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EFPATA 

Page A12 Line 6 *i* to read ' j ' 
Page A13 Lines 21,22,23 '6' to read V 

Page A14 Lines 1,5,6 '6'to read '6' 

Page A31 Line 22 'intergral'to read 'integral' 

Page A49 l ine 17 Tieadwaves' to read 'headwaves' 



A. 1 

APPENDIX 1 

THEORY 

GENEFAL SOLUTION OF THE WAVE EQUATION IN AN AXIALLY 

SYMMETRIC CO-ORDINATE SYSTEM. 

Consider a disturbance propagated in an elastic medium. If 

r, z and )^are the cylindrical co-ordinates, the z-axis vertically 

downward through the origin, and u and w are the displacements in 

the r and z directions, the resulting equations of motion wil l be 

independent of ?^for an axially symmetric system. 

Consider a compressional point source (i . e. SH waves will 

not be considered in the analysis. SV waves may be generated at 

interfaces in the medium.) 

Defining a scalar potential j6 and a vector potential ^ 

follows: 

u = l £ + ^ 2 ^ 
^ r 1) f ^z 

as 

and w = i j6 + 1/ «> f 
^ z r V l 

The equations of motion are satisfied if <f> 

of the wave equations 

2 . ^ 2 

and 

V = 1/ 2 ^ i> 

v 2 = 

f 
and vl/ are the solutions 

A l 

where rv = 7(X+2jj) 

T " 

and 0 = 

: the compressional wave velocity 

: the shear wave velocity. 

CE 

1 JUN 1974 
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A. 2 

\ and M are Lames constants, while is the density of the homogeneous 

medium. Only the potential *$(z,r,t) will be considered. The final 

required solutions to the wave equations A l are in fact identical in 

form, although the intervening theory is slightly different, (see 

BERPY and WEST 1966) 

4 (z, r , t) is defined in the time interval (-<*, 

Taking Fourier Transforms with respect to t 

By substituting A2 into A l , it can be seen that(t)(z,r,w) satisfies 

the time independent wave equation 

where k = w/ 

Now r is defined from o to + ^ 

Taking the Fourier-Bessel Transform with respect to r. 

•o 

J 
iwt Q(z,r ,w) 0 (z,r,t)e dt 

j <i)(z,r,w)e iwt 0 (z , r , t ) dw A2 

v 2 ? A3 

A (z,k,w) z,r ,w) J (kr)r dr 
n 

5 (z,r,w) (h (z,k,w) J (kr)kdk. 
X n o 

A4 

(In an axially symmetric system n = o). 

Substituting A4 into A3 
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* 2

 + 1 ^ 2 

o 

Hence since 

= - k 
Jo 

A> (z.k.w) J (kr)kdk) 
I O j 

(z,k,w) Jo(kr)kdk. 

2 J (kr) + 1 e> J (kr) = - k 2 J (kr) 
r o r 

c> 2 $ + (k 2 - k 2 ) I = 0 

Hence d) = A(w,k) exp[+i(k - k ) 2 z l 

Therefore 

(z,r,w) = A(w,k) exp(+ ik az) J (kr)kdk 
— rv O 

2 . 
where a = (k - k ) / o 

A5 

Since r is the radial co-ordinate k may be visualized as the radial 

component of 

WEST 1966). 

component of the vector wave number k (Fig. 53 from BERRY and 
—rv 

i . e. a = k 
eg 

= COS 0 
rv 

A5 is the general solution of the wave equation for an axially 

symmetric system. 



Fig. 53. Coordinates of the field point P and wave 

vector k g . 
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INTERPRETATION OF THE GENERAL SOLUTION. 

The integral representation of Jn(x) 

A. 4 

Jn(x) n 

2 n " 1 n i ) i <n+J) 

2 
cos(xcos9)sin 9 d9 

o 

For n = o 

nf. 

n J o 
cos(xcos9) d9 

( 2n 

or since sin(xcos9) d9 = 0 
o 

o ;r-
2tt j o 

ixcos0 e d9 

Hence A5 may be written as 

(z,r,w) = J_ 
2TT J O 

A(w,k) exp ifkrcosx'1 +k az)kdY*dk 

0j = A(w,k) exp i(krcos ^ ^ k^zcos9^ A6 

1 when \^-0 $ is the potential due to a plane wave travelling in the 

x-z plane. Therefore A6 may be considered to be the contribution 

to the potential at a point P in the x-z plane, due to a plane wave with 

wave vector k^ (Fig. 53). 
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THE SOURCE. 

Assume a compressional point source. A difficulty arises if 

plane-layered media are to be considered in that the symmetry of the 

source and media are different. It is necessary to expand the initial 

spherical waves into a plane wave formulation. 

Consider a source acting in a finite domain situated at the origin. 

Firstly the disturbance must vanish at infinity. Secondly no energy 

may be radiated from infinity into the region of the source. 

A solution of the wave equation A3 satisfying these conditions is 

(h = v (w) I 
to ° R 

In cartesian wave-vector space 
•_-/') 

iV (w) / / i(k x + k y ± k z) dk dk 1 IV (w) I i(K x + K y ± K z) dK ox 
^ = ° e °X °V ° * ° * A7 

(BATH 1968) 

Now k ^ = k^ind^ cos >̂  

\ 
V 

k = k sinQ^sin ay a ot 

k = k cose . nz « & 

Integration with respect to ^ is between 0 and 2rr 

Since, if 1) k = k = 0 
ox oy 

k = k rvz ry 

and 2) or = ± -

k

t e = 1 ^ 

Then, because cos 0 - -— 
or k 0-
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0 will vary from 0 = 0 

to 0^ = V 2 " i - ° 

Choosing the path of integration from 0 to n/ - along the real 0 

axis and then from if/ - to -i^O(see BXTH 1968), A7 may be written 

= V (w) i k o o a 
2<7 

f ^ l ' 1 r2Tr i(k x + k y+k z) 
e 7 sm0 00 6 

O A8 

Thus in addition to the waves propagated in all directions, there will 

also be waves corresponding to complex values of 0 . These waves 

propagate in the x-y plane with a wavelength tending to zero and 

simultaneously attenuating in the z- direction. 

Introducing polar coordinates in the x-y plane 

x = r cos 

y = r sin ^> 

Then since 

sin 9 d0 = kdk rv rv — 
kZ a 

and J_ 
2 . 

ikr cos(x1 - \ ) _ 1 

= _1 
2TT 

•2ff 
ikr cos( 

Since the integration is over all wave numbers k^ for a given 

direction ~S 

JG(kr) (see INTERPRETATION OF 
GENERAL SOLUTION) 
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o 

.o + ik az 
V (w) J (kr) ke~ " dk o Jo 
(-ik a) o rv 

This represents the potential due to a point source provided that 

wavelengths are small compared with the distance to the nearest 

boundary (EWING et al 1957). 

A SINGLE INTERFACE. 

Assume two semi-infinite media in welded contact, the 

plane of intersection being at a depth h below the origin (or source). 

Let the upper medium parameters be rv^, ^» ^ j a ^ d the lower 

medium parameters be OL, f*0,0 . Imposing the conditions that 

since the disturbance acts in a finite domain, it must vanish at 

infinity, and also that no energy may be radiated from infinity into 

the region of the source. 

For z < h 

-1 

o 

VQ(w)(-i k o , a x) exp(i k^ a x \z \ ) k Jo<kr)dk 

+ 

o 

G, (w, k) exp(-i k a z) J (kr)kdk 1 ty ̂  1 o 

For z > h 

:>0 

O 

G9(w,k) exp(i k a z) J (kr)kdk 
I 0̂  2 O 

A9 

where £ a n d $ 2

 a r e t h e displacement potentials in the two media. 

G^ and are obtained by imposing the boundary conditions, 

continuity of displacement and stress, at the interface. These 

necessarily imply introduction of the potentials vj^ andvp2> as the 
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boundary conditions for two solid elastic media are dependent on both 

^ and ^ . On inserting the expressions for ̂ ) and £ into the boundary 

condition equations, a system of four linear equations is obtained for 

the functions 

Gx = G X expf- ik^ a^) 

G 2 = G 2 exp(ik o < a2h) 
2 

and the equivalent two v£ displacement coefficients. 

