, 0, 1, 1, 0, 1, 0, 1, 0, 1}1—AT71,
Gft,{0, 1, 1, 1, 1, 0, 0, 1, 0, 1, 1, 0}1—AT71,
G[1,{t, 0, 1, 1, 0, 0, 1, 1, 0, 1, 1, 0}]—AT1,
G[1,{t, 1, 0, 0, 1, 1, 0, 0, 1, 1, 1, 0}]—A72,
G¢ft,{1, 1, 0, 0, 1, 1, 0, 1, 1, 0, 0, 1}1—A72,
G[1,{t, 1, 0, 0, 1, 1, 0, 1, 1, 0, 1, 0}]1—A74,
Gft,{¢, 1, 0, 1, 1, 0, 0, 0, 1, 1, 0, 1}]1—AT72,
Gf1,{t, 1, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0}]1—A75,
Gf1,{t, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 1}]1—A72,
Gft,{t, 1, 1, 0, 0, 1, 0, 1, 1, 0, 0, 1}]—A75,
Grt,{¢, 1, 1, 1, 0, 0, 0, 0, 1, 1, 0, 1}]1—A74,
Gf1,{¢, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 0}]1—A72,

Gf1,{o, 1, 0, 1, 1, 0, 1, 1, 1, 1, 1, O}]—A81,

¢l1,{1, 1, 1, 1, 1, 0, 1, 1, 0, 0, 1, 0}]1—C81,
Gr1,{1, 1, 1, 1, 1, , 1, 1, 1, 11194,
Gl1,{o, o, 1,
¢l1,{o0, 1, 1,

0 , 1,1, 1, 0}1—A52,
0
G[1,{0, 1, 1, O,
0
0
0

, 1, 0, 1, 0}1—A52,
, 1, 1, 1, 0}1—A62,
G[1,{0, 1, 1,
G[1,{0, 1, 1,
G[1,{o0, 1, 1,

, 1,1, 1, 0, 0, 0}]—B52,
, 1,0, 1, 1, 1, 0}]1—A75,
, 1,1, 1, 0, 1, 0}]—A73,
G¢ft,{t, 0, 0, 1, 0, 1, 0, 0, O, O, 1, 1}]1—B52,



A.3. FIRE Input Codes for Auxiliary Integrals 150

G[1,{t, 0, 0, 1, 0, 1, 0, 0, O, 1, 1, 0}]1—A52,
G[1,{t, 0, 0, 1, 0, 1, 0, 0, 1, 1, 1, 0}]1—A62,
Gf1,{t, 0, 0, 1, 1, 1, 0, 0, O, 1, 1, 1}]1—AT71,
s—s12,d—D}, " ;"]1,{i,1,Length[r]}]

(12)  Quit(]

A.3.3 Non-Planar Diagram C

INPUT 1:

@D) Get["FIRE.3.4.0.m"];
) Get["IBP.m"];
(3)  UsingFermat=True;
(4) DirectIBP=False;

(5) Leeldeas=True;

(6) Internal = {k1, k2, k3};
{p1, p2};

(8)  Propagators = {k1%, (k1 + p1)?, (k1 + p1l +p2) 2,

@) External

k22, k32, (k3+p1)?, (k3+p1+p2)?,

(k1-k2)%, (k2-k3)2, (k3-k1)2

(k1-k2+p1)? , (k1-k2+p1+p2)?};

(9) PrepareIBP[];

(10) reps = {p1? —0, p2? —0, pl*p2 — s12/2};

(11) startinglist = {IBP[k1,k1],IBP[k1,ki+p1], IBP[ki1,kl+pl+p2],
IBP[k2,k2], IBP[k2,k1-k2+p1], IBP[k2,k1-k2+p1+p2], IBP[k3,k3],
IBP[k3,k3+p1], IBP[k3,k3+pl+p2], IBP[k1,k1-k2],

IBP[k1,k3-k1], IBP[k2,k1-k2], IBP[k2,k2-k3],

IBP[k3,k2-k3], IBP[k3,k3-k1]} /. reps

(12) r=Get["zero"];

(13) RESTRICTIONS = r;

(14) SYMMETRIES ={}

(15) Preparel];
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(16) SaveStart["loop3int8"];

(17) Burnl[];

(18) SaveData["loop3int8.data"];

(19)  Quit[]

INPUT 2:

@¢D) Get["FIRE_.3.4.0.m"];

(2) UsingIBP=True;

(3)  UsingFermat=True;

(4) DirectIBP=False;

(5) Leeldeas=True;

(6) LoadStart["loop3int8",1];

(7)  Burn[];

(8) r=Get["int8"];

(9) EvaluateAndSave[r,"int8.Tables"];
(10)  Quit[]

INPUT 3:

@D) Get["FIRE_ 3.4.0.m"];

(2) UsingIBP=True;

(3) UsingFermat=True;

4) DirectIBP=False;

(5) Leeldeas=True;

(6) LoadStart["loop3int8",1];

(7)  Burnl];

(8) r=Get["int8"];

(9) LoadTables["int8.Tables"];

(10) st=0OpenWrite["int8-r",PageWidth—Infinity];
(11)  Do[Write[st,Id,r[[i,2]],"=",F[1,r[[i,2]1]1]/.{
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al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{1,
al1,{1,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{1,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,
al1,{o,

