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ABSTRACT 

The K-matrix f o r m a l i s m f o r the low energy KN 

i n t e r a c t i o n i s reviewed. By u s i n g the N/D method t o 

compute the s c a t t e r i n g m a t r i x f o r l e f t hand s i n g u l a r i t i e s 

chosen t o approximate the p h y s i c a l s i n g u l a r i t i e s o f 

the KN and tx amplitudes the n a t u r e o f the energy 

dependence o f the i n v e r s e K-matrix elements are 

i n v e s t i g a t e d . From t h i s i t i s concluded t h a t an e f f e c t i v e 

range p a r a m e t e r i s a t i o n should be a good ap p r o x i m a t i o n 

t o the i n v e r s e K-matrix elements and t h a t the o f f 

d i a g o n a l elements of the e f f e c t i v e range m a t r i x may n o t , 

a p r i o r i , be n e g l e c t e d . 

The a p p l i c a t i o n o f d i s p e r s i o n r e l a t i o n s t o the 

p r e d i c t i o n o f the strange p a r t i c l e c o u p l i n g c o n s t a n t s 

i s discussed. A once s u b t r a c t e d sum r u l e i s i n t r o d u c e d 

which reduces the discrepancy i n the p r e d i c t i o n o f the 

c o u p l i n g constants due t o the use of d i f f e r e n t low 

energy p a r a m e t e r i s a t i o n s f o r the KN a m p l i t u d e . The 

r e s u l t a n t p r e d i c t i o n o f the c o u p l i n g c o n s t a n t s i s 

i n c o m p a t i b l e w i t h the SU(3) p r e d i c t i o n s . 

A new S-wave zero range f i t t o the low energy KIT 

data i s performed. A good f i t i s obtained, which 

improves on p r e v i o u s analyses over the low energy KN 



r e g i o n . The values of the c o u p l i n g constants p r e d i c t e d 

by the standard d i s p e r s i o n r e l a t i o n u s i n g t h i s 

p a r a m e t e r i s a t i o n are again i n c o m p a t i b l e w i t h the SU(3) 

p r e d i c t i o n s . 

F i n a l l y the e f f e c t o f the n o n - n e g l i g i b l e P waves 

i n the i s o s p i n one channel are i n v e s t i g a t e d u s i n g a 

constant s c a t t e r i n g l e n g t h p a r a m e t e r i s a t i o n f o r these 

waves i n the a n a l y s i s o f the low energy EN data. 
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10. 

CHAPTER 1 

I n t r o d u c t i o n 

The i n t e r a c t i o n s o f p a r t i c l e s a t present appear to be 

governed by f o u r separate types of f o r c e which a r e , i n 

descending order of s t r e n g t h , the s t r o n g , the e l e c t r o ­

magnetic, the weak and the g r a v i t a t i o n a l f o r c e s . I n t h i s 

t h e s i s we w i l l be p r i n c i p a l l y concerned w i t h the s t r o n g 

i n t e r a c t i o n s , a l t h o u g h the e f f e c t o f the e l e c t r o m a g n e t i c 

i n t e r a c t i o n w i l l be considered. The g r a v i t a t i o n a l and weak 

f o r c e s w i l l , i n a l l a p p l i c a t i o n s considered here, be 

n e g l i g i b l e . 

From the a n a l y s i s of s c a t t e r i n g experiments i t has 

been observed t h a t i t i s p o s s i b l e t o a s sign t o the s c a t t e r i n g 

s t a t e s quantum numbers which are conserved i n a l l i n t e r a c t i o n s 

mediated by the s t r o n g f o r c e . The conserved quantum numbers 

so f a r a l l o c a t e d are charge (Q), p a r i t y ( P ) , charge 

c o n j u g a t i o n ( C ) , baryon number (B) and strangeness ( S ) . I n 

a d d i t i o n t o the l i m i t a t i o n s imposed by these s e l e c t i o n r u l e s , 

i t i s a l s o p o s s i b l e t o c l a s s i f y the i n t e r a c t i o n s by a p p e a l i n g 

t o the L o r e n t z I n v a r i a n c e o f s c a t t e r i n g experiments. Thus, 

by c o n s e r v a t i o n o f t o t a l angular momentum the i n t e r a c t i o n 

may be decomposed i n t o p a r t i a l waves and no i n t e r f e r e n c e i s 

p o s s i b l e between p a r t i a l waves corresponding t o d i f f e r e n t 



1 1 . 

values o f the t o t a l angular momentum. A f u r t h e r symmetry o f 
the s t r o n g i n t e r a c t i o n s was discovered when i t was found 
t h a t the observed p a r t i c l e s c o u l d be f i t t e d i n t o 
r e p r e s e n t a t i o n s of SU(2) , adding two more l a b e l s t o the 
p a r t i c l e , namely the t o t a l SU(2) , or i s o s p i n , content I 
and the t h i r d i s o s p i n component 1 ^ . I n analogy w i t h the 
angular momentum case, the i n t e r a c t i o n may be analysed i n 
terms o f i t s s t a t e s o f d e f i n i t e i s o s p i n and, i t i s found, 
s t r o n g i n t e r a c t i o n s may be c l a s s i f i e d by t h e i r i s o s p i n 
c o n t e n t , g i v i n g a f u r t h e r conserved quantum number I , and 
the i n t e r a c t i o n i s unchanged by r o t a t i o n s i n i s o s p i n space. 
I t i s e v i d e n t t h a t the r e c o g n i t i o n o f such symmetries 
y i e l d s a g r e a t s i m p l i f i c a t i o n i n the study o f s t r o n g 
i n t e r a c t i o n s f o r the symmetry gives a c l a s s i f i c a t i o n o f 
these i n t e r a c t i o n s . A c c o r d i n g l y h i g h e r symmetries have 
been sought which, i t i s hoped, w i l l encompass the 
c o n s e r v a t i o n laws, t o g e t h e r w i t h the i s o s p i n symmetry. Of 
these attempts the most s u c c e s s f u l has been the SU(3) 
symmetry group o f Gell-Mann and Neeman . Under t h i s scheme 
p a r t i c l e s are f i t t e d i n t o SU(3) r e p r e s e n t a t i o n s and 
i n t e r a c t i o n s mediated by the s t r o n g i n t e r a c t i o n s are supposed 
t o be SU(3) i n v a r i a n t . This scheme has had g r e a t success i n 
p r e d i c t i n g the p a r t i c l e m u l t i p l e t s but the ex p e r i m e n t a l 



evidence s u p p o r t i n g the SU(3) i n v a r i a n c e o f the s t r o n g 

i n t e r a c t i o n s i s very l i m i t e d . The reason f o r t h i s i s 

t h a t the nucleon-nucleon and TT meson-nucleon r e a c t i o n s , 

f o r which t h e r e i s a l a r g e amount o f ex p e r i m e n t a l data, 

can only t e s t the SU(2) i s o s p i n subgroup o f the symmetry. 

I n order t o t e s t the f u l l SU(3) symmetry i t i s necessary 

t o o b t a i n d e t a i l s o f the i n t e r a c t i o n s i n v o l v i n g strange 

p a r t i c l e s . P a r t o f t h i s t h e s i s i s devoted t o the determina 

t i o n o f the c o u p l i n g o f the strange p a r t i c l e s t o the 

neucleons and i t i s ev i d e n t t h a t such a d e t e r - r u i n a t i o n 

w i l l be a u s e f u l t e s t o f the SU(3) p r e d i c t i o n s . 

Many f u r t h e r symmetry schemes have been proposed which 

attempt t o i n c l u d e i n the symmetry group the e x t e r n a l 
2 

symmetries o f the Lore n t z group. Of these SU(6) , which 

combines the i n t e r n a l symmetry SU(3)» w i t h the e x t e r n a l 

SU(2) s p i n group, has had some success but t h e r e are 

t h e o r e t i c a l d i f f i c u l t i e s i n v o l v e d i n t h i s group as i t i s 

i t s e l f not r e l a t i v i s t i c a l l y i n v a r i a n t . Once again the 

d e t e r m i n a t i o n o f the c o u p l i n g o f the strange p a r t i c l e s t o 

the neucleons would p r o v i d e a good t e s t o f the symmetry 

scheme's p r e d i c t i o n s . 

Although symmetries serve t o c l a s s i f y the s t r o n g 

i n t e r a c t i o n s t h e r e s t i l l e x i s t s the problem o f a n a l y s i n g 



the dynamics of these i n t e r a c t i o n s . An obvious approach 

t o t h i s problem would seem t o be t o t r y t o apply the 

formalism o f f i e l d t h e o r y , which has been so s u c c e s s f u l 

i n the d e s c r i p t i o n o f the e l e c t r o m a g n e t i c i n t e r a c t i o n , t o 

the s t r o n g i n t e r a c t i o n . However i t t u r n s o u t , f o r the T 

mesons a t l e a s t , t h a t the s t r o n g c o u p l i n g i s o f the order 

of 15i and thus p e r t u r b a t i o n expansions, used s u c c e s s f u l l y 

i n quantum electrodynamics t o s o l v e the f i e l d e q u a t i o n s , 

would not i n general be expected t o be o f much use. Moreover 

the basic Lagrangian i s not a t present known, t h e r e being 

no c l a s s i c a l t heory o f s t r o n g i n t e r a c t i o n s t o which t o 

appeal. A d i f f e r e n t approach t o the problem would t h e r e f o r e 

seem t o be necessary and i t was suggested by Heisenberg^ t h a t , 

i n the absence of any knowledge o f the s t r o n g i n t e r a c t i o n , 

a formalism should be set up which deals o n l y w i t h 

p h y s i c a l l y observable q u a n t i t i e s . Thus the £ M a t r i x i s 

i n t r o d u c e d which connects the incoming p a r t i c l e s t a t e s , 

before the^ reach the r e g i o n of i n t e r a c t i o n , w i t h the 

o u t g o i n g p a r t i c l e s t a t e s a f t e r they leave the r e g i o n o f 

i n t e r a c t i o n . The t r a n s i t i o n p r o b a b i l i t y between s c a t t e r i n g 

s t a t e s w i l l t h e r e f o r e be g i v e n by the square o f the S m a t r i x 

elements between these s t a t e s . I f the i n g o i n g and o u t g o i n g 

b a s i s s t a t e s are taken t o be plane wave s t a t e s then i t may 



be shown t h a t , as a r e s u l t o f the Lorentz i n v a r i a n c e o f 

the i n t e r a c t i o n s , the S M a t r i x w i l l be a f u n c t i o n o f the 

i n v a r i a n t s formed out o f the p a r t i c l e f o u r momenta. A 

fundamental p o s t u l a t e i s then t h a t the S m a t r i x i s an 

a n a l y t i c f u n c t i o n o f these i n v a r i a n t s . Moreover i t i s 

p o s t u l a t e d t h a t the S m a t r i x , a n a l y t i c a l l y c o ntinued i n 

these v a r i a b l e s t o a r e g i o n where the d i r e c t i o n o f c e r t a i n 

p a r t i c l e f o u r momenta are rev e r s e d , w i l l then d e scribe 

the S m a t r i x f o r the process i n v o l v i n g the s c a t t e r i n g o f 

the new i n c i d e n t s t a t e t o the new outgoing s t a t e . Thus i f 

the o r i g i n a l process i s 

a + b -—» c + d 

then the S m a t r i x f o r t h i s process may be a n a l y t i c a l l y 

c ontinued t o the r e g i o n where the d i r e c t i o n o f the momenta 

of p a r t i c l e s c and b are reversed and then i t w i l l describe 

the s c a t t e r i n g process 

a + e *• d + b 

where the bar denotes the a n t i p a r t i c l e i s t o be tak e n . 

S i m i l a r l y the S m a t r i x i s c o n t i n u a b l e t o the r e g i o n where 

i t d e scribes the process 

b + c > d + a 

The a n a l y t i c i t y p o s t u l a t e i s made more e x p l i c i t by 

demanding t h a t the only s i n g u l a r i t i e s o f the S m a t r i x a r i s e 



from the k i n e m a t i c a l s i n g u l a r i t i e s i n each channel, namely 

those due t o the p o s s i b l e s i n g l e and many p a r t i c l e s t a t e s 

i n each channel. 

I t i s e v i d e n t t h a t , as c r o s s i n g r e l a t e s the 

s i n g u l a r i t i e s o f each channel t o those i n the o t h e r channel 

some s o r t o f s e l f consistency c o n d i t i o n i s set up and i t 

i s b e l i e v e d p o s s i b l e t h a t the only s o l u t i o n t o these 

consistency r e s t r i c t i o n s may be the p h y s i c a l w o r l d i n which 

t h e r e f o r e , every p a r t i c l e e x i s t s because o f the ex i s t e n c e 

of every o t h e r p a r t i c l e . 

The p o s t u l a t e o f the a n a l y t i c i t y o f the S m a t r i x 

has been extended t o a n a l y t i c i t y i n the complex angular 
if 

momentum plane connecting one p a r t i a l wave w i t h another. 

I n t h i s theory the pole i n the S m a t r i x a s s o c i a t e d w i t h a 

s i n g l e p a r t i c l e s t a t e i s b e l i e v e d t o move i n the angular 

momentum plane, each pole t r a c i n g a t r a j e c t o r y throughout 

t h i s p lane. The t r a j e c t o r i e s thus connect p a r t i c l e s o f 

d i f f e r e n t s p i n and the a s s o c i a t e d poles are known as Regge 

p o l e s . A consequence o f t h i s t h e o r y i s t h a t the h i g h 

energy behaviour o f the amplitude i n one channel i s 

dominated by the exchange o f Regge poles i n the crossed 

channels. The form o f the h i g h energy amplitude p r e d i c t e d 

by the Regge model i s found t o be i n good agreement w i t h 

experiment. 



I t i s a l s o o f i n t e r e s t t o apply the b o o t s t r a p p r i n c i p a l 

t o the Regge pole model and models have been evolved which 

s a t i s f y the c o n d i t i o n s o f a n a l y t i c i t y , c r o s s i n g and Regge 

h i g h energy behaviour. Such models a r e , however, s t i l l 

v ery s p e c u l a t i v e and beyond the scope o f t h i s t h e s i s . 

E x p e r i m e n t a l l y , the i n t e r a c t i o n s t h a t have been most 

e x t e n s i v e l y s t u d i e d are those i n v o l v i n g n^ucleons and ~T 

mesons. Due t o the f a c t t h a t the o n l y s t a b l e t a r g e t s 

are the n ^ u c l e i o f atoms most s c a t t e r i n g data i n v o l v e s 

e i t h e r p r o t o n s , or protons and n e u t r o n s . Moreover i n 

order t o o b t a i n u s e f u l numbers o f c o l l i s i o n s i t i s necessary 

t o produce an i n c i d e n t beam of h i g h i n t e n s i t y . I n the past 

the o n l y s u i t a b l e i n c i d e n t p a r t i c l e s have been TT" mesons 

and n^ucleons. However, more r e c e n t l y , i t has become 

p o s s i b l e t o produce i n c i d e n t beams o f K mesons and data 

has been o b t a i n e d f o r the kaon-nucleon i n t e r a c t i o n . The 

a n a l y s i s o f t h i s data i s s t i l l i n i t s i n f a n c y , and i t i s 

w i t h t h i s r e a c t i o n , p a r t i c u l a r l y i n the low energy r e g i o n , 

t h a t t h i s t h e s i s w i l l be concerned. 

I n t a b l e (1.1a) we l i s t the p a r t i c l e s which which we 

w i l l p r i m a r i l y be concerned, t o g e t h e r w i t h t h e i r quantum 

numbers. These p a r t i c l e s are c l a s s i f i e d by SU(3) i n t o two 

o c t e t s as shown i n t a b l e ( 1 . 1 b ) . I t should be noted t h a t 
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each o c t e t i s made up o f p a r t i c l e s w i t h the same baryon 

number, s p i n and p a r i t y as shown. 

As mentioned above, the d e t e r m i n a t i o n o f the c o u p l i n g 

between the strange and non-strange p a r t i c l e s i s of 

fundamental importance. The normal way o f d e t e r m i n i n g 

the c o u p l i n g c o n s t a n t s , which are r e l a t e d t o the r e s i d u e s 

o f the s i n g l e p a r t i c l e p o l e s , i s by e x t r a p o l a t i o n o f the 

for w a r d s c a t t e r i n g a m p l i t u d e , by means o f a d i s p e r s i o n 

r e l a t i o n , from the p h y s i c a l r e g i o n where data i s a v a i l a b l e 

t o the pole p o s i t i o n s . For the V N case t h i s e x t r a p o l a t i o n 

i s s t r a i g h t f o r w a r d as the experi m e n t a l data i s s u f f i c i e n t 

t o g i v e the d i s c o n t i n u i t y o f the f u n c t i o n across i t s c u t s 

over the r e g i o n o f i n t e r e s t . However i n the KN case a 

d i f f i c u l t y a r i s e s due t o the presence, a t the KN t h r e s h o l d , 

of the open XTff and / " f channels. Due t o the f a c t t h a t no 

experiments a r e , a t pr e s e n t , p o s s i b l e f o r 2"ir and A i r 

s c a t t e r i n g , the d i s c o n t i n u i t y across the £5" and <*ir k i n e m a t i c 

c u t s below the KN t h r e s h o l d i s e x p e r i m e n t a l l y unknown. Thus 

i t i s necessary t o parameterise the KN amplitude i n the low 

energy r e g i o n , determine the low energy parameters by a f i t 

t o the low energy data, and use the c o n t i n u a t i o n o f the 

p a r a m e t e r i s a t i o n below the KN t h r e s h o l d t o p r e d i c t the 

d i s c o n t i n u i t y across the "fir and A*cuts. The para­

m e t e r i s a t i o n and f i t t o the data has been performed by 
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s e v e r a l people and the r e s u l t s a p p l i e d t o the p r e d i c t i o n o f 

the KNA and KNC c o u p l i n g c o n s t a n t s . However t h e r e i s 

s e r i o u s disagreement between the r e s u l t s o f these analyses, 

i t b eing found t h a t the p r e d i c t e d values f o r the c o u p l i n g 

c o n s t a n t s l i e , b r o a d l y , i n two r e g i o n s , one i n agreement 

w i t h the SU(3J p r e d i c t i o n , and the o t h e r n o t . The basic 

reason f o r the d i f f e r e n c e between the p r e d i c t i o n s l i e s i n 

the f a c t t h a t the i s o s p i n zero KN amplitude has a resonance 

a t a p o s i t i o n j u s t below the KN t h r e s h o l d . This resonance, 

which p r o v i d e s a l a r g e c o n t r i b u t i o n t o the d i s p e r s i o n 

r e l a t i o n p r e d i c t i o n of the c o u p l i n g c o n s t a n t , must be 

p r e d i c t e d by the p a r a m e t e r i s a t i o n , and a s m a l l change i n 

the parameters can produce a l a r g e change i n the resonance 

c o n t r i b u t i o n . 

I n view of the d i s c r e p a n c i e s between the e x i s t i n g 

s o l u t i o n s i t would appear p r o f i t a b l e t o examine i n d e t a i l 

the m e r i t s o f the v a r i o u s p a r a m e t e r i s a t i o n s used and t o 

i n v e s t i g a t e ways o f improving them. Moreover r e s t r i c t i o n s 

on t h e s o l u t i o n s may be p o s s i b l e by a p p l y i n g s u i t a b l e 

c o n s i s t e n c y t e s t s t o the f i t s which r e l a t e the low energy 

behaviour o f the amplitude t o t h a t i n o t h e r energy r e g i o n s . 

T h i s t h e s i s i s concerned w i t h these problems and p r o v i d e s a 

new a n a l y s i s o f the low energy data which, i t i s hoped, w i l l 



f i n a l l y r e s o l v e the discrepancy between the pr e v i o u s f i t s . 

I n Chapter 2 the form a l i s m necessary t o describe kaon 

nucleon s c a t t e r i n g i s i n t r o d u c e d and the decomposition 

according, t o angular momentum and i s o s p i n i s computed. 

F i n a l l y the a n a l y t i c i t y p o s t u l a t e i n the complex energy 

squared plane i s made e x p l i c i t by w r i t i n g down the Mandelstaxn 

r e p r e s e n t a t i o n f o r the s c a t t e r i n g a m p l i t u d e . 

The p a r a m e t e r i s a t i o n o f the low energy KN amplitude 

i s i n t r o d u c e d i n Chapter 3 and, usi n g a model which, i t i s 

hoped, approximates the KN case, the v a l i d i t y o f approxima­

t i o n s t o the f u l l p a r a m e t e r i s a t i o n are t e s t e d . I t i s 

concluded t h a t a r e s u l t o b t a i n e d by Nath and Shaw^ i n a more 

general a n a l y s i s o f low energy p a r a m e t e r i s a t i o n should not 

be expected t o be v a l i d i n t h i s p a r t i c u l a r case. L a s t l y 

a summary of the v a r i o u s f i t s t h a t have been made t o the 

low energy KN data i s g i v e n . 

The use o f d i s p e r s i o n r e l a t i o n s i n the d e t e r m i n a t i o n 

of the c o u p l i n g constants i s discussed i n d e t a i l i n Chapter 

h and the e x i s t i n g p r e d i c t i o n s l i s t e d . The SU(3) and SU(6) 

values f o r the c o u p l i n g s are w r i t t e n down f o r comparison 

w i t h the p r e d i c t e d v a l u e s . Other independent measurements 

of the c o u p l i n g c o n s t a n t s are a l s o reviewed. A new 

superconvergent sum r u l e i s proposed which, i t i s claimed, 
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p r o v i d e s a p r e d i c t i o n o f the c o u p l i n g constant e s s e n t i a l l y 

independent o f the ̂ unphysical r e g i o n . Other c o n s i s t e n c y 

t e s t s are discussed and one developed f o r use i n f u t u r e 

f i t s . 

I n Chapter ^ an S wave f i t t o a l l the present data 

i n the r e g i o n o f kaon l a b o r a t o r y momentum 0-280 MeV/c i s 
o 

presented. New data a r i s i n g from K^p experiments i s i n c l u d e d 

i n the f i t . The uniqueness o f the f i t and s t a b i l i t y a g a i n s t 

change i n p a r a m e t e r i s a t i o n i s a l s o i n v e s t i g a t e d and the 

c o u p l i n g constant computed. F i n a l l y the cons i s t e n c y t e s t 

developed i n Chapter k i s a p p l i e d t o the new s o l u t i o n . 

Chapter 6 presents a more ex t e n s i v e f i t t o the KN data, 

i n c l u d i n g P waves i n the p a r a m e t e r i s a t i o n o f the i s o s p i n 

one a m p l i t u d e . Data i n the r e g i o n 0-280 MeV/c kaon l a b o r a t o r y 

momentum i s analysed i o r processes i n v o l v i n g the 1=0 

amplitude w h i l s t the range i s extended t o *f00 MeV/c f o r 

experiments i n v o l v i n g o n l y the 1=1 r e a c t i o n . Once again 

the s t a b i l i t y a g a i n s t change o f p a r a m e t e r i s a t i o n and the 

uniqueness o f the s o l u t i o n i s i n v e s t i g a t e d and the 

c o u p l i n g constants e v a l u a t e d . 



CHAPTER 2 

Kaon-Nucleon S c a t t e r i n g 
( i ) Hhe S M a t r i x 

I f we d e f i n e by and ^ o u ^ ^ e b a s i s s t a t e s 

which are i d e n t i f i e d a s y m p t o t i c a l l y as time tends t o + c6 

w i t h f r e e p a r t i c l e plane wave s t a t e s , then the S i r . a t r i x , 

by d e f i n i t i o n , t r a n s f o r m s the " o u t " base t o the " i n " 

base 

Assuming t h a t the s t a t e s i * ^ . ^ form a complete 

orthonormal s e t , c o n s e r v a t i o n o f p r o b a b i l i t y i m p l i e s the 

u n i t a r i t y c o n d i t i o n t h a t 

S + S - SS^ X (2.1) 

where j" denotes a d j o i n t and I i s the u n i t m a t r i x . 

S i s t h e r e f o r e a u n i t a r y o p e r a t o r and the t r a n s i t i o n 

amplitude between ec and |3 may be w r i t t e n 

The processes w i t h which we w i l l p r i n c i p a l l y be 

concerned are those "two t o two" processes i n v o l v i n g two 

p a r t i c l e i n i t i a l and f i n a l s t a t e s . 
a + b — > c + d 

This i s i l l u s t r a t e d i n F i ^ . (2 .1) . 
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From the f o u r momenta p , p, , p , p, o f the i n d i v i d u a l 
a d c a 

p a r t i c l e plane wave s t a t e s we may form the i n v a r i a n t s s, t 

and u d e f i n e d by 

The energy momentum c o n s e r v a t i o n c o n d i t i o n 

i m p l i e s the r e l a t i o n 

S • - + rw^ + ^ C

V * (2.3) 

and so the t h r e e i n v a r i a n t s are not independent o f each 

o t h e r . Here i s the mass o f p a r t i c l e i . 

I t i s c o n v e n t i o n a l t o f a c t o r a d e l t a f u n c t i o n , 

corresponding t o no s c a t t e r i n g , out o f the S m a t r i x and, 

f o r the two t o two process o f F i g . (2.1) t h i s decomposition 

i s n o r m a l l y w r i t t e n 

where 

f and i denote f i n a l and i n i t i a l s t a t e s and the n's are the 

c o n v e n t i o n a l n o r m a l i z a t i o n f a c t o r s f o r bosons or fermions as 
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t h e case may b e , v i z i 

tx - I — \ f o r bosons 
S \ r w 8 J 6 

and i * , - - = x f o r fermions 

a 

Equation (2«4) e x p l i c i t l y e x h i b i t s the energy-momentum 

c o n s e r v a t i o n o f the system. 

I f we express the c o n d i t i o n s imposed by u n i t a r i t y on the 
n 

T m a t r i x by s u b s t i t u t i n g e q u a t i o n (1.4) i n (2.1) we f i n d 

where the sum over a i s over a l l p o s s i b l e i n t e r m e d i a t e 
(a) 

s t a t e s , Q stands f o r the t o t a l , c e n t r e o f mass, 
momentum o f s t a t e a, and N i s the n o r m a l i z a t i o n f a c t o r 

' a 

f o r the p a r t i c l e s i n s t a t e a • S i m p l i f y i n g t h i s e q u a t i o n 

we o b t a i n the u n i t a r i t y e q u a t i o n f o r the T m a t r i x 

<**) 

t ^ - T f t ) ' - K " ) " f V ^ f ^ - . Q * ) 1 ^ ( 1 ^ (2-5) 

The a n a l y t i c i t y p o s t u l a t e s t a t e s the S m a t r i x , and thus 

a l s o the T m a t r i x are a n a l y t i c f u n c t i o n s o f the v a r i a b l e s 

s, t and u and t h a t the o n l y s i n g u l a r i t i e s are the k i n e m a t i c 

ones. I t may be seen from (2.5) t h a t a t an energy correspond­

i n g t o a new a l l o w e d i n t e r m e d i a t e s t a t e , a, the l e f t hand 
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s i d e o f (2.5) changes. A c c o r d i n g l y the T amplitude has a 

s i n g u l a r i t y a t such a t h r e s h o l d and, i n f a c t , such a 

t h r e s h o l d i s a branch p o i n t o f the T a m p l i t u d e . These 

branch c u t s are drawn along the p o s i t i v e r e a l a x i s i n the 
2 

complex energy squared plane S = E and d e f i n e a Eiemann 

su r f a c e on which the amplitude i s s i n g l e v a l u e d . Moreover 

the choice o f c u t d i r e c t i o n ensures the amplitude i s 

hermetian a n a l y t i c . 