We may write 
G i • R 

p i p i 
V (w) / o exp(i k t t a h) exp(i k a h) 

L ( rnr^) i J 
1 

and G 2 = T V o(w) 
PXP2 1 _ o _ _ exp(ik ah ) exp(-ik a2h) 

i ' ^ y i 1 1 J 2 

Thus for z >0 

^ 1 | V o ( w ) exp(i k az) J (kr)kdk 
( - i k a,) °i 0 

o 1 

R exp i L Pi^i 
exp i k a h+k a t(h-z) 1 & V JQ(kr)kdk 

and 

j 

Vo<W> 

o ^ 1 % a i > 

P f 2 exp i k a h-k a „(h-z) 
° i 1 "2 2 -

J (kr)kdk o 

A10 

The first term in equation A10 represents the direct 

compressional wave. The other terms (including also those in the 

^ potentials) represent waves generated in the two media by the 
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interaction of the direct wave with the interface. 
If the integrands in A10 are interpreted as in the INTERPRE­

TATION OF THE GENERAL SOLUTION, firstly it is seen that R and 

T are the reflection and transmission coefficients for plane waves. 

They are functions of k, the density of the two media and the compressional 

(and shear) wave velocities in the two media. Secondly, the individual 

intergrals in equation A10 represent the displacement potentials due to 

all waves travelling from the source to the receiver, not only the ray 

following the least time path, but also headwaves and rays following 

non-least-time paths. For example the displacement potential, ^ 

would be due to all waves travelling from a source in medium 1 as 

a compresional wave, incident on the interface, and subsequently 

radiated from the interface as an S wave. 

N-LAYEPED HALF SPACE. 

From equation A10, it can be seen that at the interface, the 

integrands in the expressions for the transmitted and reflected P-waves, 

and the incident P wave differ only by a factor which is independent 

of the source. Thus the terms describing the reflected and transmitted 

waves may be constructed from the terms which describe the incident 

waves. Each time a wave component is incident on an interface, four 

new components are generated, and together these five components 

must completely satisfy the boundary conditions at that interface. If 

there is more than one boundary the total number of generated waves 

is infinite. SPENCER (1960) introduced the conceDt of a 'generalized 

ray path'. By starting with the source potential, the displacement 

potential at the receiver may be determined due to a generalized ray 

path, built up as a system of individual ray components in each layer 

of a multilayered medium. Each component is specified only by the 

mode and direction of propagation across adjacent pairs of interfaces. 

Thus for example, the displacement potential at the receiver, due to 
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a P P P P S9P. reflected wave (including all waves which fall into 

this category) originating from a source in the uppermost layer with 

focal depth z (see Fig. 54), is given by 

V (w) 

(Ik-TT ( T P P ( k ) T

P p ( k ) B p P ( K ) T P s ( k ) Ts p ( k ) ) 

j ( ik ap P X P 2 P 2 P 3 P 3 P 3 P 3S 2 S 2P 2 

exp i (k- a (h -z) +k a h +k a h +k a h +k b h 

+ k a h , ) J (kr)kdk a i r V 7 

A l l 

ft is such an equation as All that needs to be evaluated in order to 

determine the displacement at the surface due to all the waves following 

a generalized ray path. 

It is convenient to transform All by changing the limits of 

integration and replacing the Bessel Function by Hank el Functions. 

J o(kr) = i [H^V) + H^V)] (2), 

A12 
Substituting A12 into A l l we obtain the potential as a sum of two integrals 

(2) 
In the integral containing H^ (kr) replace k by -k. 

( o 
f(k)dk - .1 

f (-k)dk 

But H ( 2 ) ( -x) = H ( 2 ) (e-^x) o o 

(WATSON 1952) 

and T(k) = T(-k) , P(k) = P(-k) 

(BFEKHOVSKIKH 1960) 

Hence in the example A l l 
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_ I 
~ 2 

V (w) 

. ? v " V , W ' A V 
exp i (k a (h-z)+k a h + k a h + k a h . + k b0h_ 

• ^ 1 °2 3̂ 3 2 

+ k a a h) H ( 1 )(kr)kdk 
" l ° A13 

In order to solve A13, we assume that 

k r , r > 1 
1 

i.e. that the distance from the source to the point of observation (and 

the dimensions of the model) are large compared with the wavelength of 

the waves contributing to the integral. 

In which case the Hankel function in A13 may be replaced by 

its asymptotic approximation. 

H ( 1 ) (kr ) - — . / - § - ^ ^ - " ^ 

Let p = k/k = sin o 
°i 1 

dk 
dp = k 

1 

By transferring the origin to the source, with h^ the vertical distance 

from the source to the first boundary (renumbering the layers accordingly 

if the source is in a different layer from the receiver) 

k sin* since a r\> n = 1_ = 
k sin0 o/. (y O 1 n n 

which shall be defined as V 
n 



A. 12 

Then we may say (for the case in question) 

exp i (k f a 1 h 1 + a 2 h 2 + k ^ + + k ^ b ^ 

6 
' 2 = exp ik^ >J h . ( l - p 2 V ^ 

1 i=l V. 
i 

where 

i = 1, 2, 3 i = 4 i = 5 i = 6 

h. = h. h 0 h„ h,-fz J J 3 2 1 

oo 6 2 2 - ^ 
1 / V (w) _ v*w ^ ., ( ~ ' h.(l-p V7): 

f - f _ V ! i (T(p)E(py.expikr^ X J V i 

-4* * i 
7— 

(-ik a i x ' 1 / i=l V. V fl** rv, 1) I i 
2 

expi(kr - T/4)k a pdp 

V (w) e1 ./ f l 
° 2w 

i T / 4 •*« ( T(p)R(p) expik [ f * h / 1 - 4pr j 

° o ( i =1 1 

2 4 H p \ dp 

i - P 2 

A14 

A14 may be evaluated at distances from the source which are large 

compared to the wavelength by the method of steepest descent. The 

integral is evaluated in such a way that only those waves travelling 

in the direction of the geometrical ray path contribute substantially 

to the integral. A14 may be represented as 
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I = 
I exp[j7f(p)]F(p)dp A15 

where ^ = k f t is large, real and positive. f(p), F(p) are analytic 

functions of the complex variable p, and C is the path of integration 

in the complex plane. 

This path can be deformed, without changing the value of 

the integral. Using this fact, we try to select a path such that the 

entire value of the integral is determined by a comparatively short 

portion of the path. Then the integrand is replaced by a simpler 

function which coincides sufficiently closely with the integr .nd over 

the essential portion of the path. The behaviour of the function 

over the remaining portions of the path is of no concern. 

Now f(p) = f x ( p ) + if 2 (p) 

p = x + iy 

The integrand in A15, containing 

exp^f^p) expi^f 2 (p) 

wil l be large when f^(p) is large. 

If we choose C such that the largest values of f^(p) are 

located as close to each other as possible, then an approximate 

value of the integral can be obtained by carrying out the integration 

only over the largest values of f^(p). 

6f df .6p df 6f, . 6f 0 

°x dp 6x dx 5x 6x 

f f _ = df 5p _ . df _ 6 f j . 6f2 
6y dp "§y dx 6y 5y 

Hence §f1 6f 2 

ax" = 6y" 
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^ - A 
5y 5x 

The Catchy Riemann conditions. 

We define the path of integration as 

1) passing through the stationary (maximum) point of f where P = PQ 

6 f l d x ^ 6 f 2 dy i.e. df. = -— + —— J = 0 1 6x 6y 

or where §f gf2 

—— = = 0 for any values of dx, dy. 
5x 5y y ' 

(The point p represents a saddle point in the space of the complex 
o 

variable, since the modulus of an analytic function cannot have a 

local maximum within the region of analyticity of the function). 

2) directed along the maximum negative gradiant of f . But 

the real and imaginary parts of an sndytic function have the 

property that in the space of the complex variable, the lines of 

most rapid decrease of one part are lines of constant values 

of the other. 

i.e. along the contour C 

f̂  = constant 

V/e wish to determine the point p , which must be known for 

the evaluation of A15. 

