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ABSTRACT

The K-matrix formalism for the low energy KN
interaction is reviewed. By using the N/D method to
compute the scattering matrix for left hand singularities
chosen to approximate the physical singularities of
the KN and ZI¥ amplitudes the nature of the energy
dependence of the inverse K-matrix elements are
investigated. From this it is concluded that an effective
range parameterisation should be a good approximation
to the inverse K-matrix elements and that the off
diagonal elements of the effective range matrix may not,
a priori, be neglected.

The application of dispersion relations to the
prediction of the strange particle coupling constants
is discussed. A once subtracted sum rule is introduced
which reduces the discrepancy in the prediction of the
coupling constants due to the use of different low
energy parameterisations for the KN amplitude. The
resultant prediction of the coupling constants is
incompatible with the SU(3) predictions.

A new S-wave zero range fit to the low energy KN
data is performed. A good fit is obtained which

improves on previous analyses over the low energy KN



region. The values of the
by the standard dispersion
parameterisation are again
predictions.

Finally the effect of
in the isospin one channel

constant scattering length

coupling constants predicted
relation using this

incompatible with the SU(3)

the non-negligible P waves
are investigated using a

parameterisation for these

waves in the analysis of the low energy KN data.
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CHAPTER 1

Introduction

The interactions of particles at present appear to be
governed by four separate types of force which are, in
descending order of strength, the strong, the electro-
magnetic, the weak and the gravitational forces. In this
thesis we will be principally concerned with the strong
interactions, although the effect of the electromagnetic
interaction will be considered. The gravitational and weak
forces will, in all applications considered here, be
negligible.

From the analysis of scattering experiments it has
been observed that it is possible to assign to the scattering
states quantum numbers which are conserved in all interactioans
mediated by the strong force. The conserved quantum numbers
so far allocated are charge (Q), parity (P), charge
conjugation (C), baryon number (B) and strangeness (S). 1In
addition to the limitations imposed by these selection rules,
it is also possible to classify the interactions by appealing
to the Lorentz Invariance of scattering experiments. Thus,
by comservation of total angular momentum the interaction
may be decomposed into partial waves and no interference is

possible between partial waves corresponding to different
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values of the total angular momentum. A further symmetry of
the strong interactions was discovered when it was found
that the observed particles could be fitted into
representations of SU(2), adding two more labels to the
particle, namely the total SU(2), or isospin, content I

and the third isospin component I In analogy with the

e
angular momentum case, the interaction may be analyéed in
terms of its states of definite isospin and, it is found,
strong interactions may be classified by their isospin
content, giving a further conserved quantum number I, and

the interaction is unchanged by rotations in isospin space.
It is evident that the recognition of such symmetries

yields a great simplification in the study of strong
interacticns for the symmetry gives a classification of

these interactions. Accordingly higher symmetries have

been sought which, it is hoped, will encompass the
conservation laws, together with the isospin symmetry. Of
these attenpts the most successful has been the SU(3)
symmetry group of Gell-Mann and Neeman1. Under this scheme
particles are fitted into SU(3) representations and
interactions mediated by the strong interactions are supposed

to be SU(3) invariant. This scheme has had great success in

predicting the particle multiplets but the experimental
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evidence supporting the SU(3) invariance of the strong
interactions is very limited. The reason for this is
that the nucleon-nucleon and W meson-nucleon reactions,
for which there is a large amount of experimental data,
can only test the SU(2) isospin subgroup of the symmetry.
In order to test the full SU(3) symmetry it is necessary
to obtain details of the interactions involving strange
particles. Part of this thesis is devoted to the determina-
tion of the coupling of the strange particles to the
neucleons and it is evident that such a deter-mination
will be a useful test of the SU(3) predictions.

Many further symmetry schemes have been proposed which
attempt to include in the symmetry group the external
symmetries of the Lorentz group. Of these SU(6)2, which
combines the internal syumetry SU(3), with the external
SU(2) spin group, has had some success but there are
theoretical difficulties involved in this group as it is
itself not relativistically invariant. Once again the
determination of the coupling of the strange particles to
the neucleons would provide a good test of the symmetry
scheme's predictions.