The s i n g u l a r i t y s t r u c t u r e o f the amplitude a r i s i n g 

from the k i n e m a t i c c u t s i n the s and t channels a t a 

f i x e d value o f u = u q i s drawn i n F i g . (2 .2) . The poles 

corresponding t o s i n g l e p a r t i c l e s t a t e s o f mass m$, m̂. i n 
2 2 channel s , t r e s p e c t i v e l y are a l s o g i v e n . I and I g i v e s t 

t he p o s i t i o n o f the f i r s t i n e l a s t i c t h r e s h o l d s i n the s and 
2 

t channels and ^ i s the sum o f the masses o f the f o u r 

i n t e r a c t i n g p a r t i c l e s 

LL 

i 

F i g . (2.2) 
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A resonance i s g i v e n by a pole on the u n p h y s i c a l sheets 

a t a complex p o i n t i n the s plane. 

The p h y s i c a l amplitude f o r the process 

<x 4* b — C + A 
i s d e f i n e d by the r e l a t i o n 

where s, t and u are r e a l . 

Crossing r e l a t e s t h i s amplitude to the t channel 

process 

( X t t -3> b 4* *( 

t o g i v e the r e l a t i o n 

T (*j <r,^\ - T _ (2.6) 

S i m i l a r r e l a t i o n s may be o b t a i n e d between the 

amplitudes i n the s and u and the t and u channels. 

Cxi) Kinematics and P a r t i a l Wave A n a l y s i s 

I n t h i s s e c t i o n we w i l l c o n s i d e r i n d e t a i l t he 

s t r u c t u r e o f the T m a t r i x f o r a two t o two process as 

shown i n F i g . (2.1) where a and c are s p i n -J p a r t i c l e s 

and b and d s p i n 0 p a r t i c l e s . The s channel w i l l be taken 

t o be the p h y s i c a l one and p a r t i c l e b i s assumed t o be a t 

r e s t i n the l a b o r a t o r y system. 
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L a b e l l i n g a l l q u a n t i t i e s w i t h s e l f - e x p l a n a t o r y 

s u p e r s c r i p t s we may determine the k i n e m a t i c a l i n v a r i a n t s 
7 

as f o l l o w s 

# . «*\ ^ • f - iCe:*) 

Thus s - - ( r ^ + ^ O ^ ^ 

Using t h e i n v a r i a n c e o f the s c a l a r product P a.P b g i v e s 

C -M. " ^ ^ + ( B ) 

Hence 

F i n a l l y u s i n g these equations we may express the momenta 

i n terms o f the i n v a r i a n t s 

11^1 . / O - (WHof) b̂g) (2.7) 

I n order t o describe the k i n e m a t i c s o f s c a t t e r i n g 

completely i t i s necessary t o i n t r o d u c e one more v a r i a b l e 

a p a r t from the i n v a r i a n t s. As mentioned i n the p r e v i o u s 

s e c t i o n a s u i t a b l e choice i s the i n v a r i a n t t and we may 

express t h e s c a t t e r i n g angle i n terms o f s and t 

T ' - - ( K - K ) V 
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I f Q i s the angle between the d i r e c t i o n s o f motion of 
the p a r t i c l e s a and c i n the c e n t r e o f mass system t h i s 
e quation ^ i v e s 

The S m a t r i x may be decomposed as i n (2 ,4 ) where now 

the L o r e n t z i n v a r i a n t q u a n t i t y ^ may be w r i t t e n i n the 

form 

rfw= ^ ( M r & * > W M ( 2- 9 ) 

where u ( p ) i s the u s u a l f o u r s p i n o r f o r s p i n -J- p a r t i c l e s 

and i s normalised t o 

T ( s , t , u ) i s a 4 x 4 m a t r i x i n s p i n space. 

I t may be shown t h a t the d i f f e r e n t i a l cross s e c t i o n 

i n the center-of-mass frame i s given by 

dA" S^t $ 1 c IKM T^W*O) X
 ( 2 . i o ) 

where the summation i n d i c a t e s the sum over the f i n a l 

s p i n s t a t e s and the average over the i n i t i a l s p i n s t a t e s . 



28 

I t i s o f t e n convenient t o d e f i n e the s c a t t e r i n g 

amplitude i n a p a r t i c u l a r r e f e r e n c e frame i n such a way 

t h a t 

8 £ 7 (2.11) 

it, j 

where Q, re f e r s to the re f e r e n c e frame under c o n s i d e r a t i o n . 

Thus i t may be seen from (2.10) and C2.11) t h a t 
^ CM | / 
*7t " ^ J ^ b ^ 1 T f K A i T i T T (2.12) 

and ff*** Y^T^v? t / A 7 T 

Using equations (2.11), (2.12), (2.6) and (2.5) we may w r i t e 

the o p t i c a l theorem f o r these amplitudes i n the form 

normally used. 

^ pic * ' 4 ^ ' 
6* 

where i n bot h cases the amplitudes have been e v a l u a t e d i n 

the f o r w a r d d i r e c t i o n and i s the t o t a l cross s e c t i o n 

f o r p a r t i c l e s i n s t a t e i . 

As T ( s , t , u ) i s a Lorentz i n v a r i a n t q u a n t i t y ( s t r i c t l y , 

i t i s the q u a n t i t y u < p c ) T ( s , t , u ) u ( p & ) which i s Lo r e n t z 

I n v a r i a n t ) i t may be expressed as a f u n c t i o n o f the 
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independent k i n e m a t i c i n v a r i a n t s . I n t h i s case due t o p a r i t y 

c o n s e r v a t i o n t h e r e are o n l y two such i n v a r i a n t s and these 

may be ta k e n ^ as the u n i t m a t r i x I and -J ̂ .(p^+p^) where 

the ft are the Dirac ^ m a t r i c e s so t h a t T ( s , t , u ) i s 

decomposed i n t o the form 

where A and B are s c a l a r f u n c t i o n s o f the k i n e m a t i c a l 

v a r i a b l e s and are known as the i n v a r i a n t amplitudes f o r 

t h i s process. 

An a l t e r n a t i v e decomposition i s g i v e n i n terms o f 

the c e n t r e o f mass amplitude r£ where 

and the are P a u l i s p i n o r s . From (2.10) and (2.11) and 

i n t r o d u c i n g a minus s i g n by convention since these amplitudes 

may have an a r b i t r a r y phase between them, we see t h a t 

A HtO f Xfto) * - u ( w T 4 * ) ( 2* 1 6 ) 

The decomposition i n terms o f F i s w r i t t e n 

/, * \l***.*t) 4 ( 2 . 1 7 ) 

where 6* i s the t h r e e v e c t o r o f 2x2 P a u l i s p i n m a t r i c e s . 
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The co n n e c t i o n between and A,B i s given by 

where 1 
*KL f ̂  r r 

I n w r i t i n g down the s c a t t e r i n g amplitude use was made 

of i t s Lorentz i n v a r i a n c e i n order t o express i t as a sum 

o f s c a l a r terms. However the Lorentz i n v a r i a n c e may be 

f u r t h e r u t i l i s e d by w r i t i n g the amplitude as a s e r i e s 

expansion i n terms o f a s e t o f o r t h o g o n a l v e c t o r s b e l o n g i n g 

t o an i r r e d u c i b l e r e p r e s e n t a t i o n o f the Homogeneous Lo r e n t z 

group. A convenient b a s i s f o r t h i s purpose i s the b a s i s 

o f p a r t i c l e h e l i c i t y s t a t e s , where h e l i c i t y i s d e f i n e d as the 

component o f s p i n along the d i r e c t i o n o f motion. T h i s 

decomposition has been c a r r i e d out i n d e t a i l by Jacob and 
9 

Wick and f o r the kaon-nucleon s c a t t e r i n g case t h e i r 

g e n e r a l r e s u l t reduces t o 

f w i f 1% u > « (2.19) 

where \ and A are the h e l i c i t i e s o f the i n i t i a l and f i n a l 
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CM CM fermions r e s p e c t i v e l y , F. i s the submatrix o f F 
J 

corresponding t o s t a t e s o f t o t a l angular momentum J , and 

O and0 are the c e n t r e o f mass s c a t t e r i n g a n g l e s . The z 

a x i s i s chosen a l o n ^ the i n i t i a l momentum. f# i s the 

s c a t t e r i n g amplitude f o r s c a t t e r i n g between s t a t e s v/ith 

i n i t i a l and f i n a l f e r m i o n h e l i c i t i e s -X and r e s p e c t i v e l y . 

The d - f u n c t i o n s a p p r o p r i a t e t o kaon-nucleon s c a t t e r i n g are 

(2.20) 

Since i n the present system t h e r e are o n l y four . p o s s i b l e 

h e l i c i t y combinations, we may w r i t e 

and / n / r i s , / f l / ^ / *• 

P a r i t y c o n s e r v a t i o n r e q u i r e s t h a t i n each o f these cases 

t h e r e s h a l l be only two independent a m p l i t u d e s , so t a k i n g 

these as the two independent p a r t i a l wave amplitudes f^ and 

the two independent amplitudes J,and f% d e f i n e d i n (2.17) 

we may w r i t e 

fit'' * ̂ + * i+- ) (2*22) 

and . c \ c\ 

f i ; ^ ^ t * 7 ^ ! 0»-J>)) ( 2.23) 
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denotes a p a r t i a l wave w i t h t o t a l o r b i t a l a ngular 
momentum -C and t o t a l angular momentum J -^.±. i' 

From C2.18),12.19) and (2.20) we have 

(2.24) 

which, u s i n g (2.22) and (2.23) g i v e s us f i n a l l y 

h (6^>r i£ k* p t J ^ "ft- (2.25) 

The o r t h o n o r m a l i t y o f the Legendre polynomials may be 

expressed i n the form 

and u s i n g t h i s and (2.2*f) we o b t a i n t h e i n v e r s e r e l a t i o n 

fc*" ' I / * ( 2- 2 6 ) 

The d i f f e r e n t i a l cross s e c t i o n f o r s t a t e s w i t h i n i t i a l 

and f i n a l h e l i c i t i e s A and A are g i v e n i n terms o f the 

amplitude fxyfafl) > d e f i n e d i n (2.19) by 

where and are the f i n a l and i n i t i a l c e n t r e o f 
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mass momenta r e s p e c t i v e l y . I f we assume the i n i t i a l f e r m i o n 
i s u n p o l a r i s e d and i f the p o l a r i s a t i o n o f the f i n a l f e r m ion 
i s n o t observed the d i f f e r e n t i a l cross s e c t i o n i s g i v e n by 
the sum over the f i n a l h e l i c i t i e s and average over the 
i n i t i a l h e l i c i t i e s . Using (2.2j5) t o express t h i s i n terms 
of and as d e f i n e d i n (2.17) we o b t a i n 

The t r a n s v e r s e p o l a r i s a t i o n P(o) o f the f i n a l f e r m ion 

i s o b t a i n e d by s p l i t t i n g the h e l i c i t y e i g e n s t a t e s i n t o 

t r a n s v e r s e e i g e n s t a t e s and computing the p o l a r i s a t i o n as 

f o l l o w s ^ + _ pi <£, 

where the + and - r e f e r t o the s p i n component along the 

d i r e c t i o n .J* **T ̂  1 and it and *X out are u n i t v e c t o r s 

along the d i r e c t i o n o f the i n c i d e n t and o u t g o i n g bosons 

r e s p e c t i v e l y . Here 0. • i s along the z a x i s and, u s i n g 

(2.23)» the r e s u l t may be expressed i n terms o f ^ andj-^ 
10 

as 
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( i i i ) The Isotopic Spin Structure of the KN and KN systems 

From an examination of Table (1.1), i t may be seen 

that there are two i s o s p i n kaon doublets, one with 

strangeness +1 and the other with strangeness -1• Moreover 

the doublets may be transformed into each other by the 

operation of going from the p a r t i c l e to the a n t i p a r t i c l e . 

Due to the f a c t that strangeness must be conserved, 

the f i n a l s t a t e for the s c a t t e r i n g of K mesons by nucleons 

must involve a strange p a r t i c l e with strangeness +1. There 

i s only one such p a r t i c l e a v a i l a b l e besides the K + meson, 

v i z . the n e u t r a l K-meson K°. The only i n e l a s t i c processes 

that can occur are therefore 

*> K° + f> 

and i n e l a s t i c processes where for example ex t r a TT-mesons 

are present i n the f i n a l s t a t e . There are thus' four charge 

s t a t e s i n kaon-nucleon s c a t t e r i n g 

I f we regard the nucleon and kaon as i s o s p i n doublets 

* ! (!«>) k * ( T o ) (2-29> 

with the usual i s o s p i n operators |V and r e s p e c t i v e l y , 

the charge independence of KN r e a c t i o n s may be conveniently 
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exhibited by introducing a b a s i s of s t a t e s that are 
2 

eigenstates of the operators I and 1̂  where I i s the 

i s o s p i n operator and i s ^iven by 
r = ± r

 M + { -e * 
A l l four s t a t e s are then expressed i n terms of 

s t a t e s with i s o t o p i c spin 1 and 0, obtained by coupling 

the two i s o s p i n -J s t a t e s and using the usual Clebsch-Gordon 

decomposition 
I = I '> '> 

k ° « > - i.,-<> 

Iso t o p i c spin symmetry means that the S matrix i s 

i n v a r i a n t under rotations i n i s o s p i n space, and therefore 

that there are only two independent amplitudes involving 

two p a r t i c l e kaon nucleon s t a t e s , namely an i s o s p i n one 

amplitude and an i s o s p i n zero amplitude. 

I t should be noted that i s o t o p i c spin symmetry i s 

only v a l i d for the strong i n t e r a c t i o n s and therefore the 

electromagnetic e f f e c t s must be included separately to 
+ ° 

allow for the K , K and p, n mass differences and a l s o 

for the e f f e c t of the Coulomb force. 

The s c a t t e r i n g of K mesons by nucleons i s complicated 

by the presence, even at the K""p threshold, of two, two 
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p a r t i c l e , i n e l a s t i c channels with strangeness -1. Thus 
the s c a t t e r i n g amplitude i s a multichannel matrix even 
at low energies. The processes allowed for K~p s c a t t e r i n g 
are 

K+p —* £ . ¥ * X } Z ° t K 0 , (2.31) 
M p A + TT° 

plus further m u l t i p a r t i d e processes. 

As the antikaon doublet i s obtainable from the kaon 

doublet by p a r t i c l e - a n t i p a r t i c l e conjugation, care must be 

taken i n the choice of the i s o s p i n wave functions i n order 

that both doublets may transform under i s o s p i n r o t a t i o n s 

i n a consistent fashion. Thus choosing the kaon doublet 

as i n (2.29) and the i s o s p i n operator 1̂  for the KN system 

as -

the antikaon doublet must be taken as 

• - l l O 

The i s o s p i n decomposition of the four possible KN 

charge s t a t e s i s given by (2.29) and (2.32) as 

I k V *!«>'> 
l K ' p > '- - f a { , , » 0 > ^ 0 > o > I 

&\ 1 '> 0>- , 0>°>J 

(2-32) 
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I s o s p i n symmetry thus s t a t e s that there are only two 
independent amplitudes for processes involving two p a r t i c l e 
antikaon nucleon s t a t e s . Electromagnetic e f f e c t s must, 
once again, be included to allow for mass difference and 
Coulomb s c a t t e r i n g . 

The i s o s p i n decomposition must also be applied to 

the other channels involving the d i f f e r e n t i s o s p i n 

m u l t i p l e t s , the A s i n g l e t and the £ t r i p l e t . Using the 

normal Clebsch-Gordon decomposition i t i s straightforward 

to compute the standard i s o s p i n b a s i s vectors 1,1^ 

for these channels which gives 

i.,o> * |/\n d> 

I o,°> -- ( I r V > - I * V > + U V > ? (2.3<o 

I n order to tabulate the i s o s p i n independent amplitudes 

for the low energy KN amplitude where only two p a r t i c l e 

channels are open we introduce the notation 

K > - \ l K > > * (2.35) 
' t . > -• £ i t * . T " > - ( r > + > } 
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for our b a s i s s t a t e s , the subscript r e f e r r i n g to the t o t a l 

i s o s p i n * 

The T matrix i s block diagonal i n these s t a t e s and may 

be w r i t t e n as 

with analagous symbols for the other elements of the 

matrix T. 

( i v ) The Mandelstam Representation 
11 

Mandelstam has given a p r e s c r i p t i o n for obtaining 

the a i a l y t i c properties of each of the elements of the 

Dirac matrix T ( s , t , u ) defined by (2.1^), considered as 

function of two independent kinematic v a r i a b l e s 

simultaneously. He conjectures that, apart from possible 

subtractions i f the i n t e g r a l s do not converge, an amplitude 

for the process shown i n F i g . (2.1) with spin as i n s e c t i o n 

( i i ) would have the form 

(2.36) 

06 (A 
oi. f Jit 

tot 00 

4m' df' 
If 7T 

( H i 1 

(2.37) 
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and a s i m i l a r expression for B ^ ( s , t , u ) v/here m, H,̂ * 
are the masses of the kaon, nucleon and TT meson 
r e s p e c t i v e l y . 

The s p e c t r a l functions are by assumption r e a l 

and are non vanishing only within c e r t a i n boundaries 

which may be c a l c u l a t e d by means of a p r e s c r i p t i o n given 

by Mandelstam and which approach the l i m i t s of integrations 

only asymptotically. The sum i s over the -2T and A pole 

terms. 

Although i t i s believed that the Mandelstam 

representation may follow from imposing c a u s a l i t y on S 

matrix theory, no complete proof of t h i s e x i s t s and i n 

our subsequent work we w i l l t r e a t (2.37) as a postulate 

defining the a n a l y t i c properties of our scattering-

amplitude e x p l i c i t l y . 
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CHAPTEK 3 

The Parameterisation of the Low Energy KN Amplitude 

( i ) The K Matrix 

U n i t a r i t y , as expressed for the t o t a l amplitude by 

may be w r i t t e n i n a p a r t i c u l a r l y simple way for the 

p a r t i a l wave amplitudes Jf^ as defined i n (2.22). This i s 

done using the p a r t i a l wave pro j e c t i o n (2.26) together with 

equations (2.17), (2.16) i n equation (2.15). Assuming two 

p a r t i c l e e l a s t i c s c a t t e r i n g only the r e s u l t may be written 

i n the form 

v / ^ t -ke^ , s (3.1) 
Here k i s the centre of mass momenta for the e l a s t i c 

process and ^ i s unity above the e l a s t i c threshold and 

zero otherwise. Equation (3*1) expresses the u n i t a r i t y of 

the p a r t i a l wave amplitude exactly i n the region below 

the f i r s t i n e l a s t i c threshold. 

For s c a t t e r i n g which involves more than one two p a r t i c l e 

channel, the amplitude becomes a matrix i n channel space, 

and u n i t a r i t y for the p a r t i a l wave matrix amplitude 

may be w r i t t e n 

^Tel " (3.2) 
Here k i s now the diagonal matrix whotfe elements are 

the channel centre of mass momenta and 0 i s a diagonal 



matrix whose elements are unity above the channel threshold 

and zero otherwise. This equation expresses two body 

u n i t a r i t y and i s exact below three p a r t i c l e thresholds. 

I t i s evident from (3»2) that we may write "T^ i n the 

form 

where, below three p a r t i c l e thresholds, i s a r e a l matrix. 

Thus t h i s expression for the p a r t i a l wave amplitudes, f i r s t 
f o r EN s c a t t e r i n g ^ 

introduced Aby D a l i t z and Tuan , e x p l i c i t l y constructs an 

amplitude which i s unitary below three p a r t i c l e thresholds. 

The choice of the branch of continuation below threshold 

of a channel momentum on the p h y s i c a l sheet may be made 

by considering the T-matrix element <J|TKV This corresponds 

to a wave function for which there i s an incident wave of 

unit amplitude i n channel i and otherwise outgoing waves 

e x p ( i k . r ) / r i n a l l channels. I f the channel j i s closed •J 
then the momentum k. must be taken to have the value 

J * 

so that the outgoing wave i n channel j i s replaced by a 

damped exponential wave exp(-|k .\ r ) / r . 

The obvious disadvantage of (3*3) i s that there are 

an i n f i n i t y of channels to be considered even though the 

energy i s such that only s e v e r a l channels are open, and the 

c a l c u l a t i o n of the T matrix elements r e q u i r e s the K matrix 
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elements for a l l conceivable channels. Accordingly i t i s 
usual to define the reduced It-matrix Kg which i s defined 
for those channels which, i n the energy range of i n t e r e s t , 
are open for at l e a s t part of the range. Equation (3.3) 
w i l l now become 

T ^ f *«' (3.4) 

where now T, K and k have t h e i r dimension equal to the 

number of channels i n the subset to be considered. 
13 

With some algebraic manipulation i t follows from 

(3.3) and (3-M that K and K R are r e l a t e d by 

where i , j r e f e r to channels i n the subset and 4̂ 4* r e f e r 

to channels autside the subset. 

We now consider the r e s t r i c t i o n s imposed on the K-matrix 

and the reduced K-matrix by the supposed invariance of the 

S matrix under time r e v e r s a l . I f we denote our basis 

s t a t e s by |j,m,j^> where J and m l a b e l the t o t a l angular 

momentum and the t h i r d component of angular momentum, and 

^ the remaining quantum numbers necessary to spe c i f y the 

st a t e , then under time r e v e r s a l these s t a t e s are transformed 

by the operator T where 

and we have used the phase convention of r e f (l*f) • 



I f strong i n t e r a c t i o n s are time r e v e r s a l i n v a r i a n t then 

the S matrix must s a t i s f y 
-» -t-

T ST * S ' 

This implies a s i m i l a r condition on the K matrix and we 

may therefore write 

<J"«H^ I < / t t T J . '> - (-•) <R-m'^ •» ̂ \T-«K ̂ > ( 3 ' 6 ) 

However we know that 

and therefore (3«6) may be f i n a l l y written as 

Thus time r e v e r s a l invariance of the S matrix implies that 

^4 i s symmetric. I t may therefore be diagonalised by 

an orthogonal transformation and, by (3«3)» t h i s w i l l also 

diagonalise • 

We make use of t h i s property when we apply the K matrix 

to the KN i n t e r a c t i o n . A convenient set of s t a t e s which 

diagonalises the T and the K matrices i s that given i n 

(2.3*0 and, following (2.33) we introduce the notation 
Cx, 

At, 
o ; (3.8) 
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where I denotes the t o t a l i s o s p i n and a,b,c the channels 

KN, £"u and AIT r e s p e c t i v e l y * 

Before considering e x p l i c i t parameterisations of the 

K matrix i t i s necessary to know more about the s i n g u l a r i t i e s 

of the p a r t i a l wave amplitudes and t h i s w i l l be considered 

i n the next s e c t i o n . 

( i i ) The S i n g u l a r i t y Structure of the P a r t i a l Wave Amplitudes 

I n Chapter 2 we introduced the idea of the a n a l y t i c i t y 

of the s c a t t e r i n g amplitude i n the i n v a r i a n t v a r i a b l e s 

s , t and u. This idea was made more e x p l i c i t by postulating 

the Mandelstam Representation (2.37) for the i n v a r i a n t 
I I 

amplitudes A and B defined b\ (2.1*f). I n t h i s s e c t i o n 

we wish to use the Mandelstam Representation to deduce the 

s i n g u l a r i t y s t r u c t u r e of the P a r t i a l Wave Amplitudes. 

Using equations (2.18) and (2.26) we know that, for the 
process shown i n F i g . (1.1), the p a r t i a l wave amplitudes 

-fg^ may be wr i t t e n as If f ^ K ^ ^ 
(3.9) 

where (A 
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Equation (3*9) may be rewritten, taking a factor outside 
both terms 

where k and q are the i n i t i a l and f i n a l centre of mass 

momenta r e s p e c t i v e l y . 

We now observe that the Mandelstam representation 

(2.36) may be written i n the form 

• e t w * • i j * t *£r' (3.11) 
where 

and ~ 

with a s i m i l a r expression for B(s,t,u) 

Moreover by crossing a^ and a.^ are r e l a t e d by 

*,(>,<:') « -
depending on whether A(B) i s symmetric or antisymmetric 

under c r o s s i n g . 

I f we now consider the functions A / ( k j ) and 
H 

B / ( k ^ ) w e s e e that, from equations (3-10), (3.11) and 
(3.12), we may write them as 
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(3.13) 

where 

and s i m i l a r l y for B^(s)/Ck^) 

1 ^ contains no s i n g u l a r i t i e s other than those a r i s i n g 

from the vanishing denominators i n the Mandelstam represent­

ation and, since 

the i n t e g r a l w i l l vanish at k = 0, q = 0 l i k e (kq) , so 

that no pole i s introduced by dividing by t h i s f a c t o r i n 

(3.13). 
Also, since I ^ i s a function only of even powers of 

(kq) -^ no branch points occur a r i s i n g from these kine-

matical f a c t o r s . Hence A ^ / ( k q ) and s i m i l a r l y I^/(kq) 

are free from kinematical s i n g u l a r i t i e s . F i n a l l y , from 

equation (3*10) i t i s evident that j j ^ 4 / ( k q j ^ " w i l l a l s o 

be free of kinematical s i n g u l a r i t i e s . The apparent 

i r r a t i o n a l i t y cut for 

i s c a n c e l l e d by the other terms i n the expression. 

The other s i n g u l a r i t i e s i n the P a r t i a l Wave amplitude 

^ 4 may a r i s e i n two ways. F i r s t l y the multiplying 
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f a c t o r s i n equation (3»10) give r i s e to a pole at s = 0 

and a cut from -^6{y£o • Secondly s i n g u l a r i t i e s may a r i s e 

due to the pole terms or the cut i n u, t i n the Mandelstam 
T T 

r e l a t i o n s for A and B , and these s i n g u l a r i t i e s are known 

as dynamical s i n g u l a r i t i e s . Ey using equation (3.12) 
the p o s i t i o n s of the dynamical s i n g u l a r i t i e s L.ay be 

determined from the s i n g u l a r i t y s tructure of A and B 

and t h i s has been done i n d e t a i l for the process 

•C K + tsj 
15 

by MacDowell and for the processes 
K+N XT 4TT 

and +^ > /\ -vTT 

16 

by Moorhouse • They f i n d the dynamical s i n g u l a r i t i e s for 

the KN and channels of the s wave amplitude are as 

follows 

( i ) K + N K + N 
The s i n g u l a r i t i e s due to the t cut ( ty*"X $ ^ ^ ^ 

T T 
i n A 9 £ are the following cuts i n the s plane 

The s i n g u l a r i t y due to the u cut ( ( H.+*\)*~$ 

i s the following cut i n the s plane. 
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These s i n g u l a r i t i e s are sketched together with the kinematical 
s i n g u l a r i t i e s i n F i g . (3«1a). 