At this point 

df(p) 
dp = 0 

p=p 0 



Expanding f(p) about p^ as 

f(P> = f(P 0) + (P " P 0 ) F F ( P 0 ) + 5<P " P0> HPO) + 

= f(p ) i(P " PQ) f "(P0) + 

Let P - P 0 = re 

and if'(p ) = Fe o 

7 

16 

Since f2 is constant along the path of integration 

I [ f ( p ) - f ( p ) l = I ( R r V ^ ^ ) 

A. 15 

= 0 

i. e. sin(2v+ 6) = 0 

or V = - ? + T A16 (n integer) 

y is defined as the direction the path of integration makes with 

the positive x-axis in the vicinity of the saddle point. 

But A16 defines two lines at right angles (4 values of 

differing by n/2). 

The path of the steepest descent is such that the second 

r 
derivative of f(o) is real and negative (real, since along the 

P=P0 

path, f is constant). 
1 2 

Hence (p - p̂ ) f "(P0) * s a i s o r e a l a n ( * negative along the path. 

Hence from a similar analysis to that leading to A16, we find that 

n = 2k +1 (k integer) defining one line (in two directions differing 

by T). 

Let 2 , 2 
= -i(P - P 0) f"(P0) 

i i 2 2iv = i | r e /£"(p o) 

= k 2 | n p Q ) | sincej e 2iV 1 = 1 

I . e. % | f " ( P o ) 
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and 
dpV ./2) 

£"(P0) 

Hence we may write equation A15 

I = e Q F(P» f * I 

Assuming F(p) is a slowly varying function in the region of interest, 

and taking only the first term in the series expansion 

1 = e ( f « V F ( P o M 2 ) e - r<P0> 
! 

-2 
f 

C extends from - to 
0<0 r. 

but 
— 

Hence I = 
( ? If "(P )̂ | ) 

A17 

where r 
= -6/2 ± n/2 

In the present case, equation A14, since 6 = arg f'XPQ) a n c * 

f"(PQ) is real and negative and equal to ig"(PQ) 

5 = -rr/2, 3"/2 

Thus V = - *r/4 f in the neighbourhood of p .̂ 

As long as the contour of integration can be deformed to pass through 

the saddle point pQ, defined by I XP 0 ) - 0» along the path of steepest 

descent, inclined at an angle -T/4 to the Real p axis, equation A14 

may be evaluated to give (from A17) 

o = V (w) e o 
i«r/4 \ °\ \ rT(po)R(po)l/ Po \ " 7(2*) e 
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exp k 
fx. 

6 

j = i V. 
J 

+ p r 
0 

- I 
h.V.p ( l - p 2 V 2 ) " 3 / 2 A * J Jo Ho j 

J - l o 

V (w) TT(p )R(P )1 
o o o 

i 
- 2 

O 
Z 

1 

H 0 J J 0 J 

2 V ? ) " 3 / 2 

/ 6 h a - P 2 v 2 ) 2 

i J 0 J + P r 
e x p * a ( ^ V j l ° | A18 

* 2 2 - 1 

where r = / h p V.(l - p V. ) 2 

A--J J o j o j 
j=l 

since f'(p ) = 0 o 

In evaluating A14 to A18, no consideration has been taken of 

poles or branch points. (No account will be taken of the contributions 

to the integrals by poles, leading to interface and surface waves). 

When p̂  < ^j/n^u > equation A18 is the final solution and 

represents the displacement ootential at the receiver due to the 

geometrical or least time reflection path as in Fig. 54. The explicit 

expressbns for the Reflection and Transmission coefficients may 

be obtained in a number of references. Consider the reflection 

coefficients, they contain the radicals 

a - P V >* 

where V = rv / <v , S / Ot 
n n 1 n l (BERRY and WEST 1966) 



Fig. 54. Generalized ray path for a P ?2 S 2 P^ 

wave originating in the upper layer and being 

observed in the upper layer of a four layered 

model. 



NO 

U 
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As a result p = rv./rv 
1 n 

or = ot 
1 n 

will be branch points, since at each point p, the reflection coefficient 

can take two values, depending on which sign we choose for the 

radical. Thus, we have a two sheeted Biemann surface on each 

of which sheets the reflection coefficient will be single valued. 

The sheets will be joined along the branch lines starting at the 

branch point A., where p = 1/V . 
1 n 

The branch points correspond to the values of p taken for 
the critically incident reflection when p = p . When p , the saddle 

c o 
point, is less than p , as in the evaluation leading to equation A18, 

that equation is the complete solution. When the angle of incidence 

is greater than the critical angle, the branch points p , will interfere 
c 

with the contour of integration, and the complete expression for the 

displacement potential will consist of two parts 
0 = 0 + 0 
F F E F L ^HEAD A19 

where 0pgpj^ * s t n e potential evaluated for the original contour, and 

the potential evaluated for that part of the contour which must be 

deformed around the cut, 0 , can be shown to be that due to the 
r i hAU 

critically refracted headwave { E F : E K H C V S K I K H , 1960). 

The integral around the cut is evaluated as a single integral 

along the cut from A to including A. R = EQ^JT- " ^ j ^ ' 

R^T T r T, and R,%, are the values of the reflection coefficient on each OUT I N 

side of the cut. As in the previous analysis, we again use the method 

of steepest descent to evaluate the integral. The integration path is 

deformed in such a way that it goes from the branch point A^ along 

the line on which the exponential in the integrand decreases most 

rapidly. From A15 this will be the line on which the real part of 

f(p) decreases most rapidly. 
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Introducing a new variable q, defined by 
p = P c + iq 

and expanding the exponential in A15 as 

f(P c + iq) •= ^f (P c ) + iq f f (P c ) 

* *cv g ( p c + i q ) = ^oc > • <*k

a 

1 1 c 1 c 

Since k is assumed to be large, and we have chosen the path of 
1 

most rapid decrease, corresponding to the most rapid decrease in 

the Real part of f(p) = qg(p ) only small values of q will play an 
0 

important role in the integrand (BR EKHOVSKIKH, 1960). 
Again we treat F(p) (see A15) as a slowly varying function 

in the region of interest. 

For small q, the difference in the reflection coefficient on 

the two sides of the cut can be shown to be related by a constant 

H = <l-pV>* / ' . . . P O U T ( p ) - P I N(P) 
c n r 

P * P c 2 ( 1 • P V n + 1 > 

where for small q 
P = W p j v ^ a - p V ) ^ H 

(BEFFY and WEST 1966) 

where V = 0t /« n n 1 

IN R (p) is the reflection coefficient as calculated when p < p o 
OUT 

and R (p) is the reflection coefficient when the radical 
2 2 -

(1 - p V ) 2 takes on its negative second value. n*H 
(n +1 is the headwave layer) 

The integral around the cut may now be evaluated from 0 to °C 

over the variable q. 
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The integral corresponding to 4 J

T I t 7 A r * becomes 
HEAD 

i'T/4 t I V (w) e V(k /2ffr) F(p 4- iq)exp(k f(p + iq)) idq 
O , c c 

0 

or 

- H E A D = VJ W )e i V V<y2*r) F(p )q'e v "«ir "c 
•'c 

idq A21 

where q has .been included from the value for&F 

For large k , A21 becomes 

k I 
F(p )e n ' l f(p )n2 

c c 

(2(k I f (p ) I ) 3 ) * 

V (w) e l 7 / 4 4 k a /2*r) 
° 1 

BERRY and WEST 1966 

Thus HEAD 

= iV (w) o 
= k a 

r 1 r - h.o V.(l - p 2 v V 2 P J'c J Kc j j ^ 
2 ' 1 - P V 

c n 
2 

1 - p 
\ c 

T (p ) T (p ) H 
C P2 P3 C P 1 P 2 P3 P3 

T (p ) T (p ) 
3 2 2 r l 
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th 
where p̂  = _̂  (n-H being the 4 layer) 

The potentials for both the reflected and headwave terms for ray 

paths wh£re certain legs are of shear type are identical, but with 

the relevant values of a and T , P, changed to £, T , R 
p p * s s 

We have that for any ray 

<b = <t> + $ 
li I P E F L £ HEAD 

a n d $ 4 R E F L + $ H E A D 

depending on whether the final leg of the ray path is a compressional 

or shear wave. 

The REFL terms will be present for all ray paths, but the head wave 

terms 

= $ C P +ics 
o r • top + i c s 
where CP denotes a P headwave 

and CS denotes an S headwave 

will only exist if p̂  is greater than the relevant value of °^/ a

n + |» 

V n-rt 

8 such terms will exist corresponding to the four reflection 

coefficients and two branch points p and p . 