Although symmetries serve to classify the strong

interactions there still exists the problem of analysing
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the dynamics of these interactions. An obvious approach

to this problem would seem to be to try to apply the
formalism of field theory, which has been so successful

in the description of the electromagnetic interaction, to
the strong interaction. However it turns out, for the T
mesons at least, that the strong coupling is of the order

of 15, and thus perturbation expansions, used successfully
in quantum electrodynamics to solve the field equations,
would not in general be expected to be of much use. Moreover
the basic Lagrangian is not at present known, there being

no classical theory of strong interactions to which to
appeal. A different approach to the problem would therefore
seem to be necessary and it was suggested by Heisenberg3 that,
in the absence of any knowledge of the strong interaction,

a formalism should be set up which deals only with
physically observable quantities. Thus the S Matrix is
introduced which connects the incoming particle states,
before they reach the region of interaction, with the
outgoing particle states after they leave the region of
interaction. The transition probability between scattering
states will therefore be given by the square of the S matrix
elements between these states. If the ingoing and outgoing

basis states are taken to be plane wave states then it may
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be shown that, as a result of the Lorentz invariance of
the interactions, the S Matrix will be a function of the
invariants formed out of the particle four momenta. A
fundamental postulate is then that the S matrix is an
analytic function of these invariants. Moreover it is
rostulated that the S matrix, analytically continued in
these variables to a region where the direction of certain
particle four momenta are reversed, will then describe
the S matrix for the process involving the scattering of
the new incident state to the new outgoing state. Thus if
the original process is

a+b —c +d
then the S matrix for this process may be analytically
continued to the region where the direction of the momenta
of particles ¢ and b are reversed and then it will describe
the scattering process

a+¢ —>d+ b
where the bar denotes the antiparticle is to be taken.
Similarly the S matris is continuable to the region where
it describes the process

b+c¢c —>d + a

The analyticity postulate is made more explicit by

demanding that the only singularities of the S matrix arise
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from the kinematical singularities in each channel, namely
those due to the possible single and many particle states
in each channel.

It is evident that, as crossing relates the
singularities of each channel to those in the other channels,
some sort of self consistency condition is set up and it
is believed rossible that the only solution to these
consistency restrictions may be the physical world in which,
therefore, every particle exists because of the existence
of every other particle.

The postulate of the analyticity of the S matrix
has been extended to analyticity in the complex angular
momentum planel+ connecting one partial wave with another.
In this theory the pole in the S matrix associated with a
single particle state is believed to move in the angular
momentum plane, each pole tracing a trajectory throughout
this plane. The trajectories thus connect particles of
different spin and the associated poles are known as Regge
poles. A consequence of this theory is that the high
energy behaviour of the amplitude in one channel is
dominated by the exchange of Regge poles in the crossed
channels. The form of the high energy amplitude predicted
by the Regge model is found to be in good agreement with

experiment.
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It is also of interest to apply the bootstrap principal
to the Regge pole model and models have been evolved which
satisfy the conditions of analyticity, crocsing and Regge
high energy behaviour. Such models are, however, still
very speculative and beyond the scope of this thesis.

Experimentally, the interactions that have been most
extensively studied are those involving néucleons and T
mesons. Due to the fact that the only stable targets
are the n¢uclei of atoms most scattering data involves
either protons, or protons and neutrons. Moreover in
order to obtain useful numbers of collisions it is necessary
to produce an incident beam of high intensity. 1In the past
the only suitable incident particles have been T mesons
and n§ucleons. However, more recently, it has become
possible to produce incident beams of K mesons and data
has been obtained for the kaon-nucleon interaction. The
analysis of this data is still in its infancy, and it is
with this reaction, particularly in the low energy region,
that this thesis will be concerned.

In table (1.7a) we list the particles which which we
will primarily be concerned, together with their quantum
numbers. These particles are classified by SU(3) into two

octets as shown in table (1.1b). It should be noted that
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each octet is made up of particles with the same baryon
number, spin and parity as shown.