( i i ) K + N — S T + T T 

The s i n g u l a r i t i e s a r i s i n g from the nucleon pole i n the 

u channel are two cuts i n the s plane 

—#0 r s Jo 
fie* * * < i GtS 

The u channel cut (Htyt^^fffid gives the s channel 

plus a region of the s plane to which the amplitude may 

be hon-continuable. I n F i g . (3*1b) the s i n g u l a r i t i e s for 

t h i s amplitude are shown and t h i s region i s the region 

bounded by the curve & • 

F i n a l l y the cuts due to the t channel s i n g u l a r i t y 

where i s an anamalous threshold and i s given 

by f & - A^-4^U,v +**y* cxr> *C 

give a cut 

and another region of possible non c o n t i n u a b i l i t y bounded 

by the curve fl as shown i n F i g . (3-1b). 

( i i i ) 5"4TT r 4 7 t 
7. 

The u channel pole at u***£ gives the cuts 
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and - T ^ T ^ 5 $ • 

and the pole at gives the cuts 

The u cut 
T T 

i n A , B give the following cuts i n the S plane 

T T 
There i s an anamalous threshold for the t-cut i n A ,B 

and t h i s cut gives the following cuts 

$ * O 

These s i n g u l a r i t i e s are sketched i n F i g . (3«1c). For the 

ATT channel the general features of the S wave s i n g u l a r i t y 

s t r u c t u r e are e s s e n t i a l l y the same and w i l l not be l i s t e d 

here • 
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( i i i ) The Parameter!sation of the P a r t i a l Wave Amplitudes 

I n the previous s e c t i o n we found that the p a r t i a l 

wave amplitude -j^t has a kinematical cut which may be 

removed by multiplying by the fa c t o r C k ^ j . For the many 

channel oase we may define a new p a r t i a l wave matrix ~TCfa 
without the kinematical cut by the equation 

T i t ( k ] " € t e t ^ ) - (3 .1*) 

k being the diagonal matrix of channel centre of mass 

momenta. Equation (3*3) becomes 

where we have defined the new K matrix by 

This new K matrix, with the threshold s i n g u l a r i t i e s 
17 

removed, may be written as a power s e r i e s i n the channel 

momenta 

«/4 * i c ^ K a t f - 4 & ( 3 . , 7 ) 

where M, r , P are r e a l , symmetric, energy independent 

matrices whose elements may be used to parameterise the 
2 2 

s c a t t e r i n g process, and k Q i s k evaluated at the point 

about which the s e r i e s expansion i s being made. Th i s 

expansion, of course, breaks down when, with decreasing energy 

a dynamical s i n g u l a r i t y i s reached. 
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A parameterisation of the K matrix i n which only the 
f i r s t term, the M matrix, i s kept of the s e r i e s (3*17) i s 
known as a zero range parameterisation, w h i l s t i f the 
f i r s t two terms of the s e r i e s , namely M and r , are kept 
the parameterisation i s c a l l e d an e f f e c t i v e range 
parameterisation. 

The e x t r a c t i o n of the threshold behaviour and the 

expansion of (3*17), of course apply equally w e l l to the 

reduced K. matrix and henceforth we w i l l use the 

expression, the K matrix, to r e f e r to the reduced K matrix. 

The subset of channels on which t h i s reduced K matrix i s 

defined w i l l be s p e c i f i e d where necessary. 

For the one channel case (3*15) may be wr i t t e n 

T f ^ ' I X J (3.18) 
where l / A - '/'^O 

A i s r e a l and has the dimensions of length. The e f f e c t i v e 

range expansion of A i s then given by 

i * t * ± ^ ( 3 - 1 9 ) 

where A and r are r e a l constants and are known as the o 
s c a t t e r i n g length and e f f e c t i v e ranges for t h i s one 

channel amplitude. 

The form (3*18) may a l s o be wr i t t e n for the e l a s t i c 

amplitude i n the many channel case but by (3*5)i i n 
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general, A w i l l be complex due to the presence of the 

other i n e l a s t i c channels. Once again A may be 

expanded i n the form (3*17) where A Q and r w i l l now 

be complex constants and are known as the complex 

s c a t t e r i n g length and complex e f f e c t i v e range for the 

many channel process. I t should be noted that, i n 

t h i s formalism, only the e l a s t i c u n i t a r i t y cut i s 

e x p l i c i t l y b u i l t into the amplitude. 

The expansion of the K matrix i n the form of 

(3*17) was f i r s t discussed i n the multichannel 
17 

p o t e n t i a l model by Ross and Shaw . Subsequently 
18 

Nath aid Shaw investigated the expansion for a 

s c a t t e r i n g amplitude with various left-hand s i n g u l a r i t i e s 

using the multichannel K/D formalism to compute the 

K matrix given these s i n g u l a r i t i e s . As a r e s u l t of 

t h e i r work they suggested that, i n a process for which 

the e f f e c t i v e range expansion i s s u f f i c i e n t to describe 

the energy v a r i a t i o n of the K matrix i n the energy 

range of i n t e r e s t , a good approximation i n general 

i s expected to be one i n which r i s taken as diagonal. 

I n the r e s t of t h i s s e ction, we w i l l review the 

N/D formalism and apply the method to l e f t hand 

s i n g u l a r i t i e s which may be taken, from the discussion 
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of Section ( i i ) , as appropriate to the KN case. As a 
r e s u l t of t h i s we suggest that the approximation of a 
diagonal r matrix should not he expected to be v a l i d 
for KN s c a t t e r i n g . We also attempt to i n t e r p r e t the 
ph y s i c a l meaning of the various terms i n the e f f e c t i v e 
range expansion, and to in v e s t i g a t e the possible 
e f f e c t s of the crossed C*tr) cut i n the KN e l a s t i c 
amplitude. 

The N/D approach to determining the T matrix 

given i t s l e f t hand s i n g u l a r i t i e s c o n s i s t s i n w r i t i n g 

the T matrix i n the form 

where Ng 4 and D ^ are square matrices of the same 

dimension as "11̂  and, i t i s supposed, the decomposition 

can be made i n such a way that N has only the l e f t hand 
At 

s i n g u l a r i t i e s , namely those a r i s i n g from the cross 

channels, w h i l s t E^has only the r i g h t hand s i n g u l a r i t i e s 

a r i s i n g from the di r e c t channel poles and c u t s . 

Suppressing the angular momentum l a b e l s on the matrices 

we observe that u n i t a r i t y , as expressed by equation 

(3*2) may be writ t e n , using (3»15)i as 

(3.21) 
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where we have assumed, for s i m p l i c i t y , that the l e f t 
and r i g h t hand cuts do not overlap. I f we also assume 
that the l e f t hand cuts l i e along the r e a l a x i s we 
may by (3*15) a l s o write 

J*. N - [l^r] J> (3.22) 

t h i s l a t t e r equation being true over the l e f t hand cut 

energy region. 

We now suppose that the asymptotic behaviour of 

N and D are such that i t i s possible to write a 

dispersion i n t e g r a l for N, and a dispersion i n t e g r a l 

for D with one subtraction i n such a way that the 

contribution to the i n t e g r a l s from the portion at 

i n f i n i t y i s n e g l i g i b l e . Without l o s s of ge n e r a l i t y 

D may be normalised to the un i t matrix at i t s 

subtraction point. Thus N and D are given by 

r ^s> 
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Here P denotes that the P r i n c i p a l value int e g r a t i o n 
should be performed and the R and L beneath the i n t e g r a l 
signs denote that the i n t e g r a l s are over the r i g h t 
and l e f t hand cuts r e s p e c t i v e l y . The solutions to 
these i n t e g r a l equations may be shown to be independent 
of the subtraction point 5*̂  of the i n t e g r a l equation 
for D. 

From (3*22) and (3.24) we may compute the reduced 

K matrix as defined i n (3.15) to be 

ket ^[^VlN + t ( f c -b. G ) (3.23) 

Although, i n general solutions to the coupled 

i n t e g r a l equations (3.24) are complicated and may have to 

be obtained numerically, when the l e f t hand cut i s 

approximated by a s e r i e s of poles the solution may 

be obtained a n a l y t i c a l l y . Accordingly, we w i l l examine 

the two channel S wave case, where the l e f t hand cut 

i s approximated by a pole i n the S plane at the same 

posit i o n , - s f , i n each channel. Near t h i s pole the 

T matrix w i l l be given by 

H ? 3 ) (3.26) 

where g i s a two by two symmetric matrix of constants. 
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The p o s i t i o n of the pole and the values of g w i l l be 
chosen to approximate the p h y s i c a l case of KN s c a t t e r ­
ing. Subsequently we w i l l add a further pole i n one 
channel to i n v e s t i g a t e the possible e f f e c t of a l e f t 
hand cut extending, i n one channel, very near to the 
r i g h t hand c u t s . For s i m p l i c i t y we consider the 
case where equal mass s c a t t e r i n g occurs i n e i t h e r 
channel, the mass of the p a r t i c l e s i n channel i 
being given by m̂ . The diagonal matrix of channel 
centre of mass momentum then becomes 

k^O) ~- t ^ J * * " * * ? (3.27) 

Using (3.26) and (3.27) i n equations (3.23), 
(3.2*0 and (3.25) , IK(s) may immediately be written 

down as ^ 

K CrJ" J - f r * ) - V P i / * W ' - ) (3.28) 

where we have chosen the subtraction point s = -s„ . 
* o 1 

The i n t e g r a l s i n t h i s equation may be performed 

a n a l y t i c a l l y to give 

r < K ' W ) ] r ( A ^ - K « ( 3. 2 9 ) 
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T h i s may now be written i n a form s u i t a b l e for comparison 
with (3*17) i f we use (3*27) to write a l l q u a n t i t i e s 
i n terms of channel momenta 

where we define A^j by the equation 

(3.3D 

I f we define the matrix (if»0) *5 .J i . and evaluate 
•J *5 " 

the s e r i e s (3.17) about the point S*S T we may rewrite 

(3.30) i n an analagous way to (3.17) as 

K(t) =«J ^ S r ) - ^ ^ + I " k* (3.32) 

where ^ ^ ' j * 

The one pole approximation to the l e f t hand cut 

i s therefore equivalent to the expansion (3.17) with 
only the f i r s t two terras non zero, and we may make the 

i d e n t i f i c a t i o n 

- S ^ *A.0 ' (5.34) 
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Using (3.33) i n (3*3^) r may be obtained i n terms of 

M as 

r * l /W^-^^C^.**)**^ (3-35) 

I f we now consider the e f f e c t of moving the l e f t hand 

cut p o s i t i o n , that i s the p o s i t i o n , Sy , of the 

equivalent pole, then M, which i s e s s e n t i a l l y f i x e d 

by the s c a l e of the i n t e r a c t i o n , w i l l remain constant 

through the corresponding v a r i a t i o n i n g, and (3-33) 
w i l l give the v a r i a t i o n of r , the e f f e c t i v e range 

matrix. I t may be seen therefore that for a d i s t a n t 

left-hand cut, the dominant term i n (3»33) w i l l be 

the term i n and therefore 

r * l t v P ~ (3.36) 
I n t h i s s i t u a t i o n , r i s evidently diagonal and 

i t s elements w i l l be i n v e r s e l y proportional to the 

square root of the distance of the l e f t hand cut from 

the region about which the expansion (3«17) i s made, 

r w i l l thus give a measure of the range of the 

" p o t e n t i a l " induced by the crossed channels. 

I f the l e f t hand cut, and therefore the p o s i t i o n 

of the equivalent pole, , i s allowed to approach 

the p h y s i c a l region, i t i s evident from (3*31) that 
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(3-36) may no longer be taken as good approximations 
to the e f f e c t i v e range, and that the f u l l equation 
(3*33) must be considered. I t i s evident that, 
provided the M matrix i s not diagonal, there i s no 
reason for assuming a diagonal r matrix i n t h i s case. 

I t i s of i n t e r e s t to apply the above discussion 

to the case of KN s c a t t e r i n g . A good, equal mass, 

approximation to the s i n g u l a r i t y s tructure of Fig.(3»1) 

i s obtained by choosing the masses ITK as follows 

This gives the cut s t r u c t u r e of F i g . (3-2) 

It <*e* 

-- - n 

I n order to i n v e s t i g a t e the possible forms and 

values of r for an expansion about ^ - 4 * ^ , the K 

matrix was f i x e d at a p h y s i c a l l y reasonable value, 

and (3*35) used to compute r for various values of S^. 
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By a p h y s i c a l l y reasonable set o f values f o r the 
elements o f I i we mean those o b t a i n e d by Kim i n a f i t 
t o the low energy KH data. A d e t a i l e d account o f t h i s 
f i t i s g i v e n i n the next s e c t i o n . The values o b t a i n e d 
f o r the elements o f r were p l o t t e d i n F i g . (3-3) a g a i n s t 
a range o f values o f . For comparison the values 
o b t a i n e d by Kim f o r h i s ( d i a g o n a l ) e f f e c t i v e range 
parameters are i n d i c a t e d a l s o i n F i g . (3-3)* I t m a v 

be seen from t h i s p l o t t h a t , f o r l y i n g i n a 
c o n s i d e r a b l e range of the p h y s i c a l l e f t hand cut 
( F i g . (3*1))» the o f f d i a g o n a l elements may not be 
considered as n e g l i g i b l e . Thus i t may be concluded 
t h a t , f o r the Kfl case, t h e r e i s no a p r i o r i reason 
f o r n g g l e c t i n g these o f f d i a g o n a l elements. 

I n the KN case i t may be seen, F i g . (3-1)i t h a t 

the l e f t hand cut i n the KN -*KN channel extends past 

the r i g h t hand £n and u n i t a r i t y c u t s . I t i s t h e r e f o r e 

o f i n t e r e s t t o i n v e s t i g a t e the p o s s i b l e e f f e c t o f t h i s 

c u t on the v a l i d i t y o f a two term e f f e c t i v e range 

expansion o f the form g i v e n by (3.32). A c c o r d i n g l y 

a two p o l e l e f t hand c u t i s used i n the N/D equations 

(3»2*f). D i s normalised t o u n i t y a t the p o s i t i o n o f 

the f i r s t p o l e , - , and thus from (3-23) K w i l l have 

the form 



u 

0.4 
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g- and g, are both two by two matrices whose elements 

give the residues at the pole p o s i t i o n s -S^ and -S^ 

r e s p e c t i v e l y , g^ w i l l be a r e a l symmetric matrix and 

approximate the contribution of the dominant l e f t hand cut, 

w h i l s t g^ w i l l have only one non-zero element, fc^jt a n (* 

approximate the e f f e c t of the crossed Hir cut i n the KN 

amplitude, the magnitude of whose d i s c o n t i n u i t y i s 

believed to be small. Using (3*38) i n (3-24) with 

s =-S. we obtain o 1 

The i n t e g r a l s i n (3*39) xnay be performed a n a l y t i c a l l y 

and the value of D(-S^) i s got by solvi n g (3»39) for 
D(s) at s = -S^. 

Using the r e s u l t i n g expression for D(s) and knowing 

N(s) from (3»3S) the K matrix elements may be e a s i l y 

obtained v i a equation (3«25)« I n F i g s . (3«*0 and 

(3-5) we plot the K matrix elements vs. 

for a range of values of the parameter ( s ^ ) ^ which 

determines the contribution of the pole 
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a t (-S 2). The values o f and m̂  are given by (3*37) 
and i s f i x e d a t 

S £ = -1.6 Gev 2 

i s taken t o be 

S 1 = 0.0 Gev 2 

f o r F i g . (3**) and t o be 
S 1 a 5.0 Gev 2 

f o r F i g . (3.4) • Using (3*33) the values o f g^ are 
v a r i e d t o give Kims r e s u l t f o r g^ = 0 and then the 

e f f e c t o f non zero (g~) i n v e s t i g a t e d . 

I t may be seen from F i g . (3-M and F i g . (3-5) 

t h a t , although the values o f the e f f e c t i v e range 

terms are changed by the a d d i t i o n o f the e x t r a p o l e , 

the e f f e c t i v e range expansion remains a good 

approximation t o the energy dependence of the M 

ma t r i x elements over a considerable momentum range. 

Near S =~&2 o f course the M m a t r i x elements blow up 

but t h i s e f f e c t i s reduced when moves near the 

p h y s i c a l t h r e s h o l d . A c c o r d i n g l y i t i s concluded 

t h a t an e f f e c t i v e range expansion w i t h the f u l l 

e f f e c t i v e range m a t r i x r considered, should be a good 

p a r a m e t e r i s a t i ^ n t o the low energy KN amplitude. However 

the use of t h i s p a r a m e t e r i s a t i o n t o continue below 

the KH t h r e s h o l d should be t r e a t e d w i t h c a u t i o n due 

t o the p o s s i b l e e f f e c t s o f the t channel 6rn) c u t . 
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( i v ) Resonances 

I n S m a t r i x theory a s t a b l e p a r t i c l e i s a s s o c i a t e d 

w i t h a pole on the r e a l a x i s below the u n i t a r i t y c u t . 

For a resonance, however, i t s mass i s such t h a t i t 

i s e n e r g e t i c a l l y p o s s i b l e f o r i t t o decay i n t o a t 

l e a s t one m u l t i p a r t i c l e channel. Thus the resonance 

cannot, by u n i t a r i t y , correspond t o a pole on the r e a l 

a x i s . I t i s , i n f a c t , b e l i e v e d t h a t a resonance 

corresponds t o a p a i r o f complex conjugate poles 

P and p' on the u n p h y s i c a l sheets o f the a m p l i t u d e , 

the complex conjugate c o n d i t i o n being necessary t o 

s a t i s f y the hermetian a n a l y t i c p r o p e r t y o f the s c a t t e r i n g 

a m p l i t u d e . 

I f we denote the pole p o s i t i o n , P, by s p -

where i s r e a l and p o s i t i v e then t h i s pole w i l l be 

much nearer the p h y s i c a l r e g i o n as d e f i n e d i n Chapter 2 

than i t s complex conjugate p a r t n e r P a t Sp» - •* 

Thus, f o r p h y s i c a l * near , the p a r t i a l wave amplitude 

where the r e s i d u e f u n c t i o n g&s) has been approximated 

by i t s value a t the pole g(s ) . 

w i l l be approximately g i v e n by 

Use) 
(3 .40 ) 
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(3*^0) i s the standard Breit-Wigner resonance 
formula w i t h a resonance w i d t h t* given by 

Here I * i s the w i d t h o f the resonance peak a t h a l f 

maximum. 

The e x t r a p o l a t i o n o f the re s i d u e f u n c t i o n g ( s ) 

t o t h e p h y s i c a l r e g i o n may be improved over (3-^0) by 

c o n s i d e r i n g the k i n e m a t i c a l s i n g u l a r i t i e s o f the 

amp l i t u d e s . T h i s may c o n v e n i e n t l y be done u s i n g the 
13 

K m a t r i x and w r i t i n g the e f f e c t i v e range expansion 
f o r the one channel reduced K m a t r i x , ( 3 » 1 9 ) i 

g i v e s , u s i n g (3*1^) and (3*13) the p a r t i a l wave 

amplitude as 

Tit -

For the case where a ^ o and r ̂  o t h i s may be w r i t t e n 

i n the Breit-Wigner form o f (3*^0) as 

where - ̂  and ^ * -

We observe t h a t Y , which i s r e l a t e d t o the w i d t h , 

i s now energy dependent w i t h the t h r e s h o l d f a c t o r K 
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The e f f e c t i v e range expansion f o r the K m a t r i x can 

be e q u i v a l e n t l y w r i t t e n 

and so the resonance i s a s s o c i a t e d w i t h a pole on the 

r e a l a x i s i n the s i n g l e channel K m a t r i x . 

The many channel case may s i m i l a r l y be t r e a t e d 

u s i n g the K m a t r i x f o r m a l i s m . Thus we w r i t e the T 

m a t r i x i n the form o b t a i n e d by s o l v i n g (3»*0 

From t h i s e q u a t i o n i t i s apparent t h a t a pole may occur 

i n two ways. F i r s t l y , as i n the one channel case, 

the K m a t r i x elements may themselves have a pole a t 

the resonant p o s i t i o n on the r e a l a x i s 

— (3 .^2) 

T h i s g i v e s the p a r t i a l wave s c a t t e r i n g m a t r i x i n 

the form 

where r - % n 
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T h i s i s the m u l t i c h a n n e l Breit-Wigner resonances formula 

f * i s the t o t a l w i d t h o f the resonance and ^ ^ n e 

p a r t i a l decay w i d t h o f the resonance i n t o channel i . 

A resonance produced i n such a manner i s known, i n 

the n o t a t i o n i n t r o d u c e d by D a l i t s , as a s c a t t e r i n g 

resonance• 

I f the resonance l i e s c l o s e t o a t h r e s h o l d ( f o r 

channel i , s a y ) , then i t w i l l be e s s e n t i a l t o take the 

t h r e s h o l d behaviour i n t o account. T h i s i s done v i a 

0«16) whence we get i n s t e a d o f (3«**2) the form 

f o r the K m a t r i x 

(3.W 

which gives 

where 

The second way i n which a resonance may a r i s e 

i s t hrough the e f f e c t o f the c l o s e d channels and not 

through the K m a t r i x elements having p o l e s . This may 

be seen by d e f i n i n g a reduced K m a t r i x K on the open 
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channels o n l y . Then bj< (3 -5) 

where i and j r e f e r t o the open channels and f and £ 

r e f e r t o the c l o s e d channels. Thus the f a c t o r i n the 

square b r a c k e t s may be w r i t t e n 

where i I k| i s the c o n t i n u a t i o n o f the channel momenta 

m a t r i x f o r the closed channels. I t i s evid e n t t h a t a 

pole i n t h i s term w i l l r e s u l t i n a resonance form i n 

the s c a t t e r i n g a m plitude, even though the K m a t r i x 

elements themselves go not have a p o l e . Such a 

resonance i s known as a v i r t u a l bound s t a t e resonance 

and may be c h a r a c t e r i s e d by the c o n d i t i o n 

For r e a c t i o n s i n v o l v i n g n e g a t i v e K mesons i n c i d e n t 

on p r o t o n s the f o l l o w i n g processes have been s t u d i e d 

a(e.b(X + l k | k ) * O (3 .^6) 

( v ) Survey o f the low energy KN data 

( a ) 

( c ) 

(b) 

(d) 

fc:'p -* l<v 
( 3 A 7 ) 
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( e ) Kfo ^> 

( f ) * V - * I T f " 

Humphrey and Ross performed one o f the e a r l i e s t 

d e t a i l e d i n v e s t i g a t i o n s o f the low energy KN r e a c t i o n , 

o b t a i n i n g t o t a l cross s e c t i o n s f o r the processes (a) -

( f ) i n the K~ l a b momentum range 0-273 Kev/c. They 

a l s o o b t a i n e d s u f f i c i e n t s t a t i s t i c s t o o b t a i n the 

d i f f e r e n t i a l cross s e c t i o n f o r e l a s t i c K p s c a t t e r i n g 

i n the range of cos 9_, v . -1 {cos 9 $0 ,966 where 
O.K. e>i 

9~ i s as d e f i n e d i n ( 2 . 8 ) . Subsequently S a k i t t 

e t a l . s t u d y i n g the processes ( a ) , ( c ) and (e) obt a i n e d 

t o t a l cross s e c t i o n s f o r these processes i n the momentum 

range 0-300 l viev/c and a l s o the d i f f e r e n t i a l cross 

s e c t i o n s f o r e l a s t i c K p s c a t t e r i n g i n the same range 

as above. They were a l s o able t o measure the 

d i f f e r e n t i a l cross s e c t i o n s f o r the processes ( c ) and 

(e) averaged over two momentum ranges and w i t h cos 9 CM. 
i n the range - 0 .6 ^cos 9 r _, ^ + 0 . 8 . From an 

examination o f t h i s angular d i s t r i b u t i o n they were able 

t o deduce t h a t r e a c t i o n s ( a ) , ( c ) and (e) must proceed 

p r i n c i p a l l y t hrough the S-wave i n t e r a c t i o n . More 

r e c e n t l y Kim has performed an experiment i n the 

K~ l a b momentum r e g i o n 0-280 Mev/c and has o b t a i n e d 

data f o r the processes (a) - ( f ) w i t h c o n s i d e r a b l y 
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b e t t e r s t a t i s t i c s than those p r e v i o u s l y mentioned. 

He o b t a i n s the d i f f e r e n t i a l cross s e c t i o n t o good 

accuracy f o r e l a s t i c s c a t t e r i n g f o r nine momentum 

ranges and s p l i t up i n t o seven angular ranges i n the 

range -O.965 f cos 9. „ ^ 0 . 9 6 5 . 

The d i f f e r e n t i a l cross s e c t i o n f o r the processes 

( c ) and ( e ) i s al s o o b t a i n e d but over a r e s t r i c t e d 

angular range and w i t h poor s t a t i s t i c s . However, 

once again i t appears t h a t the i n t e r a c t i o n f o r 

processes (a) - (e) i s pure S wave i n the energy range 

con s i d e r e d . T o t a l cross s e c t i o n s are o b t a i n e d f o r 

a l l the processes (a) - ( f ) . 

F u r t h e r data on the low energy K~p i n t e r a c t i o n 
Ek 

has been ob t a i n e d by K i t t e l e t a l . who ob t a i n e d 

c o n s i d e r a b l y more s t a t i s t i c s f o r the charge exchange 

r e a c t i o n ( b ) i n the momentum range 0 - 300 Mev/c. 

I n the h i g h e r energy r e g i o n corresponding t o K~ 

lab momentum between 2^0 and 300 Mev/c, Watson J e t a l . 

have o b t a i n e d 10,000 events f o r the processes (a) - ( f ) 

t o g e t h e r w i t h the m u l t i p i o n process 
K'f> ATT*7T~ (3 . if8) 

From the d i f f e r e n t i a l cross s e c t i o n data f o r a l l 

processes, and the p o l a r i s a t i o n data f o r the process 
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K p-»rtlf i t was found necessary t o i n c l u d e S, P and D 

waves i n order t o e x p l a i n the angular d i s t r i b u t i o n s . 

The presence o f the D wave may be ex p l a i n e d by the 

ex i s t e n c e o f an I s o 6 p i n one D resonance a t an energy 

o f 1520 Gev, denoted h e n c e f o r t h as the ) £ ( 1 5 2 0 ) . 