SURFACE DISPLACEMENTS. 

Having determined the displacement potential at the detector, 

it is necessary to calculate the amplitude of the displacement at 

the point of observation. Since the synthetic seismogram is to be 

compared with seismograms recorded on vertical seismometers, 

the vertical displacement at the surface will be calculated, making 

use of KNOPOFF'S et al (1957) coefficients. 
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Since the absolute intensity of the source is unknown, it is 

convenient to normalize the amplitude of the initial pulse at unit 
distance from the source. This amplitude is taken to be unity at 
a distance h from the source in an isotropic medium having the 
properties of the first layer. 

The displacement amplitude 

U
P - v t< 

The normalizing amplitude is thus 

U p ^SOURCE n -~ -
Or r = h 

However, since the assumption that kr>/l must hold for the final 

amplitudes, it must also be applied to the normalized amplitude at 

a distance h from the source 

Hence, since 

(B A_e 
1 SOURCE 

ik r 
*1 

ik r 
u - S A e 

p ~ _ 
n 

The final amplitude formulae are obtained as U = V „ 0 
p F x 

where is in the direction of the final leg of the ray path. 

Omitting the phase delay terms corresponding to propagation along 

the geometrical ray paths 

F 

o-pjrri 
i 

1"2 

o 

T S , P , < P o , S P "o* I 1 z 
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and 

c n 

-) 

I - P i 
r L ) 

1 -p 1 A22 

^ / A ' V / c ' V , \ s 2

( P c ) T S P <Pc>SP <Pc>] 

1 z 16 6 6 6 1 2 1 Z 
where Z is the vertical ground displcement caused by a reflected 
wave and Z is that caused by a head wave, c J 

6 

r = r/h = Zli ( 1 " p ! V V * 
J o j o j 

1 = £ "AY - P"ô > 
^--3/2 

O 2 2 1 

L = r - 2LJ h.p V. (1 - p V.) 5 

T^j J c j c j 

withh. = h./h 
J J 

(BERPY and WEST 1966) 

Identical formulas hold for S-waves incident on the surface, with 

the aporopriate values of & changed to #. 

The coefficients Sp are the Knoppoff coefficients for incident 
z 

P waves. 

The values of the reflection and transmission coefficients 

are calculated from the Zoeppritz equations as in RICHTER (1968). 

The headwave coefficients are calculated from the equation relating 

Hto/^R (BERRY and WEST 1966). 
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DISCUSSION. 

The integral equations have been evaluated asymptotically 

for wave-lengths that are short compared with the dimensions of 

the model. Using this method the displacement potential at the point 

of observation is predominantly due to contributions from plane 

waves following the geometric ray paths from source to receiver. 

The reflection and transmission coefficients have thus been calculated 

assuming geometric ray theory. However, since the integrand in 

equation All is evaluated for a range of values of p about p ,̂ the 

saddle point, the F -T coefficients will also vary over that range 

as they are functions of p. In order to overcome this problem, 

the F -T coefficients are treated as slowly varying functions of p. 

As the point of observation approaches the point at which the 

front of the headwave merges with the front of the reflected wave, 

the angle between the reflected ray and the normal to the boundary 

is close to the angle of total internal reflection. At this point 

HEAD 

since L 0 in equation (A20). 

The formulae thus become inapplicable as the angle of reflection 

tends to the critical angle. This is because the reflection coefficient 

is not a slowly varying function of p in this region. On the contrary 

-* (BFEKCVSKIKH1960) 
dp 

CEPVENY(1966) has shown that the amplitude of the reflected wave 

does not reach its maximum value directly at the critical point (as 

follows from geometrical ray theory) but beyond it. In this analysis 

the reflection and transmission coefficients have been considered 

independent of the frequency of the incident wave. This is not so. 
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CERVENY (1966) has shown that the maximum amplitude of the 
reflected waves occurs at increasing distances from the source 
for decreasing frequencies. The maximum value also decreases 
with a decrease in frequency. 

However, for incident rays with angles below the angle of 

total internal reflection, geometric ray theory gives relatively 

exact results, for all frequencies. 

No account has been taken of the attenuation of the medium. 

This will be due to absorption, and loss of energy on diffraction 

and dispersion from inhomogeneities. Assuming a homogeneous 

layered medium, the amplitude of the seismic wave will be 

decreased as 

A = A E * * o 

where #is the absorption coefficient and r the distance travelled 

by the wave. However, for local and regional seismic work Of 

is of the order of 10 ^ through igneous, metamorphic and dense 

sedimentary rocks, and hence may be neglected. However, the 

reflection and transmission coefficients will also be affected by 

the presence of an absorbing layer. They can be shown to be 

oscillatory functions of that layer's thickness, d. As d increases 

the amplitude of the oscillations of the reflection coefficient 

decreases, until with d sufficiently large, B becomes constant. 

It is then equal to the reflection coefficient at the upper surface 

of the layer. In this case no wave is transmitted. (BF.EKOVSK1KH 

1960). However, as stated, absorption is not considered in this 

analysis. 

The integrals have been evaluated assuming a point source 

the source potential being converted from that of a spherical wave-

front to that of a plane wavefront, with arbitrary time dependence. 
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The amplitude at the point of observation has been calculated in terms 
of the initial displacement. However, on a real seismic record, the 
waveform is related to the displacement of the seismometer mass. 
This will not be identical with the ground displacement, since it will 
be affected by the seismometer characteristics. However, since the 
initial disturbance is likely to be highly complex, being associated 
with an earthquake mechanism, it was considered unnecessary to 
include the seismometer characteristics in the final amplitude 
formulae. The errors thus involved, will be negligible compared with 
the error incorporated in assuming an initial point source. 

In the analysis, only a compressional point source is considered. 

The solutions are not applicable to a shear wave source which will 

generate SH and SV waves. A compressional source will only generate 

SV waves on interaction of the wavefront with an interface. However, 

in the programme, an 'S wave source' has been included by considering 

a compressional point source generating spherical waves with vectors 

corresponding to S waves. This facet was included in order primarily 

to determine the travel time and apparent velocity of the S arrivals. 

No account has been taken of the curvature of the earth, or 

of models other than a homogeneous, horizontally layered system. 

Thus the final amplitude formulae correspond to an idealized 

situation. Even with this situation due to the discrepancies involved 

in using geometric ray theory, the final synthetic seismogram is 

unlikely to correspond to a real seismogram from the same crustal 

model. Thus the results should not be equated exactly with records 

of a real seismogram which is likely to have a highly complex structure, 

due to inhomogeneities in the crust, small scale velocity fluctuations 

with depth, attenuation and near surface effects. However, the results 

will give an estimate of the relative amplitudes (and a direct indication 

of onset times, and apparent velocities) of the various major arrivals. 

This will assist identification of the large amplitude arrivals on the 

real seismic records, which in turn will aid interpretation of those 

records in terms of crustal thickness, structure and focal depths. 
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APPENDIX 2 

REFLECTION, TRANSMISSION, HEADV/AVE and KNOPOFF 

COEFFICIENTS. 

A. 2.1. REFLECTION and TRANSMISSION COEFFICIENTS. 

Consider plane waves in the vicinity of a plane interface 
between two homogeneous media, differing both in elastic constants 
and density. 

Consider the 6 waves, corresponding to rays at different 
angles with the normal to the interface. 

VELOCITY 

INCIDENT P U 

INCIDENT S V 

REFLECTED P U 

REFLECTED S V 

REFRACTED P Y 

REFRACTED S Z 

The ratio of the density of the second medium to that of the first is 

K. All angles and velocities conform to Snell's Law. 

The theory assumes that all 6 wavefronts represent pure 

sine waves of the same frequency w. 

By applying the two boundary conditions at the interface 

1) the vector sum of the displacements due to all the waves 

along the boundary in one medium must equal the 

corresponding sum in the second medium, 

and 2) the corresponding components of stress must be equal 

on the two sides of the interface. 

AMPLITUDE 

A 

B 

C 

D 

E 

ANGLE WITH 
NORMAL 
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we may formulate four equations, the Zoeppritz equations, for an 

incident P wave and an incident S wave, from which the values of A, 

B, C, D, E and F may be determined (see FICHTEE, 1958). 