- - - - - - -

-

- - - - - - -

-

O O O O O O O O O O O o o o o o o o

[ERY
-

3

0}]1—A41,
1}1—A41,
1}1—A41,
0}1—A41,
0}1—A41,
0}1—A41,
1}1—B51,
1}1—B51,
1}]1—B51,
0}]1—B51,
1}1—B51,
1}]1—B51,
1}1—B52,
1}1—B52,
0}]1—B52,
0}1—B52,
1}1—B52,
0}]1—A52,
1}1—A52,
0}1—A52,
0}]1—A52,
0}]1—A52,
1}1—AS51,
0}]1—A51,
1}1—A51,
0}1—A51,
0}1—A51,
1}1—A52,
0}]1—A52,
0}1—A52,
0}]1—A52,
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al1,{o, 1, 0,
¢[1,{0, 0, O,
¢l1,{0, 0, 1,
¢l1,{0, 0, 1,
al1,{o, o0, 1,
al1,{o, o0, 1,
¢l1,{0, 0, 1,
al1,{o, 1, 0,

al1,{o0, 1,
al1,{o0, 1,
Gl1,{1, O
G[1,{0, 0, O,
G[1,{0, 0

0
¢[1,{0, 1, 0,
0
0

Gl1,{o0, 1, 1,

al1,{o, o, 1,
¢l1,{0, 0, 1,
¢l1,{0, 0, 1,
al1,{o, o0, 1,
al1,{o, o, 1,
¢l1,{0, 0, 1,

Gl1,{o0, 1, 1,
G[1’{02 1, 1’

¢l1,{0, 1, 1,
¢l1,{0, 0, 1,
¢l1,{0, 1, O,
¢l1,{0, 1, 1, 1,

s—s12,d—D},";"]1,{i,1,Length[r]}];

(12)

Quit[]

3

(I
-

0}]1—A52,
111862,
1}1-B62,
0}]1—A62,
111462,
0}]1—A62,
0}]1—A62,
0}]1—A62,
0}]1—A62,
0}]—A63,
0}]—A63,
111861,
11173,
1}1—AT73,
0}]1—AT73,
111473,
0}]1—AT73,
0}]1—AT73,
11173,
1}1—A75,
0}]1—A75,
0}1—AT72,
0}]1—A74,
0}1—AT1,
1}1—B81,
0}]1—As1,
0}]1—A92,
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A.4 QGRAF Input Output Files

In this section we present the input and output files of the processes which were

evaluated in the thesis.

Higgs-Gluon-Gluon .dat Input:
output= ’test-hgg’ ;

style= ’array.sty’ ;

model= ’hgg’;

in= higgs,gluon,gluon ;
out= ;

loops= 3;

loop_momentum=k ;

options= nosnail,onepi,onshell

Since the output of the process Higgs-gluon-gluon is very lengthy, we thought to
write down only the first diagram of the output to show how it looks like. (+1/4) is
the symmetry factor of the particular diagram and the abbreviations are as follows:

pol : polarization , prop : propagator , vrtx : vertex .

a(l):= (+1/4)*

pol(higgs(-1,pl1))*

pol(gluon(-2,q1))*

pol(gluon(-4,q2))x*

prop(gluon(1,k1+k2+ql))*

prop(gluon(3,-k1))*

prop(gluon(5,-k2))x*

prop(gluon(7,k2+k3+ql) ) *

prop(gluon(9,-k3))*
vrtx(gluon(-2,-q1) ,gluon(5,-k2) ,gluon(1l,k1+k2+ql) ,gluon(3,-k1))*
vrtx(gluon(7,k2+k3+ql) ,gluon(9,-k3) ,gluon(2,-k1-k2-q1) ,gluon(4,k1))*
vrtx(higgs(-1,pl) ,gluon(-4,-92) ,gluon(6,k2) ,gluon(8,-k2-k3-q1) ,gluon(10,k3))
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Photon-Quark-Anti-Quark .dat Input:
output= ’test-pqq’ ;

style= ’array.sty’ ;

model= ’pqq’;

in= Photon,Quark,Qbar ;

out= ;

loops= 3;

loop_-momentum=k ;

options= nosnail,onepi,onshell

(+1/6) is the symmetry factor and the abbreviations are same as well.

a(1):= (+1/6)*

pol(Photon(-1,p1))*

pol (Quark(-2,q1))x*

pol(Qbar(-4,q2))*

prop(Quark(1,k1))*

prop(Quark(3,k1-p1))*

prop(gluon(5,-k1+ql))*

prop(gluon(7,ki-q1))*

prop(gluon(9,-k1+k2+k3+ql))*

prop(gluon(11,-k2))x*

prop(gluon(13,-k3))*

vrtx(Qbar(2,-k1),Z(-1,p1) ,Quark(3,k1-pl))*

vrtx(Qbar(-2,-q1) ,gluon(5,-ki+ql) ,Quark(1,k1))*

vrtx(Qbar(4,-ki1+pl) ,gluon(7,kl-ql) ,Quark(-4,-q2))*
vrtx(gluon(6,k1-q1),gluon(9,-ki1+k2+k3+ql) ,gluon(11,-k2) ,gluon(13,-k3)) *
vrtx(gluon(8,-ki1+ql),gluon(10,k1-k2-k3-q1) ,gluon(12,k2) ,gluon(14,k3));
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