As mentioned above, the determination of the coupling
between the strange and non-strange particles is of
fundamental importance. The normal way of determining
the coupling constants, which are related to the residues
of the single particle poles, is by extrapolation of the
forward scattering amplitude, by means of a dispersion
relation, from the physical region where data is available
to the pole positions. For the W N case this extrapolation
is straightforward as the experimental data is sufficient
to give the discontinuity of the function across its cuts
over the region of interest. However in the KN case a
difficulty arises due to the presence, at the KN threshold,
of the open £f and AWchannels. Due to the fact that no
experiments are, at present, possible for ZIw and AW
scattering, the discontinuity across the I¥ and AW kinematic
cuts below the KN threshold is experimentally unknown. Thus
it is necessary to parameterise the KN amplitude in the low
energy region, determine the low energy parameters by a fit

to the low energy data, and use the continuation of the
parameterisation below the KN threshold to predict the

discontinuity across the Tiand Awcuts. The para-

meterisation and fit to the data has been performed by



18.

several people and the results applied to the prediction of
the KNA and KNX coupling constants. However there is
serious disagreement between the results of these analyses,
it being found that the predicted values for the coupling
constants lie, broadly, in two regions, one in agreement
with the SU(3) prediction, and the other not. The basic
reason for the difference between the predictions lies in
the fact that the isospin zero KN amplitude has a resonance
at a position just below the KN threshold. This resonance,
which provides a large contribution to the dispersion
relation prediction of the coupling constant, must be
predicted by the parameterisation, and a small change in
the parameters can rroduce a large change in the resonance
contribution.

In view of the discrepancies between the existing
solutions it would appear profitable to examine in detail
the merits of the various parameterisations used and to
investigate ways of improving them. Moreover restrictions
on the solutions may be possible by applying suitable
consistency tests to the fits which relate the low energy
behaviour of the amplitude to that in other energy regions.
This thesis is concerned with these problems and provides a

new analysis of the low energy data which, it is hoped, will
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finally resolve the discrepancy between the previous fits.

In Chapter 2 the formalism necessary to describe kaon
nucleon scattering is introduced and the decomposition
according to angular momentum and isospin is computed.
Finally the analyticity postulate in the complex energy
squared plane is made explicit by writing down the Mandelstam
representation for the scattering amplitude.

The parameterisation of the low energy KN amplitude
is introduced in Chapter 3 and, using a model which, it is
hoped, approximates the KN case, the validity of approxima-
tions to the full parameterisation are tested. It is
concluded that a result obtained by Nath and Shaw5 in a more
general analysis of low energy parameterisation should not
be expected to be valid in this particular case. Lastly
a summary of the various fits that have been made to the
low energy KN data is given.

The use of dispersion relations in the determination
of the coupling constants is discussed in detail in Chapter
L and the existing predictions listed. The SU(3) and SU(6)
values for the couplings are written down for comparison
with the predicted values. Other independent measurements
of the coupling constants are also reviewed. A new

superconvergent sum rule is proposed which, it is claimed,
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provides a prediction of the coupling constant essentially
independent of the wuphysical region. Other consistency
tests are discussed and one developed for use in future
fits.

In Chapter Y an S wave fit to all the present data
in the region of kaon laboratory momentum 0-280 MeV/c is

presented. New data arising from K;

p experiments is included
in the fit. The uniqueness of the fit and stability against
change in parameterisation is also investigated and the
coupling constant computed. Finally the consistency test
developed in Chapter 4 is applied to the new solution,
Chapter 6 presents a more extemsive fit to the KN data,
including P waves in the parameterisation of the isospin
one amplitude. Data in the region 0-280 MeV/c kaon laboratory
momentum is analysed ior processes involving the I=0
amplitude whilst the range is extended to 400 MeV/c for
experiments involving only the I=1 reaction. Once again
the stability against change of parameterisation and the

uniqueness of the solution is investigated and the

coupling constants evaluated.
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CHAPTER 2

Kaon-Nucleon Scattering

(i) Dhe S Matrix

If we define by |Qig> and \ﬁgu? the basis states
which are identified asymptotically as time tends to + &
with free particle plane wave states, then the 5 ratrix,
by definition, transforms the "out" base to the "in"
base

SlRent> = 180>

Assuning that the states \Nou§> form a complete
orthonormal set, conservation of probability implies the
unitarity condition that

st = SSiL = I (2.1)
where T denotes adjoint and I is the unit matrix.