Now, since the angles of incidence and refraction are 

related by Snell's Law, when the angle of incidence becomes 

greater than critical angle, the sine of angle c, d, e or f will 

become greater than unity. Thus the corresponding cosine becomes 

imaginary. It is necessary, therefore, that the amplitudes are 

composed of real and imaginary parts. V/e may solve the Zoeopritz 

equations incorporating four real and four imaginary amplitude 

coefficients by matric inversion. 

We have that:-
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where the incident wave is of unit amplitude and the complex 

coefficients 

H = Hp+iHj 

A similar matrix form holds for an incident S-wave. 

The resultant amplitudes are 

H = V(H* + Hj) 

with an associated phase 

6 = arc tan H T / H D 1 r 

In the present analysis the S velocities have been related to P velocities 

as 
* = e/1.74 (ANDERSON 1965) 

and the P velocities related to the density of the medium, with a 

three component linear approximation to the Nafe-Drake Curve 

(NAFE and DRAKE 1959). 

For f> % 2.19gm/cc 

\ 
0.775 

For 2.19 < {'"' *> 2.81 gm/cc 

c n k - < r L 8 4 ) 

For ^ > 2.81 gm/cc 
Or = 1 

0.335 ( P ~ 0. 71). 

For waves incident on the free surface, only two resultant reflected 

waves are produced. The equations for the amplitudes of the 

resultant Pand S waves are as:-
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p 2C cos c sin d + D cos 2d = 2 cos a sin d 

-C cos 2d sin c + D sin d sin 2d = cos 2d sin a 

and 

g -C sin 2d sin d + D sin c cos 2d sin 2b sinb 

C cos 2d + 2D sin d cos c = cos 2b 

For an incident S wave, cos c becomes imaginary when b becomes 

greater than sin * ~ . In this case all the energy will be reflected 

in the S wave with a resultant phase shift in D, 

where the phase shift 

Graphs have been drawn of the amplitudes and associated 

phases of the resultant waves from a P and an S wave, incident on 

the boundary between two elastic media, for all angles of incidence 

between 0 and 90 degrees. (Fig. 55 - 58) The graphs incorporate 

both reflection and transmission from a high-low and low-high 

density interface. It can be seen that the variations of T and R, 

the reflection and transmission coefficients, are highly complex. 

The variation in general is sharpest in the vicinity of the critical 

point, with resultant inaccuracies arising as stated in the evaluation 

of the intergrals in Appendix A . l . 

Graphs have also been drawn of the amplitudes of the 

resultant waves from a Pand S wave incident on the free surface 

(KOLSKY 1963) 

6 

1 1 
i V sin2b 4-V sin 

arc tan 1 
f sin b / 

(EWINGetal 1957) 

(Fig. 59). 



Fig. 55 Reflection and Transmission coefficients for 

to P and Sv waves calculated from Zoeppritz 

Fig. 58 equations. 

represents coefficients with 

incident wave in lower 

velocity medium 

represents coefficients with 

incident wave in higher 

velocity medium. 

Wave velocities in two media (assumed). 

Vp(km/s) Vs(km/s) 

a) 6.4 3.6 

b) 5.8 3.2 
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Fig. 59. Reflection coefficients for P and Sv waves 

incident on the free surface from within a 

medium with wave velocities (calculated 

from Vp =1.74 Vs) 

Vp(km/s) Vs(km/S) 
6.35 3.67 
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A. 2. 2. HEADWAVE COEFFICIENTS. 

The headwave coefficients are calculated from the equation 

relating H toAR, where R n and F differ by the sign in the 
r\ o I OL> x I N 

radical ( I - p V , ) 5 . 

If <Vj , C j » j » a r e t n e parameters of the upper layer and 

% > ^ 0

 and P n the parameters of the lower layer it is found that 

f 

2 1 2 " *~ i 2 

with t: - c v c 

H P S P = " ^ ^ W 

HPSS = ( K 1 2 K 2 2 / 2 < V V 

H S S P = V ; K 2 2 K 1 2 / 2 ( V ? 2 ) ( V ^ > 2 

HSSS = - f 2 2 / 2 < V V ( C l ^ l > 2 

H P P P = i A 1 2
 ( v r ' 2 > 

H P P S ' f ^ l ^ l ^ W 

H S P P = ( S i V ' 2 < V V W 2 

HSPS = ( K 2 1 / 2 ( W ( V ° 1 ) 2 

where H corresponds to X Y L> 

a downgoing X wave 

a lateral Y headwave 

and an upgoing Z wave from the interface. 
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\ l - (1 -<y"2)2>' 

\ l - (1 - ( V a 2 > 2 > " 

B21 = (1 - ( V V 2 ) i 

(1 -<yfy2>* 

A i 2 = (1 -<y2)2>* 

A22 = (1 - (yyV 

K n = [({(M, - i) B 2 1 i / (tt/fij)) - (((Mj + ̂ /2) ^ } / (^/« 2 ) )1 / Dj 

K21 = r ({M 1 .A n .B 2 1 j / (y^))+<{M 1 +(^-l) /2}/(y^ 2 ) ) ] /D 1 

K l 2 = [ ( { M 2 . A 2 2 . B l 2 } / ( 0 , 1 / ^ ) ) + ( { ( o 2 / P

2 ) ( M 2 + ( ^ - l ) / 2 ) | / 

( W > ] / D 2 

K 2 2 = [([M 2 - i i A M ) - ({M 2 + (V/2) A l 2 {/(o-j/O^Wl/Dj 

where 
if D u = (Mj + < - l)/2) 2 / ( ( - / ^ K - / ^ 2 ) ) 

D i 2 = ( f n V ^ V V V ^ 

D , 3 - [(M, + A 1 ] B 1 1 l / ( ( « 1 / a 2 X W ) 
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then Bl = -(D n + D 1 2 + D l 3 ) 2 

and if 

D21 = r ( f , 2 / P 2 ) ( M 2
 + ( ( " 1 ) / 2 > 2 V < V V 

°22 = ( f 22 B

1 2

) / 4 ( V V 

D 23= ^ 2

+ f / 2 ) A 1 2 B 1 2 : , / < V ^ - V V 

then D 2 = - ( D 2 1 + D 2 2 + D 2 3 ) 2 

where 

**2 = ( V S 2 ) 2 " 

from BERRY and W E S T (1966) 

It can be seen from the values of B , A and A 9 that complex 

coefficients will occur, in which case H must be divided 
X Y Lt 

into its real and imaginary parts. 
H = H + iH. 

r l 

with resultant amplitude 

H = | H| 

and phase shift 
* -1 H 6 = tan _ I 

Graphs of H have been drawn for various values of Poisson's 

ratio for the two media above and below the interface, for a range 

of values of the P-velocity ratio. 

H P S P ' H P P S ' H S S P A N D
 Hsss a r e a 1 1 c o m p l e x ( F i £- 6 0 ) 



Fig. 60. Headwave coefficients for a range of values 

of the P wave velocity ratio (abcissa from 

0 to 1), and for two values of the Poisson 

ratio ratio between the two media on either 

side of the refracting interface. 

represents oyo^ = ° - 1 5 : 

represents cr :cr0 = 0.35 : 0. 15 



I t I N 

M 
rrr 

N 

1 1 

/ 
\ 
\ 
\ 

/ 0-1 

0-01 Ml 01 

10 10 100-

H P S S H S P S 

1 1 10H 

0-1 0-1 1 
\ 

\ 
\ 

/ 
M1 0-01 

10 10 

H H s s s S S P 

1 

0-1 

M1 M 1 



A. 35 

A. 2.3, KNOPOFF COEFFICIENTS. 

Consider plane waves incident upon a free surface at any 

angle, 0, f rom within an elastic homogeneous half-space. The 

boundary conditions require that the normal and shear stress 

vanish at the surface. 

For an incident P-wave the vertical component of displacement 

S 2 sin d zp 
2 

cos 20 tan 9 + 2sin 0 tan 0 
where sin 3 = g 

sin 0 

For an incident S-wave 

2 sin 0 tan 2 0 
S zs 2 

cos 2 0 tan 0 + 2 sin 0 tan (3 

In the latter case, when 9 is greater than the critical angle, the 

incident S wave is totally internally reflected and undergoes a 

phase shift. 