I n d i s c u s s i n g the p o s s i b l e e x p e r i m e n t a l processes 

a v a i l a b l e f o r the study o f the KN i n t e r a c t i o n we have 

so f a r o n l y considered the s c a t t e r i n g o f K by p r o t o n s . 

However i t i s p o s s i b l e t o o b t a i n i n f o r m a t i o n on the 

s c a t t e r i n g o f K° mesons on protons v i a the i n t e r a c t i o n s 

o f k° mesons on p r o t o n s , where the i s d e f i n e d as 

a l i n e a r s u p e r p o s i t i o n o f K° and K° s t a t e s 

f < > i f*0> 

I t should be mentioned t h a t i t i s the K° - p i n t e r a c t i o n 

t h a t i s e x p e r i m e n t a l l y a v a i l a b l e f o r measurement f o r , 

i n t h e p r e p a r a t i o n o f a beam of K mesons a p r o d u c t i o n 

process such as 

7 T ~ f > -*> K° A 

i s used. However the K° decays through the weak 

i n t e r a c t i o n s which, t o a good a p p r o x i m a t i o n , conserve 

the CP quantum number. A c c o r d i n g l y the K° should be 

w r i t t e n i n terms o f CP e i g e n s t a t e s as 
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where 

I t i s found t h a t the weak decay times o f the ||<^>and 

( R e s t a t e s d i f f e r by a f a c t o r o f s i x hundred and thus 

the I s t a t e , which i s the l o n g e r l i v e d one, w i l l 

remain f o r s c a t t e r i n g experiments. 

The r e a c t i o n s s t u d i e d i n v o l v i n g the K^p i n i t i a l 

s t a t e are 

( s ) * C p 
(h) -> K / > 

( i ) k v % -* 

Kadyk e t a l . have o b t a i n e d data f o r the processes 

(g) - ( j ) i n the kaon l a b momentum range 0-550 Mev/c. 

They o b t a i n d i f f e r e n t i a l cross s e c t i o n data f o r the 

processes ( f ) , ( h ) , ( i ) and ( j ) t o g e t h e r w i t h 

p o l a r i s a t i o n data, from the decay o f the A p a r t i c l e , 

f o r t h e processes ( f ) and ( j ) . From an a n a l y s i s o f 

the angular d i s t r i b u t i o n i t i s apparent t h a t t h e r e i s 

a s i g n i f i c a n t amount o f P wave, «ven a t kaon l a b momentum 

100 Gev/c, i n the processes ( f ) and ( j ) . 
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E7 

F i n a l l y Sayer e t a l . have ob t a i n e d measurements 

of the t o t a l K^p cross s e c t i o n i n the momentum range 

0 - 350 Mev/c. 

( v i ) Survey o f the f i t s t o the low energy KN data 

For the low energy r e g i o n corresponding t o the 

kaon l a b momentum 0-550 Mev/c i t i s apparent from the 

d i s c u s s i o n o f the p r e v i o u s s e c t i o n t h a t the im p o r t a n t 

channels open i n the range are the KN, a n d ATX 

channels o f (2.3*0 to g e t h e r w i t h the An*ft* channel 

of (3*^8)• I g n o r i n g , f o r the p r e s e n t , t h i s l a t t e r 

process, we may d e f i n e the reduced K m a t r i x on the 

s t a t e s o f (2*3*0 and, a d o p t i n g the n o t a t i o n o f ( 3 « 8 ) # 

w r i t e 
c r ) 

<*x I 1 ^ I t> xO - 9CM d x x , (3 .53) 

where, as b e f o r e , I denotes i s o s p i n and a, b and c 

r e f e r t o the KN, XlC and Atfchannels r e s p e c t i v e l y . 

I t i s e v i d e n t , t h e r e f o r e , t h a t an S wave zero 

range p a r a m e t e r i s a t i o n o f low energy KN s c a t t e r i n g w i l l 

c o n t a i n 3 1=0 and 6 1=1 parameters w h i l s t an e f f e c t i v e 

range p a r a m e t e r i s a t i o n w i l l double the number. 

The i n i t i a l a n a l y s t s o f the KN low energy data d i d 

not have s u f f i c i e n t data t o determine t he nin e zero 
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range parameters u n i q u e l y and a more economical 
p a r a m e t e r i s a t i o n was used, namely the complex s c a t t e r i n g 
l e n g t h p a r a m e t e r i s a t i o n i n t r o d u c e d i n s e c t i o n ( i i i ) . 
I n t h i s p a r a m e t e r i s a t i o n the KN e l a s t i c amplitudes are 
gi v e n by 

r ^ •= — — (3.5*0 
1-ikAx 

where A j = + i b ^ i s the complex s c a t t e r i n g l e n g t h 

w i t h a^ and b^ r e a l parameters and k i s the c e n t r e o f 

mass momentum f o r the KN channel. I n order t o describe 

the processes o f ( 3«^7) i t i s necessary t o i n t r o d u c e 

two f u r t h e r parameters and a convenient choice f o r 

these are £ and ^ ^ d e f i n e d as 

(3 .56) 

Thus th e r e are a t o t a l o f s i x parameters necessary 

t o describe the processes o f ( 3«^0)« I n p e r f o r m i n g a 

f i t t o the data the e f f e c t s o f the Coulomb i n t e r a c t i o n 

and the K~p, K°*t mass d i f f e r e n c e s are c o r r e c t e d f o r , 

u s i n g the method o f Appendix I . 
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Several constant l e n g t h f i t s have been performed, 
E3 

the l a t e s t o f which i s by Kim who analysed the data 

o f r e f . ( E 3 ) f o r the K~ l a b momentum range 0-280 Mev/c. 

Of the two f i t s he o b t a i n e d one was subsequently r u l e d 

out by comparing i t s p r e d i c t i o n s o f the K°p i n t e r a c t i o n 

w i t h experiment. The remaining f i t g i v e s the f o l l o w i n g 

values f o r the s i x S-wave parameters 
a = -1 .67 +0.0*f b = 0 . 7 1 +0.0*f o — o — 

= -0 .07 +0.06 b n = 0.68 +0 .03 

£ m 0.31 +0.02 <f> = - 5 3 - 8 ° 

19 

More r e c e n t l y Kim has reanalysed the low energy 

KN data (E3»E5) extending the range o f K~ l a b o r a t o r y 

momentum t o 0-330 Mev/c. The presence o f the D 7 1=0 
Vx. 

5'cLO Mev resonance, r e q u i r e s t h a t S, P and D waves are 

i n c l u d e d i n a p a r a m e t e r i s a t i o n t o the amplitude i n 

t h i s energy r e g i o n . For the S waves and resonant 1=1, 

*V wave Kim used a m u l t i c h a n n e l e f f e c t i v e range 

expansion, o m i t t i n g however the o f f - d i a g o n a l elements 

of the e f f e c t i v e range m a t r i x r . The remaining P 

waves were parameterised i n the zero range a p p r o x i m a t i o n . 

A Breit-Wigner resonant form w i t h an energy dependent 

w i d t h was used f o r the 1=0 D j ^ amplitude and a constant 

s c a t t e r i n g l e n g t h form f o r the 1=1 a m p l i t u d e . The 

ot h e r D waves were o m i t t e d . The t o t a l number o f 
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parameters was t h e r e f o r e kk and Kim obt a i n e d a unique 

s o l u t i o n f o r the parameters. 

The nin e S wave M matrix elements and the f i v e 

S wave r matriK elements he obtains a r e as f o l l o w s 

( f m ) - 1 fm 

I I * 0.0 + 0.02 t-° 0 .5^ + 0.08 *JC — k i t — 
o H- -1 .11 + o.ok 

ft* 2.0k+ 0.10 f - 0 .89 + 0.31 

- 3 . 6 0 + o.o2 r ' -0 .13 + 0.07 
kit 

- 2 . 8 6 + 0.03 

h i 2 . 0 8 + 0.07 

hi " 1 ^ 0 ± ° * ° 6 *~s -0 .78 + 0.23 

n ^ A 1 .81+ o.o4 
H* - 2 . 3 1 + 0.11 r 1 -1 .22 +0.43 

where we have i n t r o d u c e d an obvious n o t a t i o n f o r the 

m a t r i x elements. 

A f e a t u r e o f both the s c a t t e r i n g l e n g t h and K 

m a t r i x f i t s i s t h a t they p r e d i c t a v i r t u a l bound s t a t e 
V,* 

1=0 resonance which i s i n t e r p r e t e d as the (^1^-03) 
1=0 S-i resonance e x p e r i m e n t a l l y observed i n thr e e 

2 

p a r t i c l e p r o d u c t i o n processes. However the p o s i t i o n E r 

and wi/th f* f o r t h i s resonance d i f f e r between the two 

s o l u t i o n s . They are 
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E r = 1*f10.7 + 1.0 Mev r = 36.^ + 3.2 Mev 

f o r the constant s c a t t e r i n g l e n g t h p a r a m e t e r i s a t i o n and 

E r = 14-03 + 3 Mev r = 30 + 5 Hev 

f o r the K M a t r i x s o l u t i o n . 
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CHAPTER *f 

D i s p e r s i o n R e l a t i o n s and Sum Rules 

( i ) The Forward K^p D i s p e r s i o n R e l a t i o n s 

I n o r der t o evaluate the c o u p l i n g constants E ' j 1 ^ 

and gj^£» which are a s s o c i a t e d w i t h the r e s i d u e s o f 

the s i n g l e p a r t i c l e A and £ poles i n the KN amplitude, 

i t i s necessary t o know the amplitude i n the neighbour­

hood o f these p o l e s . However, as the l i e below the 

p h y s i c a l L p t h r e s h o l d , i t i s necessary t o e x t r a p o l a t e 

the amplitude from the r e g i o n where i t i s g i v e n by 
20 

experiment t o the pole p o s i t i o n s . I t i s w e l l known 

t h a t t h i s e x t r a p o l a t i o n cannot be done w i t h o u t 
i n t r o d u c i n g i n f i n i t e u n c e r t a i n t y i n the r e s u l t unless 

e i t h e r the amplitude i s known e x a c t l y over some range, 

or i t i s known t o some f i n i t e accuracy over an i n f i n i t e 

range. As experiment w i l l o n l y determine the amplitude 

t o a f i n i t e accuracy, e x t r a p o l a t i o n t o the poles v / i l l 

o n l y be p o s s i b l e u s i n g the knowledge o f the amplitude 

over an i n f i n i t e range. This i s c o n v e n i e n t l y done 

u s i n g Cauchy's i n t e g r a l r e p r e s e n t a t i o n and i n 

t h i s s e c t i o n we apply t h i s technique 
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t o the kaon-nucleon s c a t t e r i n g amplitude i n the f o r w a r d 
d i r e c t i o n . 

For the s c a t t e r i n g amplitude i n which the s channel 

i s e l a s t i c K p s c a t t e r i n g then the corresponding u 

channel w i l l be e l a s t i c K +p s c a t t e r i n g . This i s shown 

i n F i g . (*f.1) 

X ' f t 
t 
s 

F i g . (4.1) 

As we w i l l be working i n the f o r w a r d d i r e c t i o n we 

have t = 0. I t i s customary and convenient i n t h i s 

k i n d o f problem t o take the kaon l a b o r a t o r y energy 

as the energy v a r i a b l e and, u s i n g ( X.*7 ) , we may w r i t e 

s and u i n terms o f <*> as 

S ~= h l - f J W V ¥ "X M *> 

We denote the c o n v e n t i o n a l l a b o r a t o r y system 

amplitudes e v a l u a t e d i n the f o r w a r d d i r e c t i o n by F 
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where the + and - r e f e r t o K +p and K~p s c a t t e r i n g 

amplitudes r e s p e c t i v e l y . The p h y s i c a l amplitudes 

are o b t a i n e d as l i m i t i n g values o f the amplitude F^.(z), 

where z r e p r e s e n t s complex values o f u/ • 

Thus 

^ C") - *C fwlit ) (4.2) 
and from (2.6) c r o s s i n g symmetry i m p l i e s 

Since i n the fo r w a r d d i r e c t i o n ^ i s f i x e d as 

zero, i n order t o determine the s i n g u l a r i t y s t r u c t u r e 

o f the amplitude i t i s o n l y necessary t o l o o k f o r the 

a v a i l a b l e i n t e r m e d i a t e s t a t e s i n the s and u channels. 
2 

Thus the s channel gives r i s e t o poles a t s = m^ 
2 2 and s = m^ and a cut f o r s ^ (m^ + jl) w h i l s t the u 

channel g i v e s a cut u ̂ ( M + m) . Hence from (4.1) we 

may d e r i v e the s t r u c t u r e i n the complex u> plane shown 

i n F i g . (4.2). 

- - > ^ 
- m. 

v i / v j y — 
A Z AIT 

t i g . (4-2) 



Here A x' A>Xl "~ -»% 

and v x 

wg - — 
x n 

We now apply Cauchy's theorem t o the a n a l y t i c 

f u n c t i o n F_(**0 using the contour ' shown i n F i g . 

(A-.2) and c l o s i n g i t by means of an i n f i n i t e c i r c l e . 

Thus we have 

r 

I f we assume f o r the moment t h a t the c o n t r i b u t i o n o f 

the i n f i n i t e c i r c l e vanishes t h i s g ives 

where A A ^ are resi d u e s o f the hyperon p o l e s . Using 

the c r o s s i n g r e l a t i o n t h i s becomes 
« « 

ITT 
A s i m i l a r d i s p e r s i o n r e l a t i o n may be w r i t t e n down 

to 

f o r F ( z ) . + 
We now take the l i m i t i n g values o f z as shown 

i n (k.2) and use the r e l a t i o n 

— W T x tar/6*'—) 
where P denotes the P r i n c i p a l value i n t e g r a l i s t o be 
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t a k e n . Thus the two d i s p e r s i o n r e l a t i o n s may be 

w r i t t e n f o r >, *vv 

- Ay I f 7 | ^ f . f - ' ) 

C o n v e n t i o n a l l y we w r i t e 

where D +(w ) and A + ( w ) are r e a l . A l s o , since we are 

working i n the f o r w a r d d i r e c t i o n , the o p t i c a l theorem 

(2.13) may be a p p l i e d g i v i n g 

* ^ ± <s- (-) 

L -/ 

where KL i s the kaon l a b o r a t o r y momentuLi and o T 

are the li^-p t o t a l cross s e c t i o n s . Thus (.h.k) may be 

r e w r i t t e n 

I n order t o connect the pole r e s i d u e s w i t h the 

c o n v e n t i o n a l c o u p l i n g constants d e f i n e d i n f i e l d t h e o r y 

we assume the i n t e r a c t i o n Lagrangian 

f k.c. 
where i s t h e r e n o r m a I i s e d , u n r a t i o n a l i s o u , pseudo-
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wiacalapr_ c o u p l i n g c o n s t a n t . Using techniques f a m i l i a r 

f o r the tfNN case, c f . r e f . ( 2 1 ) , t h i s g ives the 

c o n t r i b u t i o n t o F ( *0) from the pole t e r n s as 

Using (4.1) t h i s may be w r i t t e n 

y Al L f 1 M wo -f r*x> -

tA. 

2Z q I - m v - ^ ^ ^ 
> 3 fcpV S L M ^ - t o y ) 

where Wy i s as d e f i n e d above. 

I d e n t i f y i n g A y, w i t h the r e s i d u e o f t h i s pole 

g i v e s 

I t i s apparent t h a t the v a l i d i t y o f (4.5) depends 

on the asymptotic behaviour of the amplitude which 

must be such t h a t the c o n t r i b u t i o n from the i n t e g r a l 

over the i n f i n i t e c i r c l e should v a n i s h and the i n t e g r a l s 

i n (4.5) should be convergent. Current t h e o r y and 

experiment suggest t h a t , as , ^ fu>) tend t o 

constant v a l u e s . I t i s t h e r e f o r e t o be expected t h a t 
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the i n t e g r a l s i n (4.4) w i l l not i n f a c t converge and 

t h e r e f o r e i t i s necessary t o replace (4.5) by a 

d i s p e r s i o n r e l a t i o n w i t h a s u b t r a c t i o n made a t ttf-u)© 
A y 

I f we set M: -«J and make use o f the c r o s s i n g r e l a t i o n 
0 O 

(4.2) the second o f these r e l a t i o n s may be w r i t t e n 

i n the form. 

* ( «f.8) 

F i n a l l y i f w^vd we obt a i n e d the d i s p e r s i o n r e l a t i o n 

as g e n e r a l l y used t o o b t a i n the c o u p l i n g c o n s t a n t s . 

</*\ ( 
a II - \ * 1 

ate' 
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I t should be noted t h a t the p h y s i c a l i n t e g r a l i n 
these equations now has an i n t e g r a n d o f the asymptotic 
form 

The convergence o f the d i s p e r s i o n i n t e g r a l s depends 

on the asymptotic behaviour of t h i s q u a n t i t y and 

t h i s w i l l be discussed i n the next s e c t i o n , t o g e t h e r 

w i t h the Regge p a r a m e t e r i s a t i o n o f the h i g h energy 

a m p l i t u d e s , which are used i n the d i s p e r s i o n 

r e l a t i o n s f o r energies above those e x p e r i m e n t a l l y 

a v a i l a b l e • 

( i i ) The High Energy behaviour o f the s c a t t e r i n g amplitude 

E x p e r i m e n t a l l y , t o t a l cross s e c t i o n s such as 

observed t o be r o u g h l y constant above a few Gev (cosmic 

ray d a t a shows no g r e a t change i n ̂ tftCfp) a n d ^tftCj^p) 

upto 10 Gev). 

According t o the o p t i c a l theorem (3.13) 

and t h i s p r o v i d e d t h e t o t a l c ross s e c t i o n approaches 

a c o n s t a n t v a l u e , the imaginary p a r t o f the for w a r d 



90. 

e l a s t i c amplitude i s p r o p o r t i o n a l t o s a t h i g h e n e r g i e s . 

By ob s e r v i n g t h a t the r e a l p a r t should not grow 

a r b i t r a r i l y l a r g e r than the imaginary p a r t and combingxtg 

t h i s c o n d i t i o n w i t h f o r w a r d d i s p e r s i o n r e l a t i o n s 
22 

Pomeranchuk o b t a i n e d the r e s u l t t h a t , f o r the process 

Thus Pomeranchuk*s c o n d i t i o n an the t o t a l cross* s e c t i o n 

ensures t h a t the d i s p e r s i o n i n t e g r a l s d e r i v e d i n the 

p r e v i o u s s e c t i o n are convergent and t h a t the c o n t r i b u t i o n 

o f the i n t e g r a l over the i n f i n i t e c i r c l e vanishes. 

As mentioned i n the i n t r o d u c t i o n i t was found 

t h a t the c o n t r i b u t i o n of a Regge pole exchanged i n the 

t channel dominates the s channel asymptotic behaviour 

i n the near f o r w a r d d i r e c t i o n . The form o f the 

c o n t r i b u t i o n t o the h i g h energy s channel amplitude 

from a t channel Regge pole i s g i v e n e x p l i c i t l y by 

/ u e A 4 s 

For K p s c a t t e r i n g t h i s i m p l i e s 

(4.10) 
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I n t h i s formula * ( t ) i s the t r a j e c t o r y f u n c t i o n and 
g i v e s the pol e p o s i t i o n as a f u n c t i o n o f t i n the 
angular momentum p l a n e . C ( t ) i s a f u n c t i o n o f t whose 
form i s known, tf i s the s i g n a t u r e f a c t o r and i s + 1 
depending on whether the Regge pole has p o s i t i v e or 
ne g a t i v e s i g n a t u r e , and 0& i s a scale f a c t o r . Thus, 
i n t h e a n a l y s i s o f the hi g h energy behaviour o f an 

am p l i t u d e , o n l y the h i g h l y i n g t r a j e c t o r i e s need be 
23 

con s i d e r e d . I t i s found t h a t the h i g h energy;:.near 

f o r w a r d amplitude f o r the processes i n v o l v i n g KN and 

KN channels may be descri b e d i n terms o f s i x Regge 

p o l e s . These are the P, the P 1 and the R ( o r k.^)11 

a l l w i t h even s i g n a t u r e and the P, the ̂ , and the $ , 

a l l w i t h odd s i g n a t u r e • Normally the c o n t r i b u t i o n s 

of t h e w and the ̂  whose quantum numbers are the same 

are taken t o g e t h e r . 

The KN and KN amplitudes o f i n t e r e s t , t o g e t h e r 

w i t h t h e c o n t r i b u t i o n o f the v a r i o u s Regge poles t o 

them, are l i s t e d below 
A(Kp-> Kp) * a? + V + *u> + + A * 
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Here Av n i r e p r e s e n t s the c o n t r i b u t i o n as g i v e n 
i n (*f#10) t o the amplitude from the P, p 1 ... 
Regge p o l e s . 

2" 
P h i l l i p s and R a r i t a J have analysed the a v a i l a b l e 

h i g h energy KN, KN data, t o g e t h e r w i t h the tTN data 

which i s governed by the P, P 1 and p Regge p o l e s , 

t o determine the f u n c t i o n s and f o r the 

Regge pol e s l i s t e d above, and any r e f e r e n c e t o Regge 

pole s i n f u t u r e w i l l assume the s o l u t i o n o b t a i n e d by 

them. 

( i i i ) A p p l i c a t i o n of KN d i s p e r s i o n r e l a t i o n s t o the 
p r e d i c t i o n of c o u p l i n g constants 

I n s e c t i o n ( i ) the standard d i s p e r s i o n r e l a t i o n 

(4.9) was d e r i v e d f o r the K p s c a t t e r i n g a m p l i t d d e . 

A s i m i l a r d e r i v a t i o n may be f o l l o w e d f o r the K~n 

s c a t t e r i n g amplitude v;ith the d i f f e r e n c e t h a t , since 

i t i s a pure i s o s p i n one am p l i t u d e , the A pole does 

not c o n t r i b u t e . Thus the A and -2 pole terms may be 

i s o l a t e d by w r i t i n g the d i s p e r s i o n r e l a t i o n s f o r the 

l i n e a r combinations f(K—p) - (K—n)/2] and (K—n) 

corresponding t o s t a t e s o f the KN system o f i s o s p i n 

1=0 and 1=1 r e s p e c t i v e l y . 
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I n order t o evaluate the d i s p e r s i o n r e l a t i o n 

(4.9) i t i s necessary t o know the cross s e c t i o n s over 

the e n t i r e e x t e n t o f the c u t , and the r e a l p a r t a t 

the s u b t r a c t i o n p o i n t . Conventional a p p l i c a t i o n s of 

the r e l a t i o n s n o r m a l l y make the s u b t r a c t i o n a t the 

K—p t h r e s h o l d , namely 10 = m. Here the r e a l p a r t s are 

a c c u r a t e l y known from the low-energy p a r a m e t e r i s a t i o n s . 

The i n t e g r a l over the u n p h y s i c a l r e g i o n fc^itt ^ ° ^ K 

must be estimated by a n a l y t i c a l l y c o n t i n u i n g the 

amplitude A ( w) i n t o t h i s r e g i o n by means o f the 

low-energy p a r a m e t e r i s a t i o n s . As t h i s p a r a m e t e r i s a t i o n 

i s based on a f i t t o the data up to some energy ***\ 

i t i s u s u a l t o use t h i s p a r a m e t e r i s a t i o n t o al s o evaluate 

the r e l e v a n t i n t e g r a l up t o *0, . From the d i s c u s s i o n 

of the p r e v i o u s chapter, i t i s e v i d e n t t h a t t h e r e i s 

no unique s o l u t i o n f o r the f i t t o the low energy K~p 

am p l i t u d e . A c c o r d i n g l y the r e l a t i o n should be evaluate d 

u s i n g each p a r a m e t e r i s a t i o n s e p a r a t e l y and the r e s u l t s 

compared- D e t a i l s o f t h i s comparison w i l l be g i v e n 
•it 

l a t e r i£ t h i s s e c t i o n . 

I t should be mentioned here t h a t i t i s not obvious 

whether the i s o s p i n m u l t i p l e t mass d i f f e r e n c e s , which 

are due to the e l e c t r o - m a g n e t i c i n t e r a c t i o n , should be 
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i n c l u d e d i n the d i s p e r s i o n r e l a t i o n p r e d i c t i o n s f o r 

the s t r o n g i n t e r a c t i o n c o u p l i n g s . I n a l l a p p l i c a t i o n s 

o f d i s p e r s i o n r e l a t i o n s i n t h i s t h e s i s i t w i l l be 

assumed t h a t the mass d i f f e r e n c e s should hot be 

i n c l u d e d i n the low energy p a r a m e t e r i s a t i o n s but i t 

should be noted t h a t t h i s c o n vention may not be used 

by a l l a u t h o r s . However the d i f f e r e n c e i n t r o d u c e d 

i n t h e e s t i m a t i o n o f the c o u p l i n g constants by i n c l u d i n g 

the mass d i f f e r e n c e s i s , i n g e n e r a l , s m a l l . 

The K +p amplitude has, however, no such degeneracy 

o f s o l u t i o n s , and a unique s c a t t e r i n g l e n g t h f i t has 
2k 

been o b t a i n e d by Goldhaber e t a l . They found t h a t the 

e x p e r i m e n t a l data on K +p s c a t t e r i n g f o r kaon l a b o r a t o r y 

momenta k ^ GhZ Mev/c are w e l l represented by an S 

wave e f f e c t i v e range p a r a m e t e r i s a t i o n w i t h 

A n = (-0.29^0.015) fm K 1 = (0.5 + 0.15) fm-
Recently M a r t i n and P e r r i n ^ have reanalysed the 

low energy K +p data and have ob t a i n e d a unique s o l u t i o n 

w i t h S-wave parameters g i v e n by 
A n = (-0.32 + 0.01) fm. R = (0.31+ 0.15) fm. 