S i1s therefore a unitary operator and the transition

amplitude between o and § may be written

<Boudl > <ot Sl wed> 7 Spy

The processes witi which we will principally be
concerned are those "two to two" processes involving two

particle initial and final states.
a+ b —»c +d

This is illustrated in Fig. (2.1).

< o

NN

t —

s e

V>
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From the four momenta Pys Py Pgo Py of the individual
particle plane wave states we may form the invariants s, t

and u defined by

n

“(pasps) = ~ (ke ba)
“(pa-pe) = ~(Pu-pd)” (2.2)
* ~(pa-pdt* - (Pe-pe)
The energy momentum conservation condition

Patpp = Pct pa

implies the relation

"
1]

1]

S
€
w

s+ bruw = ma:‘ "'“I;' +MC-L + md'" (2.3)

and so the three invariants are not independent of each
other. Here m, is the mass of particle i.

It is conventional to factor a delta function,
corresponding to no scattering, out of the S matrix and,
for the two to two process of Fig. (2.1) this decomposition

is normally written

z gf - L (1“) g (PC*PJ “Pa.” bb)—r{. (2.4)

Na e ne Ly

where
Sfu : M<PcPo(l S\ PaPbdsut * N[-<|°cPo(lPuPL>“\
f and i denote final and initial states and the n's are the

conventional normalization factors for bosons or fermions as
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the case may be,viz:

Y
n. = E.e B" for bosons
e mg
VA .
and ne = (QEF) for fermions
. _r 2 et
with te(s‘) R 8 () ™8>

Equation (2.4) explicitly exhibits the energy-momentum
conservation of the system.
If we express the conditions imposed by unitarity on the

T matrix by substituting equation (1.4) in (2.1) we find7

f; 5. —«lzw) S/(Q Qf’)N vg (- (TH)y)

v (2w)" W, Ng 2 T N, f Q™ 5(? G)) T{; (Ty)m;
where the sum over a is over all pocssible intermediate
states, Q(a) stands for the total, centre of mass,
momentum of state a, and Na is the normalization factor

for the particles in state a . Simplifying this equation

we obtain the unitarity equation for the T matrix

£ (- Tl = - L(oxy Z N, 5(@ ) "';,,(T’)N; (2.5)

The analyticity postulate states the S matrix, and thus
also the T matrix are analytic functions of the variables
s, t and u and that the only singularities are the kinematic
ones. It may be seen from (2.5) that at an energy correspond-

ing to a new allowed intermediate state, a, the left hand
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side of (2.5) changes. Accordingly the T amplitude has a
singularity at such a threshold and, in fact, such a
threshold is a branch point of the T amplitude. These
branch cuts are drawn along the positive real axis in the
complex energy squared plane s==E2 and define a Riemann
surface on which the amplitude is single valued. Moreover
the choice of cut direction ensures the amplitude is
hermetian analytic.

The singularity structure of the amplitude arising
from the kinematic cuts in the s and t channels at a
fixed value of u = u_ is drawn in Fig. (2.2). The poles

in

corresponding to single particle states of mass Mg, My

channel s,t respectively are also given. 182 and It2 give
the position of the first inelastic thresholds in the s and
t channels and :iz is the sum of the masses of the four

interacting particles

LS.
r 1 v Ig¢
Z-ug-Le ziu.-(m;f"v.)‘ (matmp) J
1 i
R )
] zZ_“.‘m(}r mf‘L

Fig. (2.2)
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The position of the pole and the values of g will be
chosen to approximate the physical case of KN scatter-
ing. Subsequently we will add a further pole in one
channel to investigate the possible effect of a left
hand cut extending, in one channel, very near to the
right hand cuts. For simplicity we consider the

case where equal mass scattering occurs in either
channel, the mass of the particles in channel i

being given by m . The diagonal matrix of channel

centre of mass momentum then becomes

kyls) =+ &, Jsmam? (3.27)