If we allow 9 to become imaginary at angles above the 

critical angle 

i . e. tan 9 -> i tan h 9' 

we hcve 

S 
zs 

2 sin 0 tan 2 0 
2 2 4 2 -

(cos 0 tan h 9* + 4 sin tan 2(3) 2 

with an associated phase shift 

tan h9* cos 2(3 
0 = arc tan 2 

2 sin 0 tan 2 (3 
Graphs have been drawn for the vertical component of ground motion for 

both P and S waves, after normalizing the peak amplitude to unity for 

vertical incidence, (Fig. 61). The medium is characterized by a 

Poisson's ratio of 0.25. 



Fig. 61. Vertical component of ground motion, 

normalized to unity for vertical incidence, 

(KNOPPOFF Coefficients (1957))for incident 

P waves. 

— „ — — S waves. 
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APPENDIX 3 

THE PROGRAMME 

The programme is written in FORTRAN IV language. It can 

be run on a 360 IBM computer. One subroutine f rom the IBM scientific 

subroutine package is used, SIMQ, for solving a matrix equation. 

The programme is divided into two parts 

1) to compute the amplitude of all required arrivals 

and 2) to convert these numerical results into a synthetic 

seismogram. 

PART 1 requires 1 data block and output is f rom the line printer 

PART 2 requires 1 data block plus the output f rom PART 1, and 

output is on the IBM 360 plotter. 

A. 3 .1 . PART 1. 

The problem to be solved is as follows. 

Given 1) the position of a source, S, in an n-layered model 

2) the point of observation, O, on the free surface 

3) the time length of record required 

calculate the vertical component of ground motion at O, due to every 

possible ray emerging f rom S which reaches O within the specified 

time l imi t . A further restriction is imposed in discarding those 

arrivals whose amplitude falls below a specified value 

'Every possible ray' includes 

1) multiply reflected ray paths 

2) headwaves 

3) degenerate arrivals i .e . rays that travel f rom S to O in 

the same time, but along different ray paths. 

and 4) all possible P-S conversions along the ray path. 
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No restrictions wi l l be imposed on the position of the source, and the 
programme w i l l accept a model of up to 20 layers. 

(Restrictions arising from the theory in Appendix A l , have to be 

imposed by the user.) 

The programme consists of 1 main and 10 subroutines. 

MAIN 

Consider an n-layered model with an event originating at focal 

depth FD. 

The layers are numbered from the immediate subsurface, Layer 

1, to the lowest layer, Layer NOL. 

The layer of focus is calculated layer FL . If the focus 

lies on a boundary, i t is programmed as existing in layer FL, where 

FL corresponds to the layer number above the boundary. If i t exists 

on the surface FL = 1. 

MAIN then generates and calculates the number of ray segments 

within each layer, for all possible ray paths from the source to receiver. 

Since there are an infinite number of arrivals for any model with 

more than one layer, the ray generation process must be limited in 

order to be able to use the computer. This is done by calling 

subroutines which impose the conditions laid down in the formulation 

of the problem. 

Consider a focus in layer FL . 

Initially CODE (I), 1 = 1, FL is set to 1 

while CODE (I), I = FL + 1, NOL is set to O 

i .e . the direct wave has been generated, since CODE (I) corresponds 

to the number of ray segments in the I 1 * 1 layer. 
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PROCESS A. 

By calling the subroutines, the amplitude, phase,apparent ground 

velocity, and travel time for all possible P, S and P-S conversion rays 

are calculated. 

PROCESS B. 

If 1 < F L , CODE (1) = CODE (1)+2 

i .e . one reflection from the free surface and the f i rs t boundary before 

the ray arrives at the observation point. 

PROCESS A is repeated. 

PROCESS B is repeated until the travel time of the multiply 

reflected ray becomes greater than To + T. 

where To is the travel time of the direct P wave 

and T the time l imi t imposed in the data. 

PROCESS C. 

If 2 < FL, CODE (1) is set to 1 

and CODE (2) = CODE (2) + 2 

PROCESS A is repeated. 

PROCESS B is repeated until again T > To + T. 

PROCESS C is repeated until the maximum number of reflections 

in layer 2 is reached. 

Again CODE (1) is set to 1 

CODE (2) is set to 1 

while CODE (3) is increased 

and the whole process repeated. 

In this way, all possible ray paths of multiply reflected rays in 
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the model are generated. 

When the moment comes to generate the next reflection in the 

layer of focus 

CODE (FL) = CODE (FL) + 1 

Since both upward and downward travelling initial rays are 

allowable. 

For reflections in any layer beneath the focal layer 

CODE (I) > 2 

No reflections are allowed in the lowest layer since the medium 

below that layer is not defined. 

If the focus originates on the free surface, for the f i r s t 

reflection 

CODE (FL) = CODE (FL) -:-1 

while for any subsequent reflection 

CODE (FL) = CODE ( F L ) + 2 

The last equation is applied for any increase in the number of reflections 

in the layer of focus, when the focus is on an intermediate boundary. 

Thus on running the main programme all multiply reflected rays 

are generated with all the required parameters calculated as in process 

A. 

MAIN is then rerun to generate all pos sible headwaves and their 

multiple reflections. 

A headwave can only exist in any layer beneath the focus. An 

exactly similar procedure is carried out, as for the multiple reflections 

with CODE (HEADV.'AVE LAYER) = 1. 

This time PROCESS A also contains the limitation that the distance 

travelled in the headwave layer must be greater than a certain value 
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X where X > O. X > O is applied since Amp, r t ? . _ • — < = ^ as 

X -t^-O. 

On running through MAIN this second time, all possible 

headwaves, together with their multiple reflections are generated, with 

al l the required parameters again calculated as in PROCESS A. 

The programme then stops. 

SUBROUTINE SUMRAY. 

This is for computational use only and calculates the total number 

of ray segments for each ray path for the reflected arrivals. 

It also converts CODE(I), 1 = 1, NOL into RC. For example, 

if 

CODE (1) = 3 

(2) = 3 

(3) = 2 

(4) = O 

RC = 3320 (Fig. 62 a, b) 

SUBROUTINE T . D . L . 

For a single multiply reflected ray path between the source and 

observation point ( i .e . excluding headwaves), this subroutine computes 

1) the type of interaction at each boundary along the ray path T . 

2) the direction of each ray segment D. 

and 3) the layer numbers of the two layers, involved at each 

reflection or transmission L I , L2. 



Fig. 62. a) Ray path corresponding to RC = 3320 

b) Degenerate ray path for RC = 3320 

c) Ray path corresponding to RC = 1221. 
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0 "I f reflection at free surface 
T = 1 } corresponds to « transmission 

reflection 

_ 1 / , 1 an upward travelling ray 
D = ' corresponds to ; _, , „ . 

2\ ) a downward travelling ray 

A single example wi l l be analysed in f u l l . The subroutine in fact can 

handle any complete ray path, for any focal depth within the model. 

Consider the ray path as in Fig. 62a 

where the initial data is that 

RC = 3320 and FL = 2. 

There are 8 ray segments, therefore there wi l l be 8 values of 

T, D, L I andL2. 

T (1) must always be set equal to 2. 

and Ll(2)must always be set equal to FL. 

If CODE (FL) is even then the f i rs t ray segment must travel 

downwards. 

i .e . D ( l ) = 2. 

If i t is odd, then as long as the source is not situated on an interface 

(which, in fact, has been accounted for in the programme) 

D ( l ) = 1 

Every time the values of T, D, L I and L2 for a ray segment are 

determined, the code for the layer L I is diminished by 1. 

Priority is always given to transmission. 

In the example we thus have 

— * T ( l ) = 2, D ( l ) = 1, L l ( l ) = 2, L 2 ( l ) = 

and RC 1 = 3220. 

(L2(l) is not required in the computation). Since CODE (1) is greater 

than 1, we can immediately let T (2) = 1 (transmission) and thus 
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D (2) = 1. L I (2) and L2 (2) are set equal to 2 and 1 respectively. 

Thus we have determined the type of interaction at the f i rs t boundary 

encountered by the ray, and the medium of the incident and resultant 

rays. 