However a l l the r e s u l t s t o be quoted w i l l have used the 

o l d e r s o l u t i o n by Goldhaber. M a r t i n and P e r r i n f i n d 

t h a t u s i n g t h e i r s o l u t i o n i n a d i s p e r s i o n r e l a t i o n 
2 

p r e d i c t i o n o f g r a i s e s i t s value by about 2 from the 
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from the value p r e d i c t e d u s i n g the Goldhaber s o l u t i o n 

The low energy K +n i n t e r a c t i o n i s known l e s s 

r e l i a b l y , s i n c e i t must be deduced p r i m a r i l y from 

s t u d i e s o f K + i n t e r a c t i o n s w i t h neutrons bound i n 

n u c l e i . Experimental i n v o r m a t i o n on the K—n t o t a l 

cross s e c t i o n s comes mainly from the comparison of 

the K—p and K—d t o t a l cross s e c t i o n s by means of the 
26 

Glauber formula w i t h c e r t a i n m o d i f i c a t i o n s i n t r o d u c 
27 

by W i l k i n t o r e s t o r e charge independence. 
From an a n a l y s i s o f K +d processes upto 812 Mev/c 

28 
Stenger et a l . have found t h a t the 1=0 S-wave 

amplitude i s s m a l l and c o n s i s t e n t w i t h a pure 

s c a t t e r i n g l e n g t h o f magnitude 
A = (0.04 + 0.04) fm. o — 

T h i s s o l u t i o n i s n o r m a l l y used a t low energies 

i n the d i s p e r s i o n c a l c u l a t i o n s but i t should be noted 

t h a t Stenger e t a l . found t h a t P and D waves are 

i m p o r t a n t i n the 1=0 s t a t e . F i n a l l y the low energy 

K~*n amplitude i s o b t a i n e d d i r e c t l y from the KN para­

m e t e r i s a t i o n . I t should be noted t h a t t h e r e i s no 

e x p e r i m e n t a l data f o r the K n process below 0.6 Gev/c 

and a l l i n f o r m a t i o n i n t h i s r e g i o n comes from the f i t 

t o the K"*p data a l o n e . 
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Experimental K—N t o t a l cross s e c t i o n s f o r kaon 

l a b o r a t o r y energies upto 20 Gev are g i v e n i n r e f s . 

(E8,E9»E10). I n the kaon l a b o r a t o r y momenta r e g i o n 
E8 

0.6 t o 3*3 Gev/c r e c e n t experiments have determined 

the t o t a l cross s e c t i o n very a c c u r a t e l y , w i t h 

s t a t i s t i c a l e r r o r s of the order o f 1 % . Between 3»3 
E9 

and 6 Gev/c the data a v a i l a b l e i s somewhat o l d e r 

and the e r r o r s are r a t h e r - l a r g e compared w i t h the 

p r e v i o u s s e t . However the data does j o i n smoothly 

w i t h the lower end. F i n a l l y i n the range 6 Gev/c t o 
E10 

20 Gev/c o n l y one experiment has been performed 

but t h i s has good s t a t i s t i c a l accuracy and j o i n s 

smoothly onto the data o f the second group. Above 

the energy r e g i o n a c c e s s i b l e t o experiment the Regge 

form i s used f o r the a m p l i t u d e . 

I n Table (^-.1) we l i s t the p r e d i c t i o n s o b t a i n e d , 

u s i n g the d i s p e r s i o n r e l a t i o n (4.9) w i t h (0=m, f o r 
2 2 

the c o u p l i n g c o n s t a n t s g ^ and g^. Here g A and g^-

stand f o r g _ and c „ r e s p e c t i v e l y . 

Apart from an improvement i n the data, the main 

d i f f e r e n c e s between the r e s u l t s are due t o the use 

o f d i f f e r e n t p a r a m e t e r i s a t i o n s o f the .low-energy KN 

i n t e r a c t i o n and the type of p a r a m e t e r i s a t i o n assumed 



A n a l y s i s KN p a r a m e t e r i s a t i o n c 2 
S £ 

Z o v k o 5 1 Kim C.S.L. E 5
 E 2 

S a k i t t e t a l . C.S.L. 
2 

g*2 
g . 

2 
+ s < 2 

$9.6 
<8.2 
V 

L u s i g n o l i e t a l . Kim C.S.L.E5
 p 

S a k i t t e t a l . C.S.L. 
3.9 
4.2 

+ 0.8 
+ 0.9 

^2.5 
.0.4 

C a r t e r 5 5 Kim C . S • l i • 5 4.9 + 0.9 $3.0 

Davies e t a l . 5 Kim C.S.L. 5 5.0 + 1.7 5̂ 3.0 

Kim 
Kim KK. , V 

4.0 
13.5 

+ 0.9 
+ 2.1 

i 2.4 
0.2+0.4 

35 
M a r t i n and Poole Kim C.S.L. 5 4 .1 -
Rood 2 9 Rood KM.2? 6.2 j _ 1.0 -
C a r t e r 5 6 Kim C.S.L. 5.2 + 0.9 

37 
Queen e t a l . Kim C.S.L. 5 

K i t t e l - O t t e r E.R. 
Kim 104. y 

3-9 
5.2 
11.9 

+ 0.6 
+ 0.9 
+ 0.7 

/1.0 
0.4+0.6 

-T O 
G r a n o v s k i i and 

S t a r i k o v 
Kim C. S *L. 5 5.9 + 1.3 X<1.3 

N o t a t i o n : C.S.L. = Constant S c a t t e r i n g Length 
E.R. = S c a t t e r i n g l e n g t h w i t h e f f e c t i v e 

range terms 
KM = K-matrix 

Table (4.1) 
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i s l i s t e d i n each case. The reason t h a t the low 
energy c o n t r i b u t i o n i s so i m p o r t a n t i s t h a t l a r g e 
c a n c e l l a t i o n s occur between the v a r i o u s terms i n 
(4.9) and so the r e l a t i v e l y s m a l l term coming from 
the i n t e g r a l over the r e g i o n below the KN t h r e s h o l d 
becomes i m p o r t a n t . Moreover, as mentioned i n the 
p r e v i o u s c h a p t e r , the p a r a m e t e r i s a t i o n s p r e d i c t a 
v i r t u a l bound s t a t e resonance, the Yt , a t a p o s i t i o n 
j u s t below the KN t h r e s h o l d and the c o n t r i b u t i o n o f 
the resonance t o the i n t e g r a l i s v e r y s e n s i t i v e t o i t s 
w i d t h and p o s i t i o n as p r e d i c t e d by the p a r a m e t e r i s a t i o n . 
T h i s e f f e c t i s c l e a r l y seen i n Table (4.1) where t h e r e 
are l i s t e d two d i s t i n c t p r e d i c t i o n s f o r the c o u p l i n g 
constant g ^ , and the d i f f e r e n c e between these p r e d i c t i o n s 

c l e a r l y exceeds the t o t a l s t a t i s t i c a l e r r o r i n t h e i r 
2 

e s t i m a t i o n s . The f i r s t p r e d i c t i o n g ^ 5 i s o b t a i n e d 
u s i n g the v a r i o u s s c a t t e r i n g l e n g t h f i t s which g e n e r a l l y 

* 
p r e d i c t a narrow , w h i l s t the o t h e r p r e d i c t i o n 
2 

g A^? 12.5 i s o b t a i n e d u s i n g Kim's K-matrix f i t which 

p r e d i c t s a broader resonance. 

F i n a l l y i t should be mentioned t h a t t h e r e i s a l s o 

a P ^ I =1 s c a t t e r i n g resonance i n the KN amplitude 

a t a p o i n t below the KN t h r e s h o l d . As most o f the 

low energy p a r a m e t e r i s a t i o n s do not i n c l u d e i t s 
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e f f e c t i t i s consequently not i n general included i n 

the dispersion r e l a t i o n • The sign of i t s c o n t r i b u t i o n 

may be obtained by considering the multichannel B r e i t 

Wigner P wave resonance form 

where j runs over the KN, X« and At channels and i 

i s the KN e l a s t i c channel. By u n i t a r i t y P must be 

p o s i t i v e and thus below the KN threshold the c o n t r i b u t i o n 

of t h i s resonance to the e l a s t i c amplitude w i l l be 

l,/e): (if.12) 

Comparison of (4.12) w i t h (4.6) and (4.9) indicates 

t h a t the residues of the * ( and poles i n the KN 

amplitude have the same sign and thus the values obtained 
2 * 

f o r g w i l l be an upper l i m i t when the X i s not 

included i n the parameterisation. This i s indi c a t e d 

i n F i g . (4.1). 
2 2 

( i v ) Unitary symmetry pr e d i c t i o n s of and g ̂  
The u n i t a r y symmetry model proposes t h a t a l l 

p a r t i c l e s should transform under SU(3) as i r r e d u c i b l e 
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representations of SU(3)« Accordingly the pseudo-
scalar mesons are grouped under an octet representation 
of SU(3) as are the baryons. I f now we construct 
i n t e r a c t i o n s among the various u n i t a r y m u l t i p l e t s 
which are i n v a r i a n t under the transformations of SU(J) 
i t i s possible to obtain r e l a t i o n s between these 
i n t e r a c t i o n s . 

Accordingly we may construct an i n t e r a c t i o n 

Hamiltonian density i n the form 

where B and P are the baryon f i e l d s and pseudo a a 
scalar meson f i e l d s w i t h u n i t a r y indices a which 

transform v i a the regular representation. F and D 

represent the two independent types of coupling 

possible because of the two 8̂  representations i n the 

reduction of the product 8^8 

These ̂8 representations generate two i d e n t i t y representa­

t i o n s i n 8® 8® 8. Since 8($10, 8<310* and 8g)27 do 

not contain 1. 
39 

From t h i s Hamiltonian i t i s straightforward*^ to 
2 2 

obtain the coupling constants g and g . i n terms of 

the pseudoscalar TfNN coupling constant J - j f ^ j ^ 
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where gives the f r a c t i o n of F-type coupling. 

The value obtained f o r Sg^j ^ s 

Although the value of « i s not determined by SU(3) 

symmetry alone, i f one assumes the v a l i d i t y of SU(6) 

symmetry, then K i s f i x e d at 0.4 and the u n i t a r y 

p r e d i c t i o n s f o r the coupling constants are 

g 2
A = 15.8 

Q ^ 2 = 0.6 

I f we do not assume SU(6) symmetry we may s t i l l 

determined the range of possible values f o r the 

coupling constants by varying o£ over i t s allowed range 

This i s done i n F i g . (4.3). 

F i n a l l y by e l i m i n a t i n g *C from the equations f o r 

the coupling constants a p r e d i c t i o n i s obtained f o r 
2 2 the quantity g + g r 

% 4 U 
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O 5< 3 so: 

00 
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I t i s apparent t h a t the dispersion r e l a t i o n s 
p r e d i c t i o n s of the coupling constants obtained using 
the constant s c a t t e r i n g length parameterisation f o r 
the low energy KN i n t e r a c t i o n are not consistent w i t h 
pure SU(3) symmetry w h i l s t those obtained using Kim's 
K matrix f i t do l i e i n the range ( F i g . C ^ o ) ) allowed 
by pure SU(3) symmetry. Moreover the value obtained 
using Kim's K-matrix f i t are compatible w i t h the SU(6) 
p r e d i c t i o n s . 

At t h i s point i t i s convenient to review the 

a l t e r n a t i v e methods that have been used to determine 

the KNA coupling constants. The main predic t i o n s come 

from the analysis of strange p a r t i c l e photoproduction 

and associated production. Generally an isobaric model 

i s used to analyse the data. This model consists of 

evaluating the co n t r i b u t i o n s to the production amplitude 

from simple Feynman diagrams w i t h single p a r t i c l e 

intermediate states. The most s i g n i f i c a n t r e s u l t s i n 

t h i s f i e l d have been obtained by Nelipa who analysed 

the data from the processes ^jtt-*>$A and who obtained 

the r e s u l t 

9.21 x< g 2 $ 9.61 
A. 

*f1 
and by Thorn whose analysis of the same data yielded 
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the value 'd _ , 

g = j•^3 
.A 

I t turns out that the determination of £:*̂ * i s 

impoBsihle to do w i t h any accuracy the only r e s u l t 

obtainable being 

The o v e r a l l conclusion of these estimates of the coupling 

constants i s th a t there appears to be a strong v i o l a t i o n 

of SU(3) symmetry. 

I t i s i n t e r e s t i n g to note here that another t e s t 

of Su(3) invariance i n v o l v i n g K mesons has been derived 

by Levinson et a l . who show that SU(3) invariance 

implies the i n e q u a l i t i e s 

where 1, 2 and 3 l a b e l the f i n a l states 7T+n, K + + A 
o 

and K. + £ i n + p photoproduction. At 3-^ Gev and 

k.Q Gev these reactions have been analysed by E l i n g s ^ 

et a l . who found the i n e q u a l i t i e s very w e l l s a t i s f i e d . 

One might conjecture t h a t , i f the apparent v i o l at ion 

of SU(3) symmetry at low energies turns out to be t r u e , 

w h i l s t the above analysis suggests SU(3) i s good at 

high energies, the answer may be th a t symmetry breaking 

terms, which have to account f o r the T meson K-meson 

mass di f f e r e n c e , w i l l have small e f f e c t s at higher 

energies where the mass difference becomes n e g l i g i b l e . 
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44 More recently Boyarski et a l . have measured the 

cross sections f o r the above reactions i n the photon 
energy range 5, 6, 11 and 16 Gev ana they f i n d the 
i n e q u a l i t i e s s a t i s f i e d i n the squared momentum t r a n s f e r 
region (-t)<"0.2 Gev . However f o r (-t)<0.1 Gev 
there i s a marked v i o l a t i o n of the i n e q u a l i t y which, 
they suggest, may be due to the large y -K symmetry 
breaking becoming apparent at low momentum t r a n s f e r . 

4° 
(v) A Superconver£ent dispersion r e l a t i o n J 

For an a n a l y t i c f u n c t i o n which i s known exactly over 

i t s cuts every dispersion r e l a t i o n w r i t t e n f o r the 

f u n c t i o n , or f o r the f u n c t i o n m u l t i p l i e d by any other 

a n a l y t i c f u n c t i o n , w i l l give the same r e s u l t f o r the 

a n a l y t i c continuation throughout the cut plane of 

i t s v a r i a b l e s . However, i f , as i s the s i t u a t i o n i n 

p r a c t i c e , the f u n c t i o n i s known over c e r t a i n regions 

w i t h greater accuracy than elsewhere, an improvement 

i n the accuracy of the p r e d i c t i o n f o r the continued 

f u n c t i o n may be obtained by m u l t i p l y i n g the amplitude 

by an a n a l y t i c f u n c t i o n which weights the c o n t r i b u t i o n s 

to the dispersion i n t e g r a l i n such a way as to suppress 
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the poorly known data. 
I n the case of the K—N dispersion r e l a t i o n s 

discussed i n section ( i ) i t was observed t h a t the 

main uncertainty i n the p r e d i c t i o n of the coupling 

constants was due to the differences i n the various 

p r e d i c t i o n s of the unphysical KN amplitudes a r i s i n g 

from the various f i t s . Accordingly, i f the c o n t r i b u ­

t i o n of t h i s unphysical region could be suppressed, 

a more accurate p r e d i c t i o n f o r the coupling constant 

might be possible. I t was, however, observed i n section 

( i ) t h a t one subtraction at l e a s t i s necessary i n 

order to ensure the convergence of the i n t e g r a l s . 

I t would be possible to add weight to the c o n t r i b u t i o n 

of p a r t i c u l a r regions to the dispersion i n t e g r a l by 

making f u r t h e r subtractions i n these regions, but at 

each subtraction p o i n t the r e a l part of the amplitude 

must be known and knowledge of r e a l parts i s , at 

present, very poor. A v/ay out of t h i s impasse was 

suggested, i n a d i f f e r e n t context, by I g i ^ who 

proposed that Cauchys theorem should be applied to 

| F _ ( u ) - F * e g s e ( w ) | where F ^ e s g e ( » ) i s the 

Regge c o n t r i b u t i o n to the s c a t t e r i n g amplitude. I t 

i s apparent from (4.10) that the Regge term has a cut 
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running along the p o s i t i v e r e a l axis and s t a r t i n g at 

0=0. The s i n g u l a r i t i e s of F_(w ) are, as before, 

given by F i g . (4.2). 

Applying Cauchy's theorem to a contour which 

encloses the Regge cut as w e l l as those shown i n F i g . 

(4.2) and closing by an i n f i n i t e c i r c l e we obtain 

the r e l a t i o n 

I %*{fJL*yf- 1V*)]A> *° (4.13) 

where we have assumed th a t the f u n c t i o n £F 0*0- ] ? ^ e g g e ( u ] 

decreases f a s t e r than \ at i n f i n i t y . This leads to the 

r e l a t i o n 

where we have used the e x p l i c i t form f o r the Regge poles 

as given i n (4.10) w i t h 4t*0̂ {») and the o p t i c a l theorem 

(2.13). The only terms c o n t r i b u t i n g to the sum over 

Regge poles i n t h i s equation are the w and Regge 

terms, the others disappearing due to t h e i r crossing 

properties as given by (4.11). The qua n t i t y N i s the 
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value of <0 above which the c o n t r i b u t i o n of the term 

to the r e l a t i o n (4.13) ciay be neglected. I t should 

be noted that only those Regge poles which have a value 

of ti greater than -1 w i l l c ontribute s i g n i f i c a n t l y 

to (4.14) f o r large values of N. 

The r e l a t i o n (4.14) evidently s a t i s f i e s our 

requirement of reducing the c o n t r i b u t i o n of the low 

energy unphysical region to the determination of A y • 

However, when a d e t a i l e d comparison of the magnitudes 

of the various terms i s made, i t i s observed t h a t , at 

a value of N given by 10 Gev., the c o n t r i b u t i o n of the 

Regge term w i l l be -27 mb Gev • The c o n t r i b u t i o n of 

the pole terms, assuming the coupling constants are 

i n the range covered by Table (4.1), would vary between 
-2 

1.3 and 3-0 ̂ b Gev . I t i s evident that the uncertainty 

i n the Regge term, which may be estimated at approximately 

10%, w i l l make i t impossible to determine the value 

of the coupling constants to the accuracy needed to 

d i s t i n g u i s h between the two s o l u t i o n s . 
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The d i f f i c u l t y i n using the high energy information 

t o evaluate the coupling constants may be overcome by 

making a subtraction i n the sum r u l e (4.13). I f the 

subtracti o n p o i n t *a i s below the Regge region the 

subt r a c t i o n w i l l reduce i n the sum r u l e the i n t e g r a l 

over the Regge term and consequently reduce the error 

introduced by the Regge term. Moreover the sum r u l e 

may be evaluated f o r several values of the subtraction 

p o i n t , g i v i n g several determinations of the coupling 

constants and consequently improving the accuracy to 

which they are determined. 

The sum r u l e may be derived as f o l l o w s : Cauchy's 

i n t e g r a l form i s w r i t t e n f o r the amplitude combination 

F +(*#) - F ^ e u > e ( u ) to give 

where the contour /*'encloses the s i n g u l a r i t i e s of the 

amplitudes on the physical sheet and i s closed by an 

i n f i n i t e c i r c l e . 

I f we assume that the difference between the 

amplitude and the Regge term decreases f a s t e r than a 

constant at i n f i n i t y then the i n t e g r a l over the i n f i n i t e 
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c i r c l e w i l l be n e g l i g i b l e and the sura r u l e may be 

w r i t t e n 

Once again we introduce the cut off point U such that 

the term CO 

may be neglected, and we use the crossing r e l a t i o n (4.3) 

to write the sum r u l e (4.1&) i n the form 

, t f r ^ • A^'W 

From (4.10) we know that the contribution to A R e G £ ; e ( ^ ) 

i s given by 

(4.18) 

where i s evaluated i n the forward d i r e c t i o n . 

With t h i s d e f i n i t i o n of the Regge term v;e have 
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***** r . ^o/u> ytft' 
(4.19) 

and depending on whether the Regge pole i s even 

or odd i n signature. Using these forms the i n t e g r a l 

i n (4.17) over the Regge term may be wr i t t e n as 

where the summations over i and j represent the 

contributions of the Regge poles of even, odd signature 

r e s p e c t i v e l y . 

These i n t e g r a l s may be performed a n a l y t i c a l l y 

u s i n ^ the r e s u l t 

where F(a,b,c; z) i s the hypergeometric function. 

This gives for the i n t e g r a l (4.20) over the Regge terms 
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* t : ,jS T?Or

Kj•! 4*h 
However from (4.10) we have 

V") -XT < / # ^ J « • « > ' 

and so using (4.17),(4.22),(4.23) the f i n a l form of 
48 

the sum rule may be written as 

From the discussion of sect i o n ( i ) i t i s evident 

that for K—p s c a t t e r i n g the s i g n i f i c a n t Regge poles 

contributing to the sum ru l e are the P, F',A^ with 

even signature and t h e p ,w with odd signature. T h e ^ 

contribution i s assumed to be contained i n that of 

the w . 

Using the sol u t i o n of P h i l l i p s and R a r i t a i t i s 

possible to work out the Regge contribution to the 

sum r u l e . However due to the er r o r s i n determining these 



contributions i t i s s t a t i s t i c a l l y better to use t h e i r 

values as c o n s t r a i n t s on the possible values of the 

Regge contributions. Accordingly the hypergeometric 

functions are expanded as a power s e r i e s i n x where 

x = • This gives for the sum r u l e (4.2#) 

*V* 0 

Using P h i l l i p s and R a r i t a the c o e f f i c i e n t s may be 

c a l c u l a t e d . For W=6 Gev. we find 

e p , * ie , 

where b i s wr i t t e n i n u n i t s Gev""n~^. 
p 

In the present a n a l y s i s b i s s e " t equal to la for 

n ^3 w h i l s t the remaining threeL , U » (o are l e f t as 

free parameters. They w i l l be determined by using the 

condition that the sum r u l e (4.23) i s s a t i s f i e d for a 

range of values of W but t h e i r possible values w i l l 
P P t 

be r e s t r a i n e d using the values t^, b̂  , as c o n s t r a i n t s 

accurate to an estimated 10$. 

The pole term contributions ^ £u)y4ô  c o m e ^ r o m both 
the ^ and X poles. However as 4̂  i s proportional to 
2 _ which, c f . Table (4.1), i s small and as the A and 
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poles are close together we make the approximation that 

the two poles may be considered as one at the A pole 

p o s i t i o n . 

Thus 

0*X*») ^Atw)Ut^j (4.24) 

Using average values for g and g from Table 
A. i 

(4.1) the magnitude of the error introduced i n making 

the approximation (4.24) i s found to be 

for vO r m 

Using (4.6) we f i n d 

* G-
where v;e have defined a fourth parameter G which i s 

to be determined by the f i t to the sum r u l e predictions 

The remaining terms to be evaluated i n the sum ru l e 

are the r e a l part D + ( w ) and the i n t e g r a l over the 

low energy region of the imaginary parts of the K—p 

amplitudes• 
Z f V + 1 Am* 
• n i l C^'-^) <V-+^J J 
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The magnitude of D C4^ ) i s c a l c u l a t e d u s i n g the 
a v a i l a b l e K +p d i f f e r e n t i a l cross s e c t i o n data t o g e t h e r 
w i t h the knowledge of the -imaginary p a r t o f the amplitude 
o b t a i n e d from the t o t a l cross s e c t i o n s v i a the o p t i c a l 
theorem. The s i g n i s f i x e d by use of a forward 
d i s p e r s i o n r e l a t i o n and t h i s has been done by M a r t i n 
and Foole i n r e f . ( 4 7 ) . 

F i n a l l y , i n order t o evaluate the i n t e g r a l s f o r the 

range o f values o f W f o r which the r e a l p a r t i s known 

they are s p l i t i n t o two energy ranges, the low energy 

range where the low energy p a r a m e t e r i s a t i o n i s used 

t o p r e d i c t the amplitude and the h i g h energy range 

where the imaginary p a r t i s o b t a i n e d from the t o t a l 

cross s e c t i o n . 

Thus o.ftG&s 

if 
4 - M 

(4.26) 

/ w i c 

where k^ i s the kaon l a b o r a t o r y momentum. The technique 

used i n e v a l u a t i n g the P r i n c i p a l value i n t e g r a l 

n u m e r i c a l l y i s g i v e n i n Appendix 2. F i n a l l y the data 

used i n e v a l u a t i n g the i n t e g r a l s over the p h y s i c a l 
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r e g i o n i s , as mentioned i n s e c t i o n ( i ) given by r e f s . 

(E8.E9.E10). 

Using (4,2*0, (4,2^), (4.26) we w r i t e the sum 
r u l e (4,23) i n the form 

and t a b u l a t e the c o n t r i b u t i o n s t o the l e f t hand side 

f o r the a v a i l a b l e range o f to i n Table (4 .2) . -D , 

r u l e generated by the f i r s t f o u r separate terms i n the 

l e f t hand side o f equation (4.27)• The c o n t r i b u t i o n 

U from the u n p h y s i c a l r e g i o n o f the K~p r e a c t i o n i s 

worked out i n two ways; f i r s t l y u s i n g Kim's K M a t r i x 

f i t and secondly u s i n g the Constant S c a t t e r i n g Length 

f i t o f Kim. I n the l a s t column o f Table (4.2) we l i s t 

f , the t o t a l c o n t r i b u t i o n t o the l e f t hand side o f 

(4.27) a r i s i n g from the sum of the terms D + , ( X , i -

and £ ^ , f o r the K M a t r i x e x t r a p o l a t i o n . 

The e r r o r s f o r the i n t e g r a l s over the c r o s s -

s e c t i o n s may be estimat e d u s i n g the quoted e r r o r s on 

the cross s e c t i o n s assuming no c o r r e l a t i o n between the 

off A.6*') 
I D.fT *0 ATI 

(4.27) 
^-3 

+ 

U, £. and £ ^ g i v e the p a r t i a l c o n t r i b u t i o n s t o the sum 
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e r r o r s on d i f f e r e n t measurements. From then-e e r r o r s , 

t o g e t h e r w i t h t h e e r r o r i n the d e t e r m i n a t i o n o f the 

r e a l p a r t , the f i n a l e r r o r i n f was estimated and 

t h i s i s a l s o t a b u l a t e d i n Table ( 4 . 2 ) . 

We thus have a t o t a l o f eigh t e e n p o i n t s f o r 

the sum r u l e (4 .27) and f o u r f r e e parameters. These 

eigh t e e n p o i n t s t o g e t h e r w i t h the thr e e data p o i n t s 

s u p p l i e d by the f i t s o f P h i l l i p s and R a r i t a g i v e a 

t o t a l of 21 data p o i n t s . I f , u s i n g the t a b u l a t e d 

e r r o r s , we form, as i n Appendix 3 the Chisquared 

f u n c t i o n J( (b ,b^ ,b 2»G) we may minimise t h i s f u n c t i o n 

t o g i v e p r e d i c t i o n s f o r the q u a n t i t i e s b Q,b^,b 2,G. 

For the s o l u t i o n u s i n g Kim's K M a t r i x f i t we o b t a i n a 

unique minimum w i t h J^(minj = 17-3 f o r 18 degrees o f 

freedoii. w i t h the p r e d i c t i o n 

g 2
A + 0.84 g 2 = 5.7 ± 3.8 

(4 .28) 

b Q = 18.10 + 0.31. b 1 = 0.92 + 0 .09, 

b 2 = -0.46 +0.04 

Here the quoted e r r o r s are r e l a t e d t o the d i a g o n a l 

elements o f the e r r o r m a t r i x ( c f . Appendix 3 ) . 