Using (3.26) and (3.27) in equations (3.23),
(3.24) and (3.25), IK(s) may immediately be written

down as o0
- k¢s!) & (
-4 ~ - Cffgl) —— ds
K= gG)" "7 F) GGl (5.28)

+ L(k(s) - h(s) )
where we have chosen the subtraction point S, = =S, -

The integrals in this equation may be performed

analytically to give

[K'®]; = (374 G- 5 [fyvant
- o356, - G m)‘ﬁ:‘:‘] ti(hts)-k(s6)

(3.29)
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range parameters uniquely and a more economical
parameterisation was used, namely the complex scattering
length parameterisation introduced in section (iii).

In this parameterisation the KN elastic amplitudes are

given by
(x) Ax
Toa = —= (3.54)
l- e A
where AI = a; + ibI is the complex scattering length
with as and bI real parameters and k is the centre of

mass momentum for the KN shannel. In order to describe
the processes of (3.47) it is necessary to introduce
two further parameters and a convenient choice for

these are € and ¢u\defined as

€ - S(Kkp —>au’)

= (3.55)
¢ (4 k,ﬁuxv\:)

<)
¢5445[i2" = +,4v~,['—‘—"-—k—i' (3.56)
({”U\ = ¢;kqp‘ﬂ——e'kred)
Thus there are a total of six parameters necessary
to describe the processes of (3.40). In performing a
£it to the data the effects of the Coulomb interaction

and the K-p, Kou, mass differences are corrected for,

using the method of Appendix I.
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to the kaon-nucleon scattering amplitude in the forward
direction.

For the scattering amplitude in which the s channel
is elastic K p scattering then the corresponding u
channel will be elastic K+p scattering. This is shown

in Fig. (4.1)

N
\

Fig. (4.1)

x
M—_’

As we will be working in the forward direction we
have t = 0. It is customary and convenient in this
kind of problem to take the kaon laboratory energy
as the energy variable and, using ( 2.7 ), we may write
s and u in terms of W as

g ™
Sz Ml +2HW

W= MYt - 2 MW (4.1)

We denote the conventional laboratory system

amplitudes evaluated in the forward direction by F, (w)
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The magnitude of D+(°°) is calculated using the
available K+p differential cross section data togetlLer
with the knowledge of the ‘imaginary part of the amplitude
obtained from the total cross sectioms via the ogptical
theorem. The sign is fixed by use of a forward
dispersion relation and this has been done by Martin
and Poole in ref.(47).

Finally, in order to evaluate the integrals for the
range of values of W for which the real part is known
they are split into two energy ranges, the low energy
range where the low energy jarameterisation is used
to predict the amplitude and the high energy range
where the imaginary part is obtained from the total

cross section.

Thus 05T4ey
[ g ALY T / A.(w)

(v “’) (at4) "), ) (4 .26)
Yo of¥Ges W= EGts

p L Aele) s f {"__) 3 6=69¢,,
@t L (

T (w ) Q'*w) (u 4w)

where kL is the kaon laboratory momentum. The technique
used in evaluating the Principal value integral
numerically is given in Appendix 2. Finally the data

used in evaluating the integrals over the physical
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where W, is chosen in the unphysical region near the
KN threshold. Due to the fact that both D (<) and
D_(“‘) are needed below their physical thresholds, the
resultant errors introduced mask the result but Liu
finds an indication that the prediction obtained for
from Kim's K Matrix solution should be lowered.

2
Ea






126.

of S, P and D waves. In any parameterisation of

these partial waves involving a series expansion in

the channel centre of mass momenta it is necessary,

in general, to include those terms in the parameterisa-
tion of each partial wave which correspond to the same
order of channel momenta in the experimental points

to be predicted. This criterion leads, however, to an
unmanageable number of parameters and this number

must be reduced by appealing to other features of the
interaction.

In the analysis performed by Kim this has been
done by including effective range terms only in the
resonant D03 and P15 channels, together with the non-
resonant S waves. Fér the other waves, when not
neglected completely, they are only included in a
zero range parameterisation. A further assumption
is that all effective range matrices are diagonal.
This assumption has already been examined in Chapter 2
where it was concluded that, for the KN case, the off
diagonal elements could not be neglected.