Now RC 1 = 2220. 

The values of all the subsequent T, D, L I and L2s can thus be 

determined by an iterative method, imposing the condition that when 

all the values for T, D, L I and L2 have been determined, 

CODE (I) = 0 for I = 1, NOL. 

or RC* = 0000 for the case in question. 

In the example :-

T D Ll(incident layer) L2(resultant layer) 

1 2 1 2 * 

2 1 1 2 1 

3 0 2 1 0 

4 1 2 1 2 

5 1 2 2 3 

6 2 1 3 4 

7 1 1 3 2 

8 1 1 2 1 

(when L2 = 0, the ray is reflected from the free surface). 

SUBROUTINE DEC. 

Some multiply reflected ray paths between source and receiver 

w i l l be degenerate. For example, a ray with 

RC = 3320 

can travel by two paths f rom S to O, (Fig. 62a, b) each path having the 

same travel time, but different resultant amplitudes due to the different 
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number or reflections of transmissions in each case. 

Initially SUBROUTINE TDL defines the path as in Fig. 62 a with 

the priority on transmission at each interface. 

SUBROUTINE DEG starts with the initial values of T, D, L I 

and L2 as calculated in SUBROUTINE TDL and then alters each 

successive type code T = 1 ( i . e. transmission) to T = 2 ( i . e. 

reflection), f rom T (max)to T (1). At each stage the condition is 

imposed that when the values of T, D, L I and L2 have been 

redetermined, 

CODE (I), 1 = 1 , NOL must be zero 

or RC* = 0000for the case in question, 

(see SUBROUTINE TDL). 

In the example given this is only true when T (2) is changed from a 

transmission to a reflection. 

After such an alteration, the cycle is repeated again, starting 

with T(max) through to T(change) in this case, T (2). In the example 

there are no other degenerate arrivals up to this point. T(change - 1) 

through to T (1), when equal to 1, are then successively altered f rom 

T = 1 to T = 2, subject to the restricting condition. Again, after 

each successful alteration the cycle is repeated starting with T(max) 

through to T(change). Thus all degenerate arrivals are determined 

and analysed. 

Analysis of reflected refractions is l imited to degeneracy 1, 

(unless the reflections are degenerate), since the output from one or more 

refractions f rom the same layer is identical. No allowance has been 

made for the change in amplitude due to degenerate reflect ed 

refractions. 
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SUBROUTINE HE A. 

When a ray path has been critically refracted, an extra value of 

T, D, L I and L2 has to be included corresponding to the value of each 

of those parameters for the critically refracted wave. In this 

case 

D(HEADWAVE) = O. 

Thus for a ray path as 

RC = 1, 2, 2, 1 

with FL = 2 (the layer of focus) (Fig. 62c) 

T D L I L2 

1 2 2 2 * 

2 1 2 2 3 

3 1 0 3 4 

4 1 1 4 3 

5 1 1 3 2 

6 1 1 2 1 

Having calculated the required parameters of this arrival by calling 

other subroutines, the values of T, D, L I and L2 are restored to those 

values for the equivalent reflected wave; in this case 

RC = 1, 2, 2, 0 

where T D L I L2 

1 2 2 2 * 

2 1 2 2 3 

3 2 1 3 4 

4 1 1 3 2 

5 1 1 2 1 
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SUBROUTINE PS. 

This subroutine calculates all the possible P-S conversions for 

a specified ray path. Initially the complete ray path is composed of 

P rays (coding 1). The f i r s t ray segment is then converted to an S 

wave (coding 2), with successive alterations as (for a ray path 

containing three segments) 

111 

211 

121 

221 

112 

212 

122 

222 

At each stage, the required parameters of the complete ray path 

are calculated by calling other subroutines. 

This subroutine also contains the output commands (SEE 

COMPUTATIONAL PROCEDURE). 

SUBROUTINE ZVANGT. 

This subroutine computes for multiply reflected arrivals only, 

1) the velocity and layer thickness for each part of the ray path. 

2) the angle of incidence at each interface 

3) the apparent ground velocity of the arr ival 

and 4) the total travel time of that ar r ival . 

It is not possible to calculate the exact ray path between source and 

receiver directly. However, since 

1) the direction of each segment of the ray path is known 
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2) every interaction at each interface (whether transmission 
or reflection) is known 

and 3) the P or S type of each segment of the ray path is known 

it is possible by varying the angle of descent or ascent of the initial 

ray segment from the source to vary the epicentral distance of that 

complete ray path until it lies within specified limits on either side of 

the observation point. Once the ray path has been determined, the 

travel time may be computed. 

SUBROUTINE ZVA. 

This subroutine performs the same function as ZVANGT, for 

critically refracted headwaves. In this case, the initial angle of 

descent is fixed by the critical angle for the headwave. If the 

observation distance from the source is less than the critical distance 

for a headwave arr ival , the action wi l l be returned to the part of the 

programme which called this subroutine. 

SUBROUTINE AMPHA. 

This subroutine calculates the final amplitude and associated 

phase (arising from reflection and transmission) of the ground motion 

for a complete ray path. 

For each ray incident upon an interface, the following parameters 

are known and recorded 

1) the type of incident ray, whether a P or an S wave 

2) the type of interaction with the interface whether 

a) reflection 

b) transmission 

or c) headwave refraction 
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3 ) the velocity of the indicent ray medium, and the medium on the 
opposite side of the interface 

4) the angle of incidence of the incident ray 

5) in the case of headwaves, the type of the emanating ray, 

whether P or S. 

thus it is possible to compute (in this case by calling either subroutine 

ZO or HEAD), the amplitude and phase of the resultant wave at each of 

the interfaces. The Knoppoff coefficient for the surface displacement 

is also calculated for the particular angle of incidence and type of the 

final ray segment. 

The final amplitudes are then calculated as in equation A22. The 

associated phase 

5 = 
where 6\ is the phase change associated with the i !* 1 

interaction at an interface. 

(in fact, if equation A 22 is written as 

Z r = A * (COEFFICIENTS OF INTERACTION) 

Z = B * (COEFFICIENTS OF INTERACTION) 

Both A and B are 'carried over' to SUBROUTINE AMP from 

ZVANGT and ZVA respectively. 

SUBROUTINE ZO. 

This subroutine calculates the reflection and transmission 

coefficients for a specific ray incident on a boundary, returning the 

amplitude and phase of the specified resultant ray to AMP. The 

method used is as described in APPENDIX A.2 .1 . 
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SUBROUTINE HEAD. 

This is equivalent to ZO, but calculates the required headwave 

coefficients (see Appendix A. 2.2.). 

A.3.2. COMPUTATIONAL PROCEDURE. 

Fig. 63 represents the main procedure followed. Data is input 

into the main programme. The number of ray segments in each layer 

is generated in MAIN. 

1) REFLECTIONS AND TRANSMISSIONS. 

Consider the point in MAIN where 

3 segments have been generated in layer 1, 

3 segments in layer 2. 

2 segments in layer 3. 

0 segments in layer 4. 

for a four layered model, with the focus in layer 2. 

CALL SUMRAY to. calculate RC = 3320 

and the total number of ray segments SC = 8. 

RETURN TO MAIN. 

CALL TDL to calculate T, D, L I and L2 for all the ray 

segments. 

RETURN TO MAIN. 

CALL PS 

(POINT 1) All segments are initially Prays 

(POINT 2) CALL ZYANGT. 

Calculate 1) Velocity 

2) Layer thickness 

and 3) angle of incidence of each 

ray segment such that epicentral distance lies within 

required limits. Calculate travel time T. 



Fig. 63. Computational Procedure for Synthetic 

Seismogram Programme. 
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RETURN TO PS. 
CALL AMP 

Calculate final amplitude and associated phase by calling ZO. 

RETURN TO PS 

OUTPUT 

Change P segments to S segments returning to POINT 2 for 

each P-S conversion (POINT 3 ) . 

RETURN TO MAIN. 

CALL DEG 

Calculate degenerate ray path T, D, L I and L2 

CALL PS (repeat section from POINT 1 - POINT 3) 

RETURN TO DEG 

If there are no ether degenerate arrivals 

RETURN TO MAIN 

Generate the next ray path. 