When the c a l c u l a t i o n was repeated u s i n g the 

C.S.L. e x t r a p o l a t i o n t o compute U i t was found 



Units : Gey" • 

k 
(Gev/c) ~D+ *+ KK 

U 
(CSL) f 

0.14 2.11 7.85 8.05 0.73 (0.57) 18.74+0.48 

0.175 2.43 7.S4 8.02 0.73 (o.57) 19.02+0.43 

0,205 2.34 7.85 7-99 0.72 (0.56) 18.90+0.35 

0.235 2.31 8.12 7.96 0.71 (0.55) 19.10+0.33 

0.265 2.19 8.17 7.93 0.70 (0.54) 18.99+0.35 

0.355 2.33 8.07 7.81 0.67 (0.52) 18.88+0.24 

0.52 2.31 8.73 7.55 0.60 (0.47) 19-19+0.26 

; 0.642 2.23 8.59 7.35 0,56 (0.44) 18.73+0.23 

i 0.78 2.36 9.10 7.12 O.51 (0.40) 19.09+0.18 

; 0.81 2.36 9.19 7.07 0.50 (0.39) 19.12+0.26 

0.86 2.33 9.31 6.99 0.49 C0.38) 19.12+0.20 

0.96 2.08 9-55 6.33 0.46 (0.36) 18.92+0.20 

1.2 2.48 9.33 6.47 0.40 (0.31) 18.68+0.21 

1.36 2.53 8.97 6.24 0.37 (0.29) 18.11+0.25 

1.455 3.91 8.92 6.12 0.35 (0.28) 19.30+0.56 

1.96 2.36 8.45 5.52 0.28 (0.22) 16.61+1.32 

3.0 5.30 6.65 4.61 0.20 (0.16) 16.76+I.67 

3.46 3.80 5.48 4.30 0.18 (0.14) 13.76+2.02 

4.97 7.50 -2.18 3.53 0.13 (0.10) 8.98+2.68 

Table (4.2) 
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g 2
A + 0,84 s\ = ^.5 ± 3.8 

(4.29) 
b = 18.07 b„ = 0.92 b 0 = -0.46 o i d 

V 

w i t h / (min) = 17.2. 

I t i s apparent, from these r e s u l t s , t h a t the 

sum r u l e p r e d i c t i o n i s much l e s s s e n s i t i v e t o the 

e x t r a p o l a t i o n over the u n p h y s i c a l r e g i o n than the 

d i s p e r s i o n r e l a t i o n p r e d i c t i o n . From equations (4.2o) 

and (4.29) we conclude t h a t 
g 2 + 0.84 g < =5.1 ± 4 . 0 A. *~ 

where the main c o n t r i b u t i o n t o the e r r o r i s the 

u n c e r t a i n t y i n the d e t e r m i n a t i o n o f D + ( u ) . Once 

again i t may be seen t h a t the p r e d i c t i o n i s i n c o m p a t i b l e 

w i t h SU(J) i n v a r i a n c e . 

(vi) Consistency t e s t s o f the low energy KN parameterisa-
t i o n s 

I n the previ o u s s e c t i o n , p r e d i c t i o n s f o r the 

c o u p l i n g c o n s t a n t s were ob t a i n e d from the superconvergent 

sum r u l e by v a r y i n g the s u b t r a c t i o n p o i n t • This 

v a r i a t i o n a l t e r e d the p r o p o r t i o n a l c o n t r i b u t i o n o f the 

v a r i o u s energy r e g i o n s and, as the e x p e r i m e n t a l measure­

ments are coupled w i t h e r r o r s , p r o v i d e d independent 
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e v a l u a t i o n s o f the sum r u l e s which c o u l d not o n l y be 

used t o determine the c o u p l i n g c o n s t a n t s , but also 

t e s t the s e l f c o nsistency o f the data i n v a r i o u s 

r e g i o n s . However, due t o the smal l low energy c o n t r i b u ­

t i o n b u i l t i n t o the sum- r u l e , t h i s i s not the most 

e f f e c t i v e r e l a t i o n t o t e s t the low energy Of parameterisa* 

t i o n . A b e t t e r one i s the d i s p e r s i o n r e l a t i o n (4.8) 

o b t a i n e d i n s e c t i o n ( i ) w i t h two s u b t r a c t i o n p o i n t s u) 

and v i z : © 
i 

I f , f o r a f i x e d ^ 4 , u i s v a r i e d i n the energy 

range below the K~p t h r e s h o l d the c o n t r i b u t i o n o f the 

u n p h y s i c a l i n t e g r a l , which i s dominated by the ^^(1405)? 

w i l l be g r e a t l y a l t e r e d . This should be balanced by 

a v a r i a t i o n i n the c o n t r i b u t i o n s from the o t h e r t e r a a 

the change mainly a r i s i n g from the i n t e g r a l s over the 

p h y s i c a l r e g i o n s and t h u s , t h e o r e t i c a l l y , the 



c o n s i s t e n c y o f the low energy p a r a m e t e r i s c t i o n w i t h 

the t o t a l cross s e c t i o n data should be t e s t e d . 

T h i s d i s p e r s i o n r e l a t i o n was f i r s t i n v e s t i g a t e d 

by M a r t i n e t a l . ^ b u t , as we w i l l have occasion t o 

use i t t o t e s t the s o l u t i o n s found i n the next 

chapter, we w i l l discuss i t s a p p l i c a t i o n i n d e t a i l . 

Moreover a t o = c J 6 = m the r e l a t i o n becomes the 

stand a r d d i s p e r s i o n r e l a t i o n and t h i s w i l l a l s o be 

used i n the next chapter t o o b t a i n values f o r the 

c o u p l i n g c o n s t a n t s . 

Using the K—p and K—n data i n the combination 

the A pole may be i s o l a t e d and, u s i n g 

(4 . 2 8 ) , the d i s p e r s i o n r e l a t i o n may be w r i t t e n i n 

•the form 

£ - U(*M ) f £*o (k* ) + U> (fc«v) 4ff -f (LAfr. (*.29) 

where u(KN) = i n t e g r a l over the KN u n p h y s i c a l r e g i o n 

+ the term i n v o l v i n g D ( ) . 

Low (KN) = i n t e g r a l over A from m t o *J = 57^ 

Mev determined from the K p parameters. 

Low (KN) = i n t e g r a l over A + from m t o W, = 811 

Mev determined from the. .known KN parameters 
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+ the term i n v o l v i n g B + ( u ) 0 ) 

6* = i n t e g r a l s over A + from ^ + t o 20 Gev evaluated 

from the a v a i l a b l e t o t a l cross s e c t i o n data, Regge = 

i n t e g r a l s over A + from 20 Gev t o tQ evaluated u s i n g 

Regge pol e parameters. 

For the co n s i s t e n c y t e s t i n the e v a l u a t i o n o f 

these terms V»0 i s chosen t o be 498 Mev and i s v a r i e d 

over the energy range below the KN t h r e s h o l d . For 

the standard d i s p e r s i o n r e l a t i o n 0 = <J# = m and i t 

should be noted t h a t care must be taken i n e v a l u a t i n g 

the u n p h y s i c a l i n t e g r a l contained i n the M.(KN) term. 

T h i s i s because a t the KN t h r e s h o l d the imaginary p a r t 

o f the amplitude A ) has an i n f i n i t e d e r i v a t i v e 

and, a c c o r d i n g l y , the numerical method o f e v a l u a t i n g 

the P r i n c i p a l i n t e g r a l as g i v e n i n Appendix 2 w i l l 

n o t converge. The d i f f i c u l t y i s overcome by 

expanding the i n t e g r a n d , near the KN t h r e s h o l d , i n a 

power s e r i e s i n order s o f the KN channel l a b . momentum. 

The i n t e g r a t i o n o f terms o f t h i s s e r i e s may be 

performed a n a l y t i c a l l y and thus the t o t a l i n t e g r a l 

computed. 

I n Table (4.3) we l i s t the c o n t r i b u t i o n s t o 

(4.29) f o r the Constant S c a t t e r i n g l e n g t h and K M a t r i x 



Low(KN) C Regge 
C.S.L. KK 

Mev Low(KN) C Regge 
Low(KN) 
+ u(KN) 

Low(KN) 
+ u(KN) 

2 
6 

*\ 

400 6.85 -8.29 -1.05 ^.99 2.5 11.66 9.2 

425 7.36 -#.93 -1.13 5.89 3.2 13.31 10.6 

450 7.83 -10.14 -1.19 6.81 3.3 15.07 11.6 

475 8.29 -11.58 -1.26 7.84 3.2 16.98 12.5 

498 8.69 -13.22 -1.31 8.99 3.1 18.99 13.1 

520 9.06 -15.28 -1.38 10.41 2.8 21.29 13.7 

Table (4.3) 



s o l u t i o n s o f Kim. I n t h i s c a l c u l a t i o n u s i n g the K 

M a t r i x p a r a m e t e r i s a t i o n the 1=0 Djy wave has been 

o m i t t e d f o r the reason t h a t the p a r a m e t e r i s a t i o n 

used f o r t h i s wave i s an energy dependent Breit-Wigner 

The best f i t value o f >t = 0.5^ fm~ gives t h i s 

w i d t h a s p u r i o u s pole i n the u n p h y s i c a l r e g i o n and 

i s t h e r e f o r e an u n s u i t a b l e p a r a m e t e r i e a t i o n f o r con­

t i n u a t i o n t o the u n p h y s i c a l r e g i o n . 

I t may be seen from Table (4.3) t h a t the Constant 

S c a t t e r i n g l e n g t h p r e d i c t i o n s o f the c o u p l i n g constant 

a t v a r i o u s energies vary l e s s than those o f the 

K - K a t r i x p r e d i c t i o n s . However, as the t y p i c a l e r r o r 

i n the e v a l u a t i o n o f ĝ " a t each energy i s +.3? i t 

might appear t h a t b o t h v a r i a t i o n s are c o n s i s t e n t w i t h 

c o n s t a n t v a l u e s . That t h i s i s not so, as emphasised 
51 

by Queen e t a l . , i s due t o the f a c t t h a t the e r r o r s 
2 

i n c a l c u l a t i n g g a t adjacent values o f the parameter 
A 

to are s t r o n g l y c o r r e l a t e d . Using the e s t i m a t i o n o f 

these e r r o r s o b t a i n e d by Queen"^ e t a l . , M a r t i n " ^ e t a l . 

conclude t h a t Kim's K-matrix s o l u t i o n i s i n c o n s i s t e n t 

wi i t h w i d t h r* o f the form 



w i t h the d i s p e r s i o n r e l a t i o n (4.28) w h i l s t the 

Constant s c a t t e r i n g l e n g t h s o l u t i o n i s c o n s i s t e n t 

w i t h i n the estimated e r r o r s . 

F i n a l l y , t o conclude t h i s s e c t i o n , we v/ould l i k e 

t o b r i e f l y review other consistency t e s t s a l l i e d t o 

the KN low-energy a m p l i t u d e . 

Chan and M e i e r e ^ evaluated a d i s p e r s i o n r e l a t i o n 

f o r the f u n c t i o n 

(4.30) 

i n the d i s p e r s i o n r e l a t i o n i n t e g r a l s i s 

a t the K +p t h r e s h o l d U= -m and f o r s e v e r a l d i f f e r e n t 

values o f ft i n the range 0$f$$ 1; t j ^ v.as chosen 

a t the Xll t h r e s h o l d . The denominator i n (4.30) i s 

chosen so t h a t i t i n t r o d u c e s a s h o r t cut j o i n i n g the 

branch j o i n t s a t Ui^ and m and t h e r e f o r e the numerator 

p r o p o r t i o n a l t o A + i n the K.—p p h y s i c a l r e g i o n s whereas 

i n the K^p u n p h y s i c a l r e g i o n i t i s p r o p o r t i o n a l t o 

(A c o s ^ l f + I> s i n ^ f l * ) • Chan and l-eiere found t h a t 
2 

the p r e d i c t i o n f o r g ^ o b t a i n e d from the above r e l a t i o n 

was f o r v a r i a t i o n of j} c o n s i s t e n t w i t h a constant 

value f o r Kim*s K M a t r i x p a r a m e t e r i s a t i o n but not 
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c o n s i s t e n t w i t h a constant f o r Kim fs Constant s c a t t e r i n g 

l e n g t h s o l u t i o n . However, as p o i n t e d out by M a r t i n 

e t a l . ^ , t h e i r r e s u l t depends on the f a c t t h a t the 

constant s c a t t e r i n g l e n g t h p a r a m e t e r i s a t i o n does not 

give the C ^ u n i t a r i t y c u t end i s t h e r e f o r e an 

u n s u i t a b l e p a r a m e t e r i s a t i o n near the Ztr t h r e s h o l d where 

the imaginary p a r t should v a n i s h l i k e ^ . I f t h i s 

behaviour i s enforced on the constant s c a t t e r i n g 
2 

l e n g t h s o l u t i o n i t 3s found t h a t the p r e d i c t i o n f o r g A 

u s i n g the d i s p e r s i o n r e l a t i o n f o r (4.30) and v a r y i n g ^ , 

i s c o n s i s t e n t w i t h a constant v a l u e . 

Queen e t a l . " ^ have a l s o i n v e s t i g a t e d the 

consistency o f the low energy KN p a r a m e t e r i s a t i o n u s i n g 

a d e r i v a t i v e sum r u l e f o r dg / d i j . They f i n d t h a t 

the KK parameters are i n c o n s i s t e n t and t h a t b e t t e r 

agreement w i t h a zero d e r i v a t i v e i s o b t a i n e d u s i n g 

the Constant S c a t t e r i n g Length parameters. However the 

e r r o r s i n the sum r u l e l i m i t the s t r e n g t h o f t h e i r 

r e s u l t • 
54 + L a s t l y L i u has i n v e s t i g a t e d the K—p sum r u l e 

o b t a i n e d from the f u n c t i o n 
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where W # i s chosen i n the u n p h y s i c a l r e g i o n near the 

KN t h r e s h o l d . Due t o the f a c t t h a t both D (*•>) and 

D ( a r e needed below t h e i r p h y s i c a l t h r e s h o l d s , the 

r e s u l t a n t e r r o r s i n t r o d u c e d mask the r e s u l t but L i u 

f i n d s an i n d i c a t i o n t h a t the p r e d i c t i o n o b t a i n e d f o r 
2 

g from Kim's X M a t r i x s o l u t i o n should be lowered. 
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CHAPTER 5 

S Wave K-matrix a n a l y s i s o f the low energy KN data 

( i ) Choice o f P a r a m e t e r i s a t i o n 

The constant s c a t t e r i n g l e n g t h and e f f e c t i v e range 

K m a t r i x analyses o f the KN data were i n t r o d u c e d i n 

Chapter 3- From the use o f v a r i o u s consistency r e l a t i o n s 

d e r i v e d u s i n g the a n a l y t i c p r o p e r t i e s o f the s c a t t e r i n g 

amplitude i t was shown i n Chapter k t h a t the constant 

s c a t t e r i n g l e n g t h s o l u t i o n appears t o be more c o n s i s t e n t 

w i t h the h i g h energy data than does Kim's K-matrix f i t , 

b u t , due t o exper i m e n t a l e r r o r s , t h i s r e s u l t i s not 

c o n c l u s i v e . From a t h e o r e t i c a l p o i n t o f view, a 

p a r a m e t e r i s a t i o n which e x p l i c i t l y e x h i b i t s the u n i t a r i t y 

o f the Xir and Iff processes as w e l l as the e l a s t i c KN 

process would be p r e f e r a b l e i n any a n a l y s i s of the data 

and e s p e c i a l l y i f the p a r a m e t e r i s a t i o n i s t o be used i n 

the e x t r a p o l a t i o n o f the amplitude below the e l a s t i c c u t 

towards the X'ff and AT t h r e s h o l d s . For t h i s reason i t i s 

p r e f e r a b l e t o attempt a p a r a m e t e r i s a t i o n u s i n g the K-

m a t r i x f o r m a l i s m . 

Kim's K-matrix f i t i s based on t h i s f o r m a l i s m , but 

h i s a n a l y s i s s u f f e r s from s e v e r a l disadvantages. As 

mentioned i n Chapter 2, the a n a l y s i s o f data i n the r e g i o n 

Mev/c kaon l a b . momenta n e c e s s i t a t e s the i n c l u s i o n 
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o f S, P and D waves. I n any p a r a m e t e r i s a t i o n of 

these p a r t i a l waves i n v o l v i n g a s e r i e s expansion i n 

the channel c e n t r e of mass momenta i t i s n e c e s s a r y , 

i n g e n e r a l , to i n c l u d e those terms i n the p a r a m e t e r i s a ­

t i o n of each p a r t i a l wave which correspond to the same 

order of c h a n n e l momenta i n the e x p e r i m e n t a l p o i n t s 

to be p r e d i c t e d . T h i s c r i t e r i o n l e a d s , however, to an 

unmanageable number of parameters and t h i s number 

must be reduced by a p p e a l i n g to other f e a t u r e s of the 

i n t e r a c t i o n . 

I n the a n a l y s i s performed by Kim t h i s has been 

done by i n c l u d i n g e f f e c t i v e range terms only i n the 

r e s o n a n t and c h a n n e l s , t o g e t h e r w i t h the non-

r e s o n a n t S waves. For the other waves, when not 

n e g l e c t e d completely, they a r e only i n c l u d e d i n a 

zero range p a r a m e t e r i s a t i o n . A f u r t h e r assumption 

i s t h a t a l l e f f e c t i v e range m a t r i c e s a r e d i a g o n a l . 

T h i s assumption has a l r e a d y been examined i n Chapter 2 

where i t was concluded t h a t , f o r the KN c a s e , the o f f 

d i a g o n a l elements c o u l d not be n e g l e c t e d . 

I t i s e v i d e n t t h e r e f o r e t h a t the p a r a m e t e r i s a t i o n 

adopted by Kim depends on s e v e r a l assumptions which 
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are d i f f i c u l t , a. p r i o r i , t o j u s t i f y . Thus i t may be 

t h a t the s o l u t i o n s o b t a i n e d , i n p a r t i c u l a r f o r the 

e f f e c t i v e range parameters, may be spurious i n the 

sense t h a t the a n a l y s i s i s i n c o r r e c t l y parameterised 

and the observed energy v a r i a t i o n o f the exper i m e n t a l 

data i s being f o r c e d i n t o the e f f e c t i v e range parameters 

t h a t are s p e c i f i e d r a t h e r than the n e g l e c t e d parameters. 

The importance o f the 1=0 £ wave e f f e c t i v e ranges i n 
2 

d e t e r m i n i n g the c o u p l i n g constant g A i s i l l u s t r a t e d i n 

Fig.(5»0)where the value o b t a i n e d f o r g^ v i a the 

standard d i s p e r s i o n r e l a t i o n i s p l o t t e d a g a i n s t changes 

i n the t h r e e 1=0 e f f e c t i v e ranges u s i n g the K-matrix 

f i t o f Kim. I n p a r t i c u l a r i t should be noted t h a t , f o r 
o 

a v a r i a t i o n o f f l from +0.2 fm t o -0.2 fm, a range 

t h a t would seem t o be reasonable from F i g . (3»3)» the 

value o f g^ v a r i e s between 11 and 17«5» 

From the above d i s c u s s i o n of the a m b i g u i t i e s 

i n h e r e n t i n an S, P, D wave a n a l y s i s o f the data up 

t o 550 l'iev/c i t i s r e l e v a n t t o ask whether i t i s p o s s i b l e 

t o o b t a i n a unique, pure S-wave, K-matrix f i t o f the 

data i n the r e g i o n where S-waves are expected t o be 

dominant, namely i n the r e g i o n 0-280 Mev/c of the kaon 

l a b . momenta. Moreover i t should be noted t h a t i n t h i s 
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energy region the mul t i p i o n production, such as AirV, 
i s observed t o be n e g l i g i b l e and so three p a r t i c l e 
channels can be neglected i n t h i s energy range. I n 
the range f i t t e d by Kim t h i s i s no longer true and 
the analysis of Kim ignores, i n the S and P waves, the 
non-negligible three p a r t i c l e processes. Accordingly, 
a zero range parameterisation of the K. matrix i s used 
i n a f i t to a l l the available data i n t h i s energy 
range, i n c l u d i n g the recent K°p data of r e f s . (Eo,E11). 
Moreover the s o l u t i o n obtained i s tested against 
change of the parameterisation f i i s t to see i f the data 
j u s t i f y the t o t a l number of parameters used and second 
to study the s t a b i l i t y of the predicted s o l u t i o n s . I n 
the next section we give d e t a i l s of t h i s parameterisation 
and i n section ( i i i ) we give the r e s u l t s of the f i t 
and compare i t i n d e t a i l w i t h the other f i t s t hat have 
been performed. 

( i i ) A p p l i c a t i o n of the zero range parameterisation 

Using the basis (2.35) which neglects the K~p, K°«\, 

mass di f f e r e n c e , i t i s apparent that the S-wave K matrix 

i s given by 3 1=0 and 6 1=1 zero range parameters, 

namely, 



O A 
Kfc K A 

K f c t I 

where we have introduced the subscripts K,< , A to denote 

the KN,£7f and AIT channels of d e f i n i t e isospin as given 

i n (2.35)• The Coulomb and mass difference corrections 

of Appendix 1 are most easily expressed i n terms of 

the &N s c a t t e r i n g lengths and thus i t i s convenient 

to w r i t e the KN s c a t t e r i n g lengths i n terms of the 

k-matrix elements. The isospin I S-wave complex KN 

s c a t t e r i n g length i s defined by Aj where 

and k i s the centre of mass momentum i n the KN channel. 

I t i s also necessary, i n order t o analyse the 

experimentally observed processes of (3-^7)» and 
_ x _ « 

(3*32) to know the amplitudes i L and . These 
k i , **a 

may be expressed i n terms of the complex s c a t t e r i n g 
lengths as 

• A/. 
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where and N( are the reaction amplitudes f o r Jlh 
and production r e s p e c t i v e l y . 

Using (3*13) to express the T-matrix i n terms 

of the K.-matrix we may express the s c a t t e r i n g lengths 

and r e a c t i o n amplitudes as defined i n (3-2) and (3*3) 

i n terms of the K-matrix elements as follows 

6 
I 
4„ 

where 
o 

And 

" i * *ca + a Xtf**'***"******) 
where r \ T 1 * "I • t \ 

and ^ and ̂  are the /ftfand £TT centre of mass momenta 

re s p e c t i v e l y . 

Using (5.M and (3*3) together w i t h (5;.2) and 

(3.3) the iso s p i n amplitudes may be computed from the 
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K-matrix parameters of (3-1)• We now derive the 
expressions f o r the experimentally measured cross 
sections^ 

Using (2.33) the i n i t i a l K~p s c a t t e r i n g state may 

be w r i t t e n i n the form 

A f t e r t h i s state becomes T|K"p) where 

Using (2.33) again t h i s may be w r i t t e n 

4(kri -i^fa* (fc r& 4 r ^ ) i ^ + > (5.7) 

Using t h i s equation together w i t h (3»2) and (3»3) the 

s c a t t e r i n g matrix f o r the experimentally observed 

processes may be obtained. Hence by (2.27) the t o t a l 

cross sections f o r pure S-wave s c a t t e r i n g may be 

w r i t t e n down as 

(5.8) 



Lit 

1 Ck 1 ^ 
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The charge corrections may now r e a d i l y be introduced 

by the r u l e s of Appendix 1. 

(1) The replacement of the f o l l o w i n g f a c t o r s as shown: 

where D = 1—H(A +A.) f k +kC^ ( 1 - i > ) ? - k k C ^ ( 1 - i > ) A A„ 
o l C o o J o o o i 

B i s the Bohr radius f o r the K~p system v/hich i s given 

i n terms of the reduced mass f o r the K~p system as 

E i s the radius at which the nuclear and Coulomb wave 

functions are matched and i s taken here as R = 0.*f fm. 

The f i t s are i n f a c t found to be i n s e n s i t i v e to any 

i n t e r a c t i o n radius 1 fm. 

Y i s Euler Constant. 

The S-wave Coulomb penetration f a c t o r C i s given 

(2) Every time the K~p state occurs the amplitude must 

be m u l t i p l i e d by the S-wave Coulomb penetration f a c t o r Cq 

I t i s convenient at t h i s stage to introduce the 

t o t a l absorption cross sections f o r the 1=0 and 1=1 

reactions 
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I T 

where we have w r i t t e n = a^ + ^b^ w i t h â . and b^ 

r e a l and we have used the o p t i c a l theorem to give 

^ U I M i l 1 ' * 1 A 

F i n a l l y i t i s convenient to define the quantity 

as the r a t i o between A production and t o t a l 1=1 

hyperon production and the angle (j> as the r e l a t i v e 

phase between the 1=0 and 1=1 production amplitudes. 

Thus CCATT*) <ia Jis),!^ 

1 let H 

I n terms of these q u a n t i t i e s the K~p S-wave cross 

sections, corrected f o r Coulomb and mass difference 

e f f e c t s , may be w r i t t e n 
v © r - • 

(where we have included the Coulomb s c a t t e r i n g term, 

c f . Appendix 1). 
1 A.-A o 



^ o - 1 c £ Cl * AH x ' ^ 

We now derive the K^p s c a t t e r i n g amplitudes and cross 

sections. 

Using (3«^9) f o r t h e s t a t e we may w r i t e 

' ^ V - [ i « V > - l ^ > > ] (5-12) 

Following (2.3*0 and (2.33) t h i s may be decomposed 

i n t o the isospin wave functions 

\<r>--^[^^^\^'>]-^} (5-13) 

Once again the state a f t e r s c a t t e r i n g may be computed 

to give 

where K la b e l s the KN isospin channels. 

Using (2.3*0, (2.35) and ( 3 - W t h i s may be 

decomposed i n t o the experimentally observed s c a t t e r i n g 
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t o t e s . 

+ i C K T * k l c * 0 ~TiLR ? I ( 5 . ^ ) 

As mentioned i n the previous chapter the low 

energy isospin zero KH amplitude has been analysed by 
28 

Stenger et a l . who f i n d that the low energy S wave 

amplitude may be adequately described by a s c a t t e r i n g 

length parameterisation w i t h s c a t t e r i n g length do=0.0*f fm 

They also f i n d s i g n i f i c a n t amounts of P-waves and obtain 

two solutions f o r the P-wave s c a t t e r i n g lengths 

d , d the ambiquity i n these solutions 

corresponding to the Fermi-Yang ambiguity. These 

solutions are 
aCtt - a . l l f m . ^ O l K Yang 
«(0(_ «-o.oxf*. 4*h •- e.otjU F e r m i 

and we have adopted the notation of subscripts 1-, 1+ 

r e f e r r i n g to ?-wave amplitudes w i t h J=-s-j^ r e s p e c t i v e l y . 

The is o s p i n one KN amplitude may be described 

by a pure 5-wave s c a t t e r i n g length parameterisation and 

we use the Goldhaber et a l . s o l u t i o n namely 
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where i s the S wave s c a t t e r i n g length. 

Using these parameterisations f o r the S = +1 

amplitudes and applying the o p t i c a l theorem we 

obtain the h°p t o t a l cross section as 

For the remaining K°p cross sections we have 

< i t -

2 
I t should be noted th a t f o r the K p i n t e r a c t i o n 

o^ 
there i s no Coulomb force, and moreover, there i s 

no mass c o r r e c t i o n necessary, the momentum Inhere 
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o 
r e f e r r i n g to the centre of mass momenta. 