It is evident therefore that the parameterisztion

adopted by Kim depends on several assumptions which
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are difficult, a priori, to justify. Thus it may be
that the solutions obtained, in particular for the
effective range parameters, may be spurious in the
sense that the analysis is incorrectly parameterised
and the observed energy variation of the experimental
data is being forced into the effective range rarameters
that are srecified rather than the neglected parameters.
The importance of the I=0 S wave effective ranges in
determining the courpling constant gi is illustrated in
Fig.(5.0)where the value ottained for gi via the
stanacard dispersion relation is ylotted against changes
in the three I=0 effective ranges using the K-matrix
fit of kim. In particular it should be noted that, for
a variation of 1%: from +0.2 fm to =-0.Z fm, a range
that would seem to be reasonable from Fig. (3.3), the
value of gi varies between 11 and 17.5.

From the above discuision of the ambiguities
inherent in an S, P, D wave analysis of the data up
to 550 liev/c it is relevant to ask whether it is possible
to obtain a unique, pure S-wave, K-matrix fit of the
data in the region where S~waves are expected to be
dominant, namely in the region 0-280 Mev/c of the kaon

lab. momenta. Moreover it should be noted that in this
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) N
Cgty = § —2’6‘0* 71- (1-9)6, —J %606'. (1-€) av¢§c’ol

Crnt ~ gslgo t Z"("e)é‘n\lg'CoG. (¢ 'mﬁgC:’ (5.11)

{
CZOTIO = Z-€° CO

- \
Ca® = 7 680G

We now derive the Kgp scattering amplitudes and cross
sections.

Using (3.49) for the'KZ)state we may write

o I 9 —_1o? .
Following (2.34) and (2.35) this may be decomposed

into the isospin wave functions

‘K:P>:ﬁ§ﬁ7[|&IS'=I>¥lI=oS=l>]_,a|>} (5.13)

Once again the state after acattering may be computed
to give
T“(:P) :ﬁgf".’i’ [Tz:( |=1r5=> +T.<: lI=oS'=\>1
- Tap las ~ Ter (b =T 163§
where K labels the KN isospin channels.
Using (2.34), (2.35) and (3.49) this may be

decomposed into the experimentally observed scattering
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11

el

4‘
- 1 2
[ o‘z'? + O.L(k ] FM.
where d1 is the S wave scattering length.
Using these parameterisations for the S = +1

amplitudes ana applying the optical theoren we

obtain the hgp total cross section as

C,“(Kx,p)‘mr[ % xv\(nx*'k&)+l'\ru§j

N O (O TN T
4

" U”fﬂa-:} N b/l talabY ]
ek’ 7 Cirkb, )4 kay)

- .0 .
For the remaining K- p cross sections we have
[

. (5.16)
[ o \ L
§(kp—&m!) =7 j‘;& | I~k A,

¢ (p=amty = 30 g |

It should be noted that for the Kip interaction
there is no Coulomb force, and moreover, there is

no mass correction necessary, the momentum h‘here
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and also under the replacement
I © ! { '
Keg = Kz K> Kgg K 7Kg,

These ambiguities in sign will probably not be
resolved until accuratiféifferential cross section data
becomes available to determine the sign of the Coulomb
interference term.

In Figures (5.1a) - (5.1h) we show the fits,
labelled ZR, to some of the data using this zero range
solution. For comparison we &also show the curves,
labelled KK, calculated from Kim's K-matrix fit. 1In
showing the fit to the ratio R, Fig. (5.1e), the two
curves corresponding to the use of the Yang or the
Fermi solution for the S = +1 P-waves are not shown
as the difference between them over the energy range
of interest is very small. Only the Yang solution is
drawn.

It should be mentioned here that a zero range
nine parameter fit, similar to the one presented here
has recently been performed by lMartin and Sakitt55.
However they do not use the Kgp and K p data of refs.
(E6, E11). We do not find that their parameters give

an acceptable fit to the data. The main resson is

that the value of € , obtained from their parameters
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