2) When all reflections have been analysed, the programme is 

repeated for hedv : -ts 

ZVANGT being replaced by ZVA 

ZO being replaced by HEAD 

and HEA included to calculate the extra values 

of T, D, L I and L2 corresponding to 

the headwave segment. 

INPUT. 

The following parameters are required as data. 

1) NOL, the number of layers in the model. 

2) PTS = 0 if all P and S conversions are to be 

considered. 

= 1 if only P waves are to be considered. 

3) MARK = 1 i f critical distance of headwaves is to 

be output. 
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- 0 if it is not. 
4) MR = 0 if output is to include information 

about the model. 

= 1 if output is only to include parameters 

of the various arrivals. 

5) ROH = 0 if both multiply reflected waves and 

headwaves are to be considered. 

= 1 if only headwaves are to be considered. 

= -1 if only multiply reflected waves are to 

be considered. 

6) 2(1), V(I), I = 1 NOL. 

The layer thicknesses and associated 

compressional wave velocities of the model. 

7) FD the focal depth of event. 

8) A ML the amplitude cut off. 

9) UD the nonx:lizing distance, h 

10) XO observation distance. 
11) DELX limits imposed on XO. 

12) DELT the length of record required in seconds after 

the onset of the direct P wave arrival. 

OUTPUT. 

The initial output contains information about the model, which 

has been read in as input. 

If the focal depth is greater than the sum of the layer thickness 

'FOCUS BELOW STRUCTURE* 

is printed and the programme terminates. 

The required parameters are printed as 

RAY NUMBER RAY TIME DISTANCE VELOCITY 

AMPLITUDE PHASE DIS. IN. REF. DIRECTION 

P-S CODE. 
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Where 

RAY NUMBER : is an integer counting the number 

of output ray paths. 

RAY : RC giving number of ray segments 

in each layer. 

TIME Travel time of RAY. 

DISTANCE Epicentral distance (lying within 

XO + DELX). 

VELOCITY : Apparent ground velocity of arrival. 

AMPLITUDE : Calculated amplitude of arrival. 

PHASE : Associated phase of arrival 

(in degrees). 

DIS. IN. REF. : Distance travelled in refracting 

layer for headwave arrival. 

DIRECTION : coded direction path D(I), I = 1, SC 

(where SC = total number of 

ray segments). 

P-S CODE : coded P-S type of ray segments in 

ray path. 

For headwave arrivals, i f the distance travelled in the headwave layer 

is less than a certain distance X, (set equal to 10 units in AMPHA) 

'NO HEADWAVE AT CRITICAL DISTANCE' 

is printed. 

If the observation distance from the source is less than the critical 

distance from source to receiver, the programme merely proceeds 

to the next ray path without any output being printed. 

If the total path length is less than the normalizing distance 

'RAY PATH LESS THAN UNIT DISTANCE' 
is printed. 
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This part of the programme has been completely debugged, 

and has been shown to work for any horizontally n-layered model (where 

n < 20) and any focal depth, subject to the limitations discussed in 

APPENDIX 1. 

A. 3.3. PART 2. 

The resultant output from PART 1 is a spike function in the time 

domain, each spike with its associated phase. This function cannot be 

immediately interpreted in terms of a synthetic seismogram. In order 

to produce such a result an input function must be altered by a factor 

depending on the amplitude and phase of each of the resultant 'spikes'. 

An exactly similar source function satisfying the radiation 

condition that 

1) the disturbance vanishes at infinity 

and 2) no energy is radiated from infinity into the source region, 

has been assumed for both P and S sources. Tbis has been taken since 

the wave equation is exactly equivalent to 

2 -r 2 T 

where ^ is the shear wave potential. 

The resultant solutions are identical, except that K/v, is replaced 

by Kff, (BERRY and WEST 1966). 

However the source function for S-waves is highly unlikely to 

be equivalent to that for P waves, and the resultant arrivals should only 

be taken as indicative of the relation between P-wave and S-wave 

amplitudes. 

The interaction coefficients in this analysis are independent of 

frequency. It can thus be seen that the multiple reflection 'amplitude' 

is also independent of frequency (EquationA2'2> Theheadwave 'amplitudes' 
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depend on */w and have been evaluated in PART 1 assuming unit 
frequency. 

Thus interaction between the spike function and the source function, 

wil l depend on the frequency content of the source function since 

ZHEAD ZHEAD 
w 

where Z 
HEAD is the calculated headwave amplitude from PART 1. 

INPUT FUNCTION. 

Consider the function. 

F(t) = V [1 - cos$t + V M 2 (cos mat - 1 ) ] 

for 0 g t § T. 

where F(t) = 0 for t < 0 

and F(t) = F(T) f o r t > T 
(MUELLER 1967). 

m = N + 2 
N 

and 5 = Nrr 
3 

for N = 1, 2, 3, 4 etc. 

F V ) = singt - V sin mgt 

may be said to correspond to an 'input' function of order 1, 2, 3, 4 

etc. This function has been plotted as in Fig. 64. In order to obtain 

a synthetic seismogram, the input function was transformed to obtain 

the complex Fourier spectrum 

with amplitude spectrum A(w) 

and phase spectrum jri(w) 

These two spectra were then altered for each individual spike as 



Fig. 64. Input Function for N = 1, 2, 3, 4. 



N = 2 N = l 

A 
N=4 N=3 
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A*(w) = A(w) * Z(w) 

and 0*(w) = p(w) + 5(w) 

where Z(w) is the amplitude of the spike 

and ~(w) its associated phase. 

As stated, in this analysis only ^^EAD *S a * u n c t * o n o f frequency. 

The resultant amplitude and phase spectra were then 

transformed back into the time domain, to obtain the output waveform 

for each individual arrival. 

The resultant wavelets were summed in the time domain to 

obtain the final seismogram. The transform method used was the 

Fast Fourier Transform of COOLEY and TUICEY (1965). This 
N 

requires that the data consists of 2 values where N is some positive 

integer. 

The initial wavelet as in Fig. 6 4 , was thus sampled at 32 

equally spaced points (i.e. N = 5). A 'time unit' thus corresponded 

to 0.01 seconds. 

This time function was transformed into its Fourier spectrum 

using the SUBROUTINE NLOGN (ROBINSON 1967). Thus, the 

frequency spectrum was obtained sampled at frequencies f = j / q 

cycles per time unit, where q = 32 

and j = 0, 1, 2 , q-1. 

The associated amplitude and phase spectra were altered for each 

individual spike and the resultant frequency spect rum transformed 

into the time domain, again using subroutine NLOGN. The resulting 

wavelets were summed in the time domain, with a sampling interval 

equal to the time unit, 0. 01 seconds. The amplitude at time 

T M I N + T W a S t h e n o u t p u t o n t h e I B M 3 6 0 P l o t t e r -

T . is the onset time of the first arrival at the observation mm 
point. 
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t increases from O to T + 0.32 sees, where T is the 
max max 

onset time of the last calculated arrival. 

This procedure was computed as Programme FIS. 

INPUT. 

N 

TIM (I) 

AMP (I) 

PHA (I) 

XH (I) 1 = 1, N. 

FIX 

X(I ) , 

CMIN 
CMAX 

1 = 1, 32. 

Number of output arrivals from Part 1. 

Onset time 

Amplitude 

Phase 

Distance travelled in refracted layer 

of the N arrivals determined from 

Part 1. 

If equal to YES 

Amplitude scales on graph are input in 

CMIN and CMAX. 

If equal to NO 

New scales are computed. 

The input time function data. 

Maximum and Minimum values of 

Amplitude Scale. 

The final amplitudes have been increased by a factor of 10 for ease 

of computation. The programme was run on the IBM 360 NUMAC 

computer and considerable use was made of scratch files. The 

commands for running the complete programme are noted after the 

printout of the programmes. 

XC denotes the compiled version of file X 

DAT 1 contains the data for PART 2 

D contains FIX and X (I), I = 1, 32 for part 2. 

The programme uses an increasing amount of CPU time 

with 1) increasing epicentral distance 

and 2) increasing length of record required. 
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However, 10 second records for an event originating 50 km from the 
observation point can be computed in approximately 100 seconds. For 
epicentral distances beyond 200 km, it is necessary to divide the 
analysis into component parts making use of PTS and ROH in the 
input. 
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