Experimentally the K°p cross sections are given 

i n terms of the two r a t i o s R and C which are defined 

by ^ _ C C K , ^ -> *,°») 

a n d G- ££*u» ( . 1 7 ) 

E may be calculated using (5.16) w h i l s t €: i s 

conveniently computed i n the form 

I W . I 1 " ^ m ( 5 > l g ) 

( i i i ) D e t a i l s of the Zero range f i t 

The nine zero range parameters of (5*1) were 

used to pr e d i c t the experimentally observed q u a n t i t i e s 

and hence the J [ f u n c t i o n was computed ( c f . Appendix 3) 

X Lte< 27 ( C i . - O j X t € j " X (5-19) 

where i s the value f o r measurement i predicted 

using the K-matrix elements of (5.1), 0. i s the 

experimental value f o r i and E^ the experimental error 

on the measurement. Here we have assumed the 

experimental r e s u l t s s t a t i s t i c a l l y independent as the 

f u l l e r r o r matrix i s not generally quoted i n the 
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experimental r e s u l t s . The experimental data used 

consisted of a l l that available f o r the cross sections 

of (3.11), (3*13)» (3-1^) i n the momentum range 

0-280 Kev/c f o r the K p and K.°p processes as discussed 

i n Chapter 2 ( c f . refs.(E1-E7,E11)). 

I n the search of parameter space i n order to 

imising program VAÔ fA was used. This routine requires 

a s t a r t i n g set of values f o r the parameters and from 

there proceeds to a minimum by a step procedure. 

Care must therefore be taken to ensure t h a t a 

s u f f i c i e n t l y complete set of s t a r t i n g values are 

t r i e d i n order to f i n d a l l the minima of the JC 

f u n c t i o n . This was done i n the present analysis. 

From the search of parameter space a unique 

s o l u t i o n was found which gives a good f i t to the data. 

The values of the K-matrix elements are given i n 

Table (§•1) and the e r r o r matrix f o r t h i s s o l u t i o n 

i s given i n Table (3.2). The t o t a l number of data 

points used was 19^ and the corresponding value of 

was 16? g i v i n g a confidence l e v e l of 91% i n the f i t . 

f i n d the minima of the funct ion the general man 

I n Table r \5*3J we l i s t the c o n t r i b u t i o n s to from 
the various data p o i n t s . 
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From equations (3-11)» ( 3 ^ 3 ) and (3.16) i t 
i s apparent that only the s i x q u a n t i t i e s a Q, b^, a^ , 
b^, € and ^ are necessary to give the experimentally 
observed data at any energy, and that i t i s the energy 
v a r i a t i o n s 01 these q u a n t i t i e s which determine the f u l l 
nine-K.-matrix parameters. Accordingly, as a t e s t 
of the v a l i d i t y of usir.^, the f u l l K-matrix parameterisa­
t i o n , a new f i t the data was performed using these 
parameters. I t was found that a f i t to the data 
was obtained, which could be improved by i n c l d d i n g 
e f f e c t i v e range terms on the s c a t t e r i n g lengths. The 
f i t obtained using the s i x zero range parameters had 
a value f o r ^ of 180 f o r degrees of freedom. I n 

general the f i t v/as good but the branching ra t i o . . T ' & t> u 
was badly predicted due to the absence of energy dependence 

i n the parameter £ • I t i s evident from a comparison of 

the values of that s t a t i s t i c a l l y the f i t i s improved 

by going to the zero range K-matrix parameterication 

and, i t i s found, the p r e d i c t i o n of the r a t i o r / 

i s considerably improved due to the energy dependence 

(3.10) of the quantity ^ • Thus i t may be concluded 

th a t the data can accomodate the nine zero range K 

matrix parameters. The parameterisation 
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was then tested against the increase i n the number of 

parameters by adding e f f e c t i v e range terms to the 

series expansion of ( 3-1*? ) . The formalism of section 

( i i ) may be used f o r t h i s parameterisation by f i r s t 

computing the nine K-matrix elements of (5.1), which 

w i l l now be energy dependent, v i a equation (3-17) i n 

which c e r t a i n of the elements of the e f f e c t i v e range 

matrix are now non zero. No s o l u t i o n was found which 

s t a t i s t i c a l l y improved the f i t and although the 

e f f e c t i v e range terms were badly determined, no s o l u t i o n 

was found w i t h large e f f e c t i v e ranges which changed 

the character of the s o l u t i o n . We conclude t h a t the 

zero range parameterisation i s s u f f i c i e n t to describe 

the data below 280 Mev/c. I t should be noted t h a t , as 

the q u a n t i t i e s a Q, b Q, , b^,€ which are 

determined by the data v i a (5-11)» give only the 

magnitude and r e l a t i v e sign of H Q and and the magnitude 

of there i s an ambiquity i n the sign of some of 

the K-matrix elements. From (5»*0 and (5.5) i t may 

be seen t h a t these q u a n t i t i e s , and consequently the 

f i t to the data, are unchanged under the replacement 

KEA. "** ' K Kk
 KU ~* ~KXA. 
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and also under the replacement 

These ambiguities i n sign w i l l probably not be 
Un­

resolved u n t i l a c c u r a t e A d i f f e r e n t i a l cross section data 

becomes ava i l a b l e to determine the sign of the Coulomb 

interference term. 

I n Figures (5.1a) - (5.1h) we show the f i t s , 

l a b e l l e d ZR, to some of the data using t h i s zero range 

s o l u t i o n . For comparison we also show the curves, 

l a b e l l e d KK, calculated from Kim's K-matrix f i t . I n 

showing the f i t to the r a t i o R, F i g . (5.1e), the two 

curves corresponding to the use of the Yang or the 

Fermi s o l u t i o n f o r the S = +1 P-waves are not shown 

as the difference between them over the energy range 

of i n t e r e s t i s very small. Only the Yang s o l u t i o n i s 

drawn. 

I t should be mentioned here t h a t a zero range 

nine parameter f i t , s i m i l a r to the one presented here 
55 

has re c e n t l y been performed by Martin and S a k i t t . 

However they do not use the K^p and K p data of r e f s . 

(E6, E11). We do not f i n d that t h e i r parameters give 

an acceptable f i t to the data. The main reason i s 

th a t the value of £ , obtained from t h e i r parameters 
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i s s i g n i f i c a n t l y l a r g e r than t h a t found i n our f i t , 

and a l s o t h a t o f the constant s c a t t e r i n g l e n g t h ot 

Kim's K-matrix f i t s . I n Figures (5.1d) t o (5-1g) 

we show t h e i r f i t s , l a b e l l e d MS, t o the data most 

a f f e c t e d by t h i s d i f f e r e n c e . I t may be seen t h a t 

t h e i r f i t t o these data p o i n t s i s y e r y poor. T h e i r 

f i t t o the remaining data p o i n t s does not improve 

on the present zero range f i t and we conclude t h a t 

t h e i r s o l u t i o n i s unacceptable. 

The comparison o f Kim's K-matrix f i t and the 

zero range f i t o f t h i s a n a l y s i s shows t h a t b o t h g i v e 

good agreement w i t h the data i n v o l v i n g o n l y the KN 

and Xt channels over the energy range considered. 

However f o r processes i n v o l v i n g the Aft channel t h e r e 

i s a marked discrepancy between the f i t s and i t may 

be seen t h a t the present f i t improves on the KK f i t 

over the kaon l a b o r a t o r y momentum range 0-280 Mev/c. 

I t i s o f i n t e r e s t t o compare the energy dependence 

o f the s c a t t e r i n g l e n g t h s p r e d i c t e d by the two f i t s 

and i n F i g . (5*2) t h i s i s done. I t i s apparent 

from t h i s t h a t the present s o l u t i o n and t h a t o f Kim 

are very d i f f e r e n t . The c o n t i n u a t i o n o f the para-

m e t e r i s a t i o n below the KN t h r e s h o l d may be used t o 
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p r e d i c t the imaginary p a r t o f the 1=0 KN amplitude and 

t h i s i s drawn i n F i g , (5*3)• Once again the r e s u l t 

u s i n g Kim's K-matrix p a r a m e t e r i s a t i o n (KK) i s drawn 

and a l s o , f o r comparison, t h a t u s i n g Kim's Constant 

s c a t t e r i n g l e n g t h f i t (CSL). I t may be seen t h a t , 

i n agreement w i t h the p r e v i o u s f i t s , the zero range 

parameters p r e d i c t a resonance behaviour i n t h i s 

a m p l i t u d e . This may be a s s o c i a t e d w i t h an I = 0 

v i r t t m l . bound s t a t e resonance. 

The q u a n t i t y (1 + jk|K2g) i s found t o v a n i s h a t 

the resonant energy, thus s a t i s f y i n g c r i t e r i o n (3.46) 

f o r a v i r t u a l bound s t a t e resonance. From an a n a l y s i s 

of the p r e d i c t e d £Velastic cross s e c t i o n , the p o s i t i o n 

and w i d t h o f the resonance may be found. They are 

E = 1̂ 20 Mev P = 20 Mev r 
I t may be seen from F i g . (5«3) t h a t the c o n t r i b u t i o n 

t o d i s p e r s i o n r e l a t i o n s from the u n p h y s i c a l r e g i o n w i l l 

be s m a l l e r than t h a t g i v e n by Kim's K-matrix parameter­

i s a t i o n and q u i t e close t o the constant s c a t t e r i n g 

l e n g t h p r e d i c t i o n s . T h i s i s r e f l e c t e d i n the a p p l i c a t i o n 

o f the new f i t t o the s u b t r a c t e d d i s p e r s i o n r e l a t i o n 

o f (*f.28). I n F i g . ( 5 • / 0 we show the v a r i a t i o n o f 
2 

the p r e d i c t i o n o f g a g a i n s t change of the s u b t r a c t i o n 



p o i n t w. The d e t a i l s o f the c a l c u l a t i o n were described 

i n Chapter 4. As mentioned t h e r e the e r r o r s between 
2 

the c a l c u l a t i o n s o f g A a t adjacent values o f *o are 
s t r o n g l y c o r r e l a t e d . Using the est i m a t e o f t h i s e r r o r 

g i v e n by M a r t i n e t a l . t h e best f i t c o n s t a n t value o f 
2 

g A i s drawn t o g e t h e r w i t h t h i s e r r o r i n F i g . (5.4). 
2 

I t may be seen t h a t the values of obtained by 

the present f i t are c o n s i s t e n t , w i t h i n the estimated 

e r r o r , w i t h a constant v a l u e . This may be compared 

w i t h the i n c o n s i s t e n c y suggested f o r Kim's s o l u t i o n . 

As expected the constant s c a t t e r i n g l e n g t h s o l u t i o n 
2 

g i v e s s i m i l a r r e s u l t s f o r g as the present f i t . 
A 

F i n a l l y , u s i n g the s u b t r a c t e d d i s p e r s i o n r e l a t i o n 

(4.28) w i t h W = U D= m which corresponds t o the 

c o n v e n t i o n a l d i s p e r s i o n r e l a t i o n , the c o u p l i n g constants 

may be evaluated and are g i v e n by 
Froi~ the d i s c u s s i o n o f Chapter 4 i t i s e v i d e n t t h a t 

2 
t h e i r p r e d i c t i o n f o r g i s i n c o n s i s t e n t w i t h the SU(3) 

A 

allowed v a l u e s . 

A f e a t u r e o f the K-matrix p a r a m e t e r i s a t i o n i s 

t h a t i t enables us to estimate the Xit and AH amplitudes 

once the K-matrix elements are known. Thus i f we 



1̂ 5-
w r i t e the complex scattering lengths f o r the OT 

amplitude of isospin I as Â . and that f o r the/Hi 
1 amplitude as A we have ~ A 

, (5-20) 
T ' * - A — 

A A A > 

By (5»15) we &ay express these scattering lengths 

t r i x elezr i n terms of the K-matrix elements as follows 

! 
A A 

Where V < + ^ 0 ^ " 4?/J (5.21) 

where ^ ' ̂ O f t f " ^ ̂  WA^g ̂ Kft) 

Using (5-5). (5-20), (5.21) the scattering 
lengths f o r the KM, Cli and flTprocesses are evaluated 

at the relevant channel thresholds and tabulated i n 
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Table (5.4). For comparison we a l s o l i s t the s c a t t e r i n g -

l e n g t h s o b t a i n e d by p r e v i o u s analyses (E3» 1®» 56)-

An independent estimate o f T Â' may be obtained 

from the a n a l y s i s o f the weak decay process -HL. -^>/nr 

The c h a r a c t e r i s t i c s o f the decay are u s u a l l y s p e c i f i e d 
53 

by the parameter 

where B i s the decay amplitude f o r a f i n a l Afi s t a t e Jj 
o f o r b i t a l angular momentum L, normalised so t h a t 

2 l E j + |B n|^ = 1. 
61 

I t may be shown t h a t , i f t i m e - r e v e r s a l i n v a r i a n c e 

i s assumed t o h o l d i n the decay process, 

where $ and a r e , r e s p e c t i v e l y , the S-L and Pj^ 
& 2 2 

s c a t t e r i n g phase s h i f t s a t the decay energy. I f we take 

the value <^2i-1.2 0 o b t a i n e d by M a r t i n ^ u s i n g a 

dynamical model o f Ax; s c a t t e r i n g based on a p a r t i a l -

wave d i s p e r s i o n r e l a t i o n and use the average values 

f o r PC and o b t a i n e d by ref(59) we f i n d 

S0 = +22° ± 20° 
which may be compared w i t h the present e s t i m a t e o f 

S0 '- -kit'±2<r 

and t h a t o b t a i n e d u s i n g Kim fs K-matrix f i t 



1V? 

I t should be noted t h a t the e r r o r s i n p r e d i c t i n g 

t h i s phase and a l s o i n p r e d i c t i n g the and tX 

s c a t t e r i n g l e n g t h s using the K-matrix are ve r y l a r g e * 

T h i s i s because these q u a n t i t i e s are o b t a i n e d 

i n d i r e c t l y by a n a l y s i n g the energy dependence o f the 

v a r i o u s KN processes, t h e r e being no data f o r the 

e l a s t i c and Of channels. 



(Fermi)* 1 
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K̂ g - 2 . 4 0 * O.xu 

K^. - 1 . 2 1 to.z.x 

K j ^ -1.05 *03* 

-0 .014 to./r 
Kg* - 0 . 7 1 ±0.O<> 

4A - 0 . 3 8 

0.34 -^7 
K ^ A - 0 . 2 1 to.%U 
^ A A 0 .17 ^ 

Zero range S-wave solution (ZR) TABLE (5 . 1 ) 
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Experimental Measurement 

•965 . 
0.95 H S L 

0.95 J c . 

0.90 x " r L 

0.85 ^ 

0.80 

0 " 8 0 & ^ 
0.70 ^ 
0.70 

0.60 * x 

0.60 rf^^ 

-0.965 

^(K"p-K°n) 

6"(K~p^n') 
6-(K~p->£n+) 

<r(Kp->£ii)+<T(K p -*»U ) 
6" (K~p-W) 

Reference Kaon Lab. 
Momentum 
(Mev/c) 

jfContribution Number of 
Measurements 

E 3 100-280 3.9 9 

E 3 IOO-28O 7.6 9 

E 3 100-280 3.9 9 

E 3 100-280 4.2 9 

E 3 100-280 6-3 9 

S3 100-280 5-3 9 

E 3 100-280 5.6 9 

E 1 , S 3 , E 4 100-280 11.7 23 

E 1 , E 2 , E 3 60-280 29.1 30 

E 1 J E 2 , E 3 60-280 49.9 32 

E 1 , E 3 100-260 4.0 9 

EL,K3 100-260 5-9 8 

E 1 , E 3 0 0.5 2 

EL 0 1.9 1 

E 1 , E 3 0 1.1 2 

I 
I 

I 

<r(K p^v)+<r(K porfO 
o 

A ) Branching 
ra t i o 

( T + X / ^ + A ) Branching 
ratio 

(r /£" ) Branching ratio 

Continued. 



Experimental Measurement Reference Kaon Lab. Contribution Number of Experimental Measurement 
Momentum Measurements 
(Mev/c) 

R E6,E11 170-250 11.3 3 

E 6 , E L 1 170-250 1.9 3 

^K^p t o t a l E7 160-280 6.0 9 

E6,E11 160-280 6.0 6 

<r(K"p- /̂m) B6,KLL 230-280 2.1 3 

TOTAL 168.-2 194 

Table (5-3) 



f 
Reaction Isospin S-Wave Scattering Length Reference 

KN--KN 0 (-1.67+0.04)+i(0.72+0.04) K3 
KN^KN 0 (-1.65+0.04)+i(0.73+0.02) 56 
KN-* KN 0 (-1.74+0.03)+i(0.70+0.02) Present Pit 

KN-̂ KN 1 (0.00+0.06)+i(0.69+0.03) E3 
KN-*KN 1 (-0.13+0.02)+i(0.51+0.03) 56 
KN-KN 1 (-0.05+0.02)+i(0.63+0.03) Present Pit 

,£ir-»£ir 0 1.09+0.23 56 
0 -0.14+0.32 Present F i t 

1 (0.39+0.07)+i(0.14+0.03) 56 
1 (-0.31+0.15)+i(0.24+0.19) Present F i t 

1 1.75+0.06 19 
1 -0.45+0.31 Present F i t 

TABLE (5.4) 
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CHAPTER 6 

S-wave and 1=1 P wave a n a l y s i s of the low energy KN data 

( i ) Choice of P a r a m e t e r i s a t i o n 

The a v a i l a b l e experimental data suggest t h a t the 

1=0 KN and £7T amplitudes may be described w e l l i n terms 

o f pure S-wave i n t e r a c t i o n i n the kaon momentum range 

0-300 Mev/c. However, as we have remarked i n Chapter 3» 

due t o the presence o f the D-«. Y*(1320) resonance, i t 
A^. 0 

i s d i f f i c u l t t o apply the 1=0 a n a l y s i s over a l a r g e r 

momentum range w i t h o u t i n t r o d u c i n g a l a r g e number o f 

e x t r a parameters t o describe the S, P and D waves 

adequately. 

For the 1=1 amplitudes the e x p e r i m e n t a l data f o r 
— p o -J K p ^A\i and K«p suggests the presence o f a 

s i g n i f i c a n t amount o f P-wave i n t e r a c t i o n even below 

300 Kev/c. This 1=1 P wave seems t o be coupled weakly 

t o the KN and channels and so the data a f f e c t e d by 

P-wave c o r r e c t i o n s w i l l be mainly t h a t i n v o l v i n g the A? 
ED E11 

channel. The recent experiments of Kadyk e t a l . 1 

E7 

and Sayer t o g e t h e r w i t h some of the measurements o f 

W a t s o n ^ p r o v i d e 76 data p o i n t s i n the kaon momentum 

range 0-400 Mev/c, f o r the pure 1=1 processes, namely 

those i n v o l v i n g the Aft and K^p channels. This data 
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i n c l u d e s accurate angular d i s t r i b u t i o n measurements 
t o g e t h e r w i t h some p o l a r i s a t i o n data a l l o f which 
i n v o l v e i n t e r f e r e n c e terms between S and P waves and 
which t h e r e f o r e should be u s e f u l i n d e t e r m i n i n g the P-
wave parameters and improving the accuracy w i t h which 
t h e 1=1 S-wave parameters are g i v e n . 

I n order t o make use o f t h i s data t o determine the 

1=1 P-waves, w h i l s t a v o i d i n g the enormous increase i n 

the number o f parameters necessary t o describe the 1=0 

channel i n an extended momentum range, a new f i t t o the 

low energy KH data was proposed. T h i s f i t i n c l u d e s the 

e f f e c t o f the 1=1 P waves and extends the 1=1 data 

analysed t o the momentum range 0-*f00 Mev/c, and 

si m u l t a n e o u s l y S-wave analysed the 1=0 data upto 280 

Mev/c. 

The 1=1 P ?/ wave c o n t a i n s the Y*(1385) s c a t t e r i n g 

resonance and i t may be a good app r o x i m a t i o n t o describe 

the 1=1 P-waves p u r e l y i n terms o f the h i g h energy t a i l 

o f the resonance. T h i s was the approach adopted by 
E6 E11 

Kadyk e t a l . ' who found they c o u l d adequately f i t 

t h e angular d i s t r i b u t i o n s f o r K~p H > j\jf and K°p -"-^ATT* 

i n t h i s manner. 

A c c o r d i n g l y i n a p r e l i m i n a r y f i t t o the data the 

1=1 P wave was parameterised by a m u l t i c h a n n e l B r e i t 



Wigner form as given by ( 3 » ^ 5 ) 

where /"* i s the decay w i d t h i n t o channel i , momentum k.. 

j t ^ r l i s taken t o be 13^5 Mev and from the e x p e r i m e n t a l l y 

observed decay r a t i o o f the Y*(13&3) i n t o the £t and >Cir 

channels, t o g e t h e r w i t h the observed w i d t h , f~*tg and /"^ 

may be determined. This leaves one f r e e parameter, 

namely ri , t o describe the P * , wave. The P-, wave 

was i g n o r e d and an S-wave zero range p a r a m e t e r i s a t i o n 

used. I t was found i n the f i t t o the data t h a t , a l t h o u g h 

the KN-*/\IT angular d i s t r i b u t i o n c o u l d be f i t t e d w e l l , 

o t h e r P-wave dependent data were inadequately f i t t e d . 

Moreover the process iv^p ->K.°p i n c l u a e s the K°p i n t e r a c t i o n 

which has l a r g e P waves from the 1=0 KN am p l i t u d e , and 

the i n t e r f e r e n c e between these P waves and the P waves 

a r i s i n g from the K°p i n t e r a c t i o n can have i m p o r t a n t 

e f f e c t s . Since the Yang s o l u t i o n f o r the 1=0 KN amplitude 

p r e d i c t s l a r g e Pi and s m a l l Px waves, i t would appear 

t h a t the Pi wave f o r the 1=1 KN amplitude may be 

i m p o r t a n t . From these c o n s i d e r a t i o n s i t i s concluded 

t h a t the a p p r o x i m a t i o n o f i n c l u d i n g o n l y the resonant 

P 3 wave i s i n s u f f i c i e n t . 
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As the r e c e n t a n a l y s i s o f Kadyk e t a l . E11 provi d e s 

very much more accurate 1=1 data, i t i s p o s s i b l e t o 

perform an S and F-wave a n a l y s i s , i n d u c i n g both P-waves 

i n a s c a t t e r i n g l e n g t h p a r a m e t e r i s a t i o n . T h i s has 

been done i n a f i t i n which the S waves are parameterised 

by means of the nine zero range L-matrix parameters. 

Cnce a g a i n , t h i s p a r a m e t e r i z a t i o n i s m o d i f i e d t o i n c l u d e 

e f f e c t i v e range terms i n order t o t e s t the v a l i d i t y o f 

the p a r a m e t e r i s a t i o n . As the 1=1 data i s analysed up t o 

kOO Mev/c the P waves have an im p o r t a n t e f f e c t i n 

de t e r m i n i n g the r a t i o R which i n v o l v e s the Fermi -Yang 

ambiguity i n the S=+1 v.art o f the P waves. From the 

r e s u l t o f Determining t h i s r a t i o :'.t'he p o s s i b i l i t y . o f 

r e s o l v d n g t h i $ a m b i g u i t y i s d i s c u s s e d . 

D e t a i l s o f the i n c l u s i o n o f the P-waves i n a 

s c a t t e r i n g l e n g t h p a r a m e t e r i s a t i o n are g i v e n i n s e c t i o n 

( i i ) and i n s e c t i o n ( i i i ) an account i s given o f the f i t . 

( i i ) I n c l u s i o n o f 1=1 P waves i n a s c a t t e r i n g l e n g t h 
f o r malism 

The two e l a s t i c 1=1 P waves may be w r i t t e n i n terms 

o f the co n s t a n t s c a t t e r i n g l e n g t h parameters 

kxA, i t . ( 6 . 1 ) 

It 
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where A- = a„ + ib„ and the s u b s c r i p t s 1+ r e f e r t o 1+ 1HT 1+_ v — 
P-wave amplitudes w i t h J=-Ji - j * r e s p e c t i v e l y . 

I n o r der t o describe the and ATT p r o d u c t i o n 

amplitudes i t i s necessary t o i n t r o d u c e the P wave £vc 

and 41T r e a c t i o n amplitudes and I n terms o f 

these amplitudes we have 

1 **\± 

i t i - i i M , t 

E * , t f - A i t 

From equations ( 2 . 2 3 ) and ( 2 . 2 7 ) the d i f f e r e n t i a l 

c ross s e c t i o n f o r a process i n v o l v i n g o n l y S and P waves 

may be w r i t t e n 

< r v of* 

T h i s may immediately be i n t e g r a t e d t o give the cross 

s e c t i o n f o r the process i-^»f as 

Using ( 6 . 2 ) and ( 6 . ^ ) we may d e f i n e two parameters € ^ + 

as f o l l o w s 
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Here + stands f o r the cross s e c t i o n evaluated f o r 
the P ^ and P 1 waves r e s p e c t i v e l y . 

A p p l y i n g the o p t i c a l theorem t o the e l a s t i c 

amplitude and i d e n t i f y i n g the v a r i o u s terms we o b t a i n 

the r e l a t i o n s 

i 3 . n 3 , , 1 . ( 6 - 6 ) 

Using ( 6 . 5 ) and ( 6 . 6 ) we may express the magnitude o f the 

r e a c t i o n amplitudes i n terms o f the parameters b ^ + and 

as 
1 / 0-€,o t , * 1 

, ( 6 . 7 ) 

F i n a l l y , i n order t o evaluate the d i f f e r e n t i a l 

cross s e c t i o n and p o l a r i s a t i o n f o r the process KN —*A-tj 

i t i s necessary t o know the r e l a t i v e phase o f the 

P-wave p r o d u c t i o n amplitude t o the S-wave a m p l i t u d e . 

Thus we i n t r o d u c e two f u r t h e r parameters ^ + d e f i n e d 

as f o l l o w s 
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and so the ATI p r o d u c t i o n amplitude may be w r i t t e n 

-r ' * *u LjititJ^* ( 6 . 9 ) 

We may t h e r e f o r e parameterize the 1=1 P waves by 

the e i g h t r e a l parameters 

a 1 + » b 1 + ' 6 1+ 1 1+ " 

The i n c l u s i o n o f the K~p, K°n mass d i f f e r e n c e s g i v e s , 

by t h e method o f Appendix 1 , the f o l l o w i n g c o r r e c t i o n s 

t o the P wave amplitudes 

i < kfe-B A i t 
( 6 . 1 0 ) 

The Coulomb c o r r e c t i o n i s only s i g n i f i c a n t f o r low 

r e l a t i v e v e l o c i t y o f the p a r t i c l e s and, due t o the 

t h r e s h o l d f a c t o r s , t h i s i s the r e g i o n where P waves are 

suppressed. Therefore Coulomb c o r r e c t i o n s t o P waves 

are s m a l l and are ne g l e c t e d here. 
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Using ( 3 - 1 9 ) , ( 0 . ; ) and ( 6 . 8 ) the K**p d i f f e r e n t i a l 

cross s e c t i o n w i l l be gi v e n by 

i~ ( 6 . 1 1 ) 

The P wave hyperon p r o d u c t i o n cross s e c t i o n S"^ 

may be d e f i n e d by 

I t ' ( 6 . 1 2 ) 

Using t h i s t o g e t h e r w i t h (c.'t) and the decomposition 

o f ( 5 » 1 ^ ) we may o b t a i n the m o d i f i e d cross s e c t i o n s o f 

( 5 - 1 9 ) as 

x , • , . (6.13-) 
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where C i s the S-wave cross s e c t i o n as g i v e n by ( 5 . 1 9 ) « 
We now o b t a i n expressions f o r the angular d i s t r i b u ­

t i o n measurements o f Kadyk e t a l . From ( 6 . 3 ) we o b t a i n 
the d i f f e r e n t i a l cross s e c t i o n i n the form 

*HHA-Uf,,-f,rl(z^'])l 

Thus i f j^i-B w r i t t e n i n a Legendre expansion 

we may make the i d e n t i f i c a t i o n 

' f f - r * a | f , + | i + / f , _ l x 

The h i g h e r terms L w i l l a lso have i n t e r f e r e n c e 

terms c o n t r i b u t i n g i n v o l v i n g higher p a r t i a l waves and 

consequently are not t o be used i n t h i s a n a l y s i s . 

For t h e r e a c t i o n K^p—>K°p u s i n g ( 5 . 2 2 ) we d e f i n e 

the p a r t i a l wave amplitudes f o r t h i s process as F£+ 

where 
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where dn - and d are as d e f i n e d i n (5»X$). 

Using thesu amplitudes we may w r i t e 

and 

*>!.«» „ " • • zz ( 6 . 1 6 ) 

The t o t a l K^p cross s e c t i o n may be obt a i n e d u s i n g 

(5-*£") and the o p t i c a l theorem t o give 

The cross s e c t i o n s f o r the process K^p— * 4 T J 

may be o b t a i n e d i n a s i m i l a r manner t o t h a t f o r the 

process K~p —MIT except t h a t t h e r e i s now no mass 

d i f f e r e n c e c o r r e c t i o n . Thus we d e f i n e P wave hyperon 

p r o d u c t i o n cross s e c t i o n s ^ (j> p-^/t^which may be 

w r i t t e n as 

- ' fx." \ - 4 T r b , t I I 1 

ctti IKT-~>ytx) - ~£ | i-Ut%t\ ( 6 . 1 8 ) 

and the K^p SAsx^ cross s e c t i o n s w i l l then be 

^ " p - W ; s ^% V °P-W) ^u^'Kp- 3**) ( 6 . 1 9 ) 
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From (5-3) and (5*5) the S wave K°p->ATrr amplitude 
T may be computed and s i m i l a r l y from (6,9) and (6.7) 

O + 1 

the P wave K^p -*ATT amplitudes T — may also be 

evaluated. In terms of these amplitudes the f i r s t 

Legendre c o e f f i c i e n t B 6 may be written as 

g t * r^v^ Tgj»^T f A j ] ( 6. 2 0 ) 

The c o e f f i c i e n t tf. - © i s also given by (c.20) i f 

• i s taken aS the KN-^AT S v/ave amplitude corrected 

for Coulomb and mass difference e f f e c t s as i n Appendix I 

and s i m i l a r l y T— are taken as the corrected amplitudes 

of (6.10). 
A° 

F i n a l l y i t i s necessary to conrpute the 1 asymmetry 

i n K p-b/fll . From (2.28) we see that the A i s 

pol a r i s e d along the normal 5^ to the production plane 

i . e . K -
j^x^'where ^ and are as shown i n F i g . (6.1) 

F i g . (6.1) 
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The p o l a r i s a t i o n F(&) i s given by 

I f , i n agreement with the convention of Kadyk et a l . , 
A. 

we define the angle /? as the angle between a n c^ the 

d i r e c t i o n of the decay pion i n the f i n a l decay A ^ T j p 

the d i s t r i b u t i o n of events versus p i s given by 

where 

and * A has been obtained as 

* A = 0.646 + 0.016 
The c o e f f i c i e n t A, of Kadyk et a l . i s tt^fa averaged 

over ^ 

l .e 
I * 
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( i i i ) D e t a i l s of the S and P wave f i t s 

Using the nine zero range S wave parameters of 

(5*1) together with the eight 1=1 P wave parameters 

a 1 + » ^1+' ^1 + * ̂ 1+ ^ e e x P e r i m e n t a l l y observed 

q u a n t i t i e s were predicted by the formulae of the 

previous sec t i o n and the function was formed as 

i n (^.19)• I n t h i s case the experimental data used 

consisted of a l l thc.t analysed i n Chapter 5 together 

with the pure 1=1 q u a n t i t i e s of r e f s . (E5 ?E11) i n 

the kaon l a b . momentum range 0-^-00 Mev/c. E x p l i c i t l y 

the l a t t e r are the t o t a l cross sections and angular 

d i s t r i b u t i o n s for the processes K~p -*/tTT° , E°p-*K^p, 

the angular d i s t r i b u t i o n , , for the process K°p-*K°p 
0 

and the A decay assymetry, , for the processes 

K~p-fc/n?-* ~Kj>lf and K°p -*Al?-*lfpli* . I t should be 

noted that the experimental e r r o r s quoted by Uatson 

et a l . for the angular d i s t r i b u t i o n for the process 
mm O 

K. p-»AflT a r e considerably smaller than the er r o r s of 

Kadyk et a l . for the same quantity even though the 

number of events analysed by Watson et a l . are 

considerably fewer than that of Kadyk et a l . Moreover 

the angular r e s o l u t i o n of Watson's experiment i s 

i n f e r i o r to that of Kadyk. For t h i s reason the e r r o r s 

of Watson's experiment were adjusted to correspond to 
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the e r r o r s of Kadyk for s i m i l a r s t a t i s t i c s . 

Once again the general minimising routine VA04A 

was used to search parameter space for the minima of 
v 

the j f function. A unique solutionvas found and i n 

Table (6.1) the values of the parameters at t h i s 

minimum are given. The e r r o r s quoted correspond to 

the inverse square root of the diagonal elements of 

the e r r o r matrix. The f u l l error matrix i s given i n 

Table (6.2). The t o t a l number of data points used 

was Z4c(> and the value of at the minimum was 

giving a confidence l e v e l of fb£ i n the f i t . I n 

Table (6.3) we l i s t the contribution to from the 

various data points. 

The parameterisation was a^ain tested for s t a b i l i t y 

against addition of e f f e c t i v e range terms to the S-wave 

parameters and once again no s i g n i f i c a n t improvement 

i n j£ was obtained with the addition of these terms. 

Moreover no so l u t i o n was obtained which a l t e r e d the 

basic features of the zero range f i t . From an examina­

t i o n of Table (6.1) i t may be seen that the P wave 

parameters are not determined very exactly^and i t may 

be concluded that the data w i l l not accommodate any 

further parameters. I n f a c t i t i s possible to vary 
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the values o f + and <f)^ s l i g h t l y from t h e i r best 
f i t p o s i t i o n s , minimise u s i n ^ the oth e r parameters, 
and o b t a i n a f i t which i s s t a t i s t i c a l l y o nly s l i g h t l y 
l e s s probable than t he one quoted. However under 
t h e i r procedure the S-wave parameters are not 
s i g n i f i c a n t l y a l t e r e d and thus the accuracy w i t h which 
we know the S-wave parameters i s not a f f e c t e d by the 
u n c e r t a i n t y i n the P-wave parameters. I t may be seen 
from Table (b.1) t h a t the e r r o r s on the G-wave K 
m a t r i x elements are l e s s than those quoted f o r the pure 
S wave f i t o f Table (3.1). The a d d i t i o n o f the new 
data and the allowance f o r P wave e f f e c t s has t h e r e f o r e , 
as hoped, improved the d e t e r m i n a t i o n o f the S wave 
parameters. I t should be noted t h a t the most s i g n i f i c a n t 

changes i n the S wave parameters are i n the zero 
• i i 

range elements , K. , and K,, . The 
CA it 

d e t e r m i n a t i o n o f these elements depends on the energy 

dependence o f the observed q u a n t i t i e s and the a d d i t i o n 

o f the new data over the extended momentum range w i l l 

t h e r e f o r e p a r t i c u l a r l y help t h e i r d e t e r m i n a t i o n . A 

thorough search o f parameter space was c a r r i e d out to 

f i n d any f u r t h e r s o l u t i o n s which may e x i s t and may 

not be p e r t u r b a t i o n s on the S-wave s o l u t i o n o f Chapter 

5- No such s o l u t i o n was found and i t may t h e r e f o r e 

be concluded t h a t we have found a unique f i t t o the 
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data with w e l l determined S-wave parameters and slightly-

l e s s w e l l determined F-wave parameters. 

I t i s found that t h e f i t to the q u a n t i t i e s not 

involving the *fl" channel and to which no new data 

points have been added i s not changed perceptibly 

from that shown i n F i g . (5»1a-5.1c,5.1h). The f i t s ,0*0, 

to the pure 1=1 q u a n t i t i e s over the extended momentum 

range 0-400 Mev/c are shown in F i g s . (6.1a-6.1f). 

In F i g . (c.1a) the f i t to the quantity R, using 

both the Yang and Fermi solutions for the 1=0 s=+1 F 

waves are shown. From ((>•'£") i t may be seen that the 

i n t e r f e r e n c e between the s=+1 and s=-1 F waves produces 

the f i n a l P wave e f f e c t i n the quantity £"* (K°p —"> K°p) 

and hence i n R. This F wave term i s proportional to 

Since the imaginary parts of the 1=1 s=-1 F waves 

are small compared to the r e a l parts i t i s apparent 

that £ w i l l be increased and that the Fermi solution 

w i l l be favoured i f , roughly, a ^ + i s of greater magnitude 

than a^ and negative w h i l s t the Yang solution w i l l 

be favoured i f a^_ i s of greater magnitude than a ^ + and 

negative. From the s o l u t i o n of Table (6.1) i t i s 

apparent that both a. and a. are negative and of the 

ttCd !+ • 

1/ /-UtV if I 4-
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same order of magnitude* Thus although the Yz*\<j 
solution i s favoured (Fig.(6.1a)) the distinction 
between them i s small and, due to the errors i n 
determining a^ + Jthe choice between the Fermi and Yang 
solutions cannot be made with any certainty. 

From Table (6.3) i t may be seen that the contribu-

tions to jC from the angular distributions for the 
O "* — o 

processes sL^P**** a n i K p->*5 i s large. However i t 

may be seen i n Fig. (6. Id) that the f i t to the data i s 

satisfactory and that the experimental errors are 

probably underestimated. When the P waves predicted 

by Kim's f i t are used, together with his S wave K 

matrix parameters to predict BL * and B_ 

values between 0.26<BJ<1«1 are obtained. From Fig. (6.Id) 

i t may be seen that t h i s gives an acceptable f i t to the data. 

The remaining f i t s to the 1=1 data may be seen 

to be good within the experimental errors. 

Using the new S-wave 1=0 parameters the position 

and width of the v i r t u a l bound state resonance the 

may be calculated. These are 
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I t may be seen that the position and width are 

somewhat larger than that predicted by the pure S-wave 

f i t and thus the values of the coupling constants pre­

dicted using the standard dispersion relation may be 

expected to be larger than the previous estimate. This 

i s found to be the case and we obtain 

The energy variation of the prediction for the coupling 

constant using the subtracted dispersion relation was again 

calculated and a similar curve to that shown i n Fig. (5.4) 

but raised by o.tf was obtained. Thus i t may be concluded 
2 

that the values of g A found using t h i s f i t are consistent 

with a constant value. 

F i n a l l y the scattering lengths for the KN,-** and*"* 

amplitudes were computed as i n Chapter 5 encl are l i s t e d 

in Table (6.4) together with the Air phase,S , evaluated 

at t h e — (i3'5) position. These may be compared with those 

given i n Table (5.4). 

In conclusion i t may be stated that we have 

obtained good f i t s to the data i n the low energy region 

using both S and S+P wave f i t s . The addition of P waves 

allows for the observed non-negligible P-waves 
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i n the AIT channel and f i t s the angular d i s t r i b u t i o n 

measurements i n the momentum region 0-400 Kev/c. More­

over the S-wave parameters are determined more p r e c i s e l y 

i n the 3 + P wave f i t and i n neither f i t did e f f e c t i v e 

range terms s t a t i s t i c a l l y improve the f i t , nor were 

any so l u t i o n s found which changed the nature of the 

zero range parameters. Thus i t may be concluded that 

the zero range parameters are determined uniquely and 

with the accuracy shown i n Table ( 6 . 1 ) . 

The coupling constants predicted using the 1=0 

zero range parameters are not i n agreement with the 

S0(3) symmetry predictions but, as discussed i n 

Chapter 5t the dispersion predictions are very s e n s i t i v e 

to e f f e c t i v e range terms. However the existence of 

a good zero range f i t to the data i n the low energy 

range shows that the e f f e c t i v e ranges w i l l have to be 

determined by a f i t to the data over an extended energy 

range. As has been pointed out, t h i s leads to an 

unmanageable number of parameters. I t i s concluded 

therefore that the prediction of the strange p a r t i c l e 

coupling constants by means of a standard dispersion 

r e l a t i o n which requires the knowledge of the e f f e c t i v e 

ranges i s u n s a t i s f a c t o r y and that a r e l a t i o n , such as 
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the subtracted sum r u l e introduced in Chapter 4 
w i l l have to be uced to obtain accurate predictions 
of the coupling constants. This w i l l be possible when 
accurate measurements of the r e a l part of the K—p 
amplitudes are a v a i l a b l e . 



(Fermi; 
-2.34 

o -1.16 
o -0.96 ±0Ho 

k'. -0.21 -o.oi 
I -0.70 

-0.57 * a i j 

K « 0.23 
-0.04 

-0.78 

(Fermi? 
a i + 

-0.060 

b l + 
0.0037 

a l - -0.067 
b l - 0.0024 

<!• 1.00 + o 

' l * 2.71 ton 

£ l - 1.00 

4 1 - 2.71 1 0.4.0 

S+P-wave solution (ZRP) 

TABLE (6.1) 
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Experimental Measurement Reference Kaon Lab. 
Momentum 
(Mev/c) 

jf Contribution Number of 
Measurements 

Jo.95 u r L 

J 0.90 A X L 

J 0.85 

J 0.80 

I 0 * 8 0 £ ^ 
(°-70 MASL 
io . 6 0 ^ 

ro.6o <*§d*.si 

J -0 .965 

E3 

E3 

E3 

E3 

E3 

23 

E3 

100-280 

100-280 

100-280 

100-280 

100-280 

100-280 

100-280 

3-7 

6.1 

3.6 

3.6 

6.7 

4.6 

7.8 

9 

9 

9 

9 j 

9 

9 

9 

E1,F,3,E4 100-280 12.9 23 

6"(K~p-iV) ElyE2>E3 60-280 29.5 30 

<?(K~p^£n+) E1,E2 ,E3 60-280 50.4 32 

C (K~p->£rf)+ C(K~p -W) E1,E3 100-260 4.6 9 

la" (K~p-W7) EL ,E3 100-260 5.0 8 
<r(K p^*V)+ «r(K p->/rtf) 

8 

+ A ) Branching 
ratio 

KL,E3 0 0.6 2 

( r + Z / ^ + A ) Branching 
ratio 

E l 0 1.7 1 

(.f Branching ratio E1,E3 0 1.0 2 

Continued.. 



Experimental Measurement Reference Kaon Lab. 
Momentum 
(Mev/c) 

^Contribution Number of 
Measureme: 

R E l l 170-400 18.9 5 

€ E5 3E11 170-400 8.8 8 

^K^p total E7 170-400 6.2 11 
^(K°p->/*4) E l l 170-400 18.0 11 
C (K p->A!t* ) E5,E11 170-400 13.1 12 

B i *;P->AV E l l 170-400 15*4 5 

^1 Kp->AT» 6 E5,E11 170-400 6.9 7 

E l l 170-400 6.1 b 

^ ^1 A Ajf*̂ "«w|vu E l l 170-400 14.6 12 

TOTAL 249.8 246 



Reaction Isospin S-wave scattering length 

KN*KN 0 (-1.74+0.03 )+i (0.70+0.02) 

KN->KN 1 (-0.07+0. C2)+i(0.62+0.03) 

0 -0.09+0.20 

1 (-0.41+0.15)+i(0.19+0.19) 

ATI-? ATT 1 -3.24+0.40 

AMU 1 S(wr) * -47.6°±/r 

TABLE (6.4) 
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APPENDIX 1 

Corrections a r i s i n g from charge dependent e f f e c t s 

The charge independence assumed f o r the strong 

i n t e r a c t i o n s i s v i o l a t e d i n several ways be the e f f e c t s 

of electromagnetic processes. F i r s t l y , due to the 

mass differences generated w i t h i n Isospin m u l t i p l e t s 

by the electromagnetic i n t e r a c t i o n s , the channel 

momentum matrix may no longer be considered diagonal. 

The most important of these mass differences, and 

the only one considered here, i s the K~p, K°n mass 

di f f e r e n c e . Secondly the elements of the K matrix 

are modified from t h e i r values f o r the nuclear 

reactions alone by corrections which may be separated 

i n t o two p a r t s . The most important i s due to the 

K~p Coulomb i n t e r a c t i o n whose long range leads to 

appreciable corrections at low r e l a t i v e v e l o c i t y 

The s i g n i f i c a n t parameter f o r t h i s i n t e r a c t i o n i s 
Kx 

where B i s the Bohr radius ( —«. ̂  84 fm) f o r the A*-
K~p system. The other corrections are those due to 

the eleotromagnetic modifications of the nuclear 

i n t e r a c t i o n s and, being of r e l a t i v e order J — , 
fcc 137 

are neglected. 
The c o r r e c t i o n due to the K~p, K°n mass differences 

57 
was f i r s t discussed by Jackson and .Wylcr . They noted 
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t h a t the channel momenta matrix k i s r e a l l y diagonal 

only f o r the basis given by the states 

lK"p >, I K°n> , l b Q > , I b n> , l C l > 

where |b Q> , \b^> and \o^> are defined i n (2.35). 

I n t h i s basis, known as basis I , 

k 0 0 0 0 

( I ) * 

\ 

O k 0 0 0 o 
0 0 o 0 

o o o it 0 

0 0 0 0 

where k and k Q denote the K*~p and K K momenta respectively 

However the K matrix, w i t h threshold f a c t o r s removed, 

may be w r i t t e n i n block diagonal form f o r the basis, 

basis I I , 

, b o> >' ai> J V > | c i > 
as 

IK 

\ 

M1 M2 0 0 0 

»2 M 3 0 0 0 

0 0 % M5 M 

0 0 M? M 

0 0 M6 M8 M / 
I f t h i s i s now w r i t t e n , using (2.35)» i n basis I we 

f i n d 
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*( V M i > 

^ M 2 
"h¥z 

-L m Ah 
kh 

M3 0 0 

I 
^ 6 

0 M? M8 I 
^ 6 0 K 8 M 9 

(i) I ft! 5 

I f the T matrix given by 

i s now worked out i n basis I i t i s found that the 

corrections due to the K p, K°n mass differences may 

conveniently be expressed i n terms of the s c a t t e r i n g 

lengths by the r u l e s : 
, i ***** 

i i~(AZo A. 
The f a c t o r ^ okj^^'A ^3 r e ^ * a c e c * "~J 

and ^ i ^ , ^ * * 1 A ^ s r eP^ a c e (^ ^y ' 5 

where 
D = 1 - 4-(A + A j ( k +k) - k k A A. (A1.1 c o 1 o O O 1 

F i n a l l y the T matrix elements are obtained by 

the formula 

(A) 
The £ wave Coulomb correc t i o n s , together w i t h 

these mass difference c o r r e c t i o n s , have been considered 
12 

i n d e t a i l by D a l i t z and Tuan • These authors assume 

tha t there i s a radius R beyond which the K p Coulomb 
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i n t e r a c t i o n may be neglected. 
I t i s w e l l known that the K matrix element < ^ * - " c l ^ 

denotes the amplitude of the asymptotic wave i n the j ^ * 1 

channel when the boundary conditions are standing 

s p h e r i c a l waves i n a l l channels, together w i t h an 

inciden t plane wave of u n i t amplitude i n channel i . 

Then j u s t w i t h i n r = R the inside wave fu n c t i o n has 

the form, f o r the case of an incident K~p channel 

(channel 1 ) . / - i,//_iv / f . i \ 

where L i s a normalisation f a c t o r and K , , K • 

denote the nuclear K-matrix elements. The wave 

functions outside r » R are given by the solutions 

of the s-wave Coulomb equation and thus the K-matrix 

K corrected f o r Coulomb e f f e c t s i s defined by the c 
corresponding outside wave functions 

Here F ( k r ) and G ( k r ) are the regular and i r r e g u l a r o o 
independent solutions of the Coulomb s-wave equation. 

The inside and outside wave functions may s i m i l a r l y 

be w r i t t e n down f o r incid e n t waves i n a l l channels, 

and, be demanding smooth matching between them at 

r = R, the corrected K matrix K may be obtained. 
c 

Once again i t i s found t h a t these corrections may be 
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conveniently expressed i n terms of the unperturbed 
s c a t t e r i n g lengths as f o l l o w s . 

( i ) Factor i s replaced by " " j ^ " " " a n (* 

htkAi i s replaced by ^ where D i s modified from 

equation (A1.1) as ^iven below. 

( i i ) The Coulomb penetration f a c t o r C has to be 
o 

m u l t i p l i e d every time the K~p state enters. 

D and C are defined as f o l l o w s . 

where 

dfen M\ y i s the Euler constant, 
B the K p Bohr radius. 

The k"p d i f f e r e n t i a l cross section must also be 

modified t o take Coulomb s c a t t e r i n g i n t o account. 

This i s done as follows 

4f t> J 7 t r | 
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Appendix 2 
Numerical evaluation of P r i n c i p l e value i n t e g r a l s 

We consider the evaluation of i n t e g r a l s of the 
UJ type 

where w^w^u^. These may immediately be r e - w r i t t e n 

i n the form 

The f i r s t i n t e g r a l may be r e a d i l y evaluated by the 

usual numerical methods provided t h a t j ^ I f(^) (^'-^ 

e x i s t s . The second i n t e g r a l may be evaluated a n a l y t i c a 

The r e s u l t i s 

J. (u'-J\ J I 
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APPENDIX 3 

F i t t i n g of Experimental Data 

I n an experimental measurement of a quantity & 

there w i l l , i n general, be a p r o b a b i l i t y d i s t r i b u t i o n 

PVx) of measuring a value x f o r t h i s q u a n t i t y i n any 

s i n g l e determination. This d i s t r i b u t i o n w i l l be 

peaked about the most l i k e l y value x* and a good 

approximation to t h i s d i s t r i b u t i o n i s usually given 

by the Gaussian d i s t r i b u t i o n 

where 6* i s the standard e r r o r . I f now N q u a n t i t i e s 

are a measured to give experimental values x^ w i t h 

standard e r r o r s ST and we suppose th a t we have 

t h e o r e t i c a l expressions f o r these q u a n t i t i e s depending 

on a set of n parameters a„. we may form a l i k e l i h o o d 
m 

fun c t i o n given by 

2) 

where ^ c ̂  ( ^ . - ~<x*v) are the t h e o r e t i c a l 

expressions f o r x^. 

We may now define the values of the parameters 

a^ g i v i n g a "best f i t " t o the data as those maximising 
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the l i k e l i h o o d f u n c t i o n ( &
m ) i a c r i t e r i o n which i s 

obviously equivalent to minimising the exponent 

i , * t fa 
This defines the Chi-squared f u n c t i o n J^(a;) 

which i s generally used i n performing the "least-squares 1 1 

f i t to the data. This f i t i s found by the condition 

0 f o r a l l i (A3.*0 
together w i t h the condition f o r a minimum 

VOO^O f o r a l l i U3.5) 

The er r o r s associated w i t h the parameters a£ which 

s a t i s f y the best f i t conditions (A3.*0 and (A3»5) may 

be determined using the." l i k e l i h o o d f u n c t i o n of (A3«2) 

to compute the mean deviations (a - a*)(a - a" ) . To 
r m m 

do t h i s we note t h a t the Chi-square f u n c t i o n may be 

expanded i n a Taylor series about the best f i t p o s i t i o n 

a* iv 

Since the f i r s t d e r i v a t i v e s vanish by co n d i t i o n (A3-*0 



we have, from (A3.2), and neglecting t h i r d order terms 

and above 

o 
t 

where C -

and 

w i t h 

E i s a symmetric matrix and we suppose u i s 

the u n i t a r y matrix that diagonalises E 

Defining ^S- (j^i^, a n c* Y"/^* * w e m a y w r ^ t e the 
element of p r o b a b i l i t y i n ̂  space as 

S i n c e j t v j ^ j i s the Jacobean r e l a t i n g i^? anddy we have 

which i s now a product of independent one-dimensional 

Gaussian d i s t r i b u t i o n s . Thus 
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and hence 

r* -1 -> 

f I c " JL U ) 

and so we obtain the r e s u l t 

-1 
and E i s known as the e r r o r matrix. 

I t i s possible, using the ^ f u n c t i o n to derive 

a q u a n t i t a t i v e c o n d i t i o n f o r a "good" f i t . I f x\ 

i s the true mean of x^, the normalised p r o b a b i l i t y of 

observing x, i n dx, x^ i n dx^, etc., i s 

where 
i t = /• - v ) 

I f we define t ^ i r ) * " " « 4 [ ** I ^ 3 

then < ^ J ^ , ~ ^ ' d-K, - ^ ^ C ^ 
and ()£ depends on the q^ only through 

I t therefore has the same value everywhere on a 

spherical surface i n N dimensions and the p r o b a b i l i t y 

d i s t r i b u t i o n of )C has the form v 

f(xx) f*Z(u)<<tr-'<f„ f a c ) * 
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C i s determined by the normalisation 

And thus ^ Jy/ ^ ( 

The p r o b a b i l i t y that J^-exceeds the observed value 
A 

Tables of t h i s f u n c t i o n are given i n r e f . ( 6 0 ) . I f 

i t i s la r g e , the f i t i s good. I n a more thorough 

p r o b a b i l i t y analysis i t turns out th a t the number K 

should be the difference of the number of data points 

and the number of parameters i . e . the number of degrees 

of freedom. 
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