
Durham E-Theses

An analysis of pion-nucleon scattering at intermediate
and high energies

Peter J. Ogden

How to cite:

Ogden, Peter J. (1971) An analysis of pion-nucleon scattering at intermediate and high energies.
Doctoral thesis, Durham University.

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-profit purposes provided that:

• a full bibliographic reference is made to the original source

• a https://etheses.durham.ac.uk/id/eprint/10385/ is made to the metadata record in Durham E-Theses

• the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full Durham E-Theses policy for further details.

Academic Support Office, The Palatine Centre, Durham University, Stockton Road, Durham, DH1 3LE
e-mail: e-theses.admin@durham.ac.uk Tel: +44 0191 334 6107

https://etheses.durham.ac.uk

https://www.durham.ac.uk
https://etheses.durham.ac.uk/id/eprint/10385/
https://libguides.durham.ac.uk/open_research/etheses#s-lib-ctab-15326874-5
https://etheses.durham.ac.uk


A N A N A L Y S I S O P P I O N - N U C L E O N S C A T T E R I N G 

A T 

I N T E R M E D I A T E A N D H I G H E N E R G I E S 



AN ANALYSIS OP PION-NUCLEON SCATTERING 

AT 

INTERMEDIATE AND HIGH ENERGIES 

THESIS SUBMITTED TO THE 

UNIVERSITY OF DURHAM. 

BY 

PETER J. OGDEN B.Sc.(DUNELM) 

FOR THE DEGREE OF DOCTOR OF PHILOSOPHY 

DEPARTMENT OF PHYSICS 
UNIVERSITY OF DURHAM DATE: AUGUST, 1 9 7 1 



T O 

M Y P A R E N T S 



ABSTRACT 

A phenomenological analysis of pion nucleon scattering at intermediate 

and high energies i s presented. 

The intermediate energy range ( 2 - 5 GeV) i s discussed i n terms of a 'new' 

phase s h i f t analysis which has been constructed from a series of single 

energy f i t s to an energy dependent model p a r t i a l wave analysis. This 'new' 

phase s h i f t solution exhibits a similar resonance structure to the energy 

dependent model but enjoys a much better f i t to the scattering data, com­

parable with previous single energy analyses. We discuss the d i f f i c u l t i e s 

encountered i n previous single energy analyses and i l l u s t r a t e the advantages 

and f e a s i b i l i t y of the energy dependent analysis i n which the p a r t i a l waves 

satisfy the required smoothness criteria,by construction„ 

The high energy scattering data i s discussed with reference to the Regge 

pole model and we exploit the analytic properties of the scattering ampli­

tudes by the use of the Continuous Moment Sum Rules ( C o M 0 S 0 R o ) , The sum 

rules provide a set of ' consistency equations between the high energy Regge 

parameters and the low and intermediate energy data which i s represented by 

the phase shifts„ 

I n previous analyses of the C.M0S0Ro, the energy at which they are 

evaluated has been taken as 2 GeV which corresponded to the maximum energy 

of available phase s h i f t data, 2 GeV i s a long way from the region where 

we expect the Regge representation to be v a l i d and the saturation of the 

C o M . S o R o with only those traje c t o r i e s i d e n t i f i e d i n the high energy region 

i s not obvious,since we may expect lower l y i n g t r a j e c t o r i e s to be important 

at these energies. 

We construct the C . M . S . R . at a higher cut o f f ( 5 GeV) from the 'new' 

phase s h i f t solution and compare the results from a simultaneous analysis 

of the scattering data and C.M.S.Ro at the two cut o f f s . 



Several differences are apparent between the two analyses i n p a r t i c u l a r 

we show that i t i s not possible to construct the A and B amplitudes at 

2 GeV via the CoM,S,R. without considering t r a j e c t o r i e s other than those 

i d e n t i f i e d i n the high energy scattering region. We present evidence f o r 

a new vacuum trajectory which we associate with the H Q + ( 7 0 0 ) meson and t h i s 

single vacuum trajectory alone constructs the amplitude B + at high energies„ 

The t o t a l cross-section data i s adequately described by the three 

trajectories P,P' and p i n the energy range 5 - 2 0 GeV but the extrapolations 

of t h e i r contributions to the energy range ( 2 0 - 7 0 GeV) does not exhibit the 

energy dependence of the recent Serpukhov pion-nucleon t o t a l cross-section 

data 0 

There have been several models to account f o r t h i s apparent change i n 

behaviour at 2 0 GeV which involve the addition of further contributions to 

the conventional Regge pole terms and a l l these models give an adequate des­

c r i p t i o n of the t o t a l cross-section data over the whole energy range twhich 

i s not surprising considering t h e i r increased parameter freedom„ 

We consider two diff e r e n t p o s s i b i l i t i e s of asymptopia which involve the 

addition of multi-pomeron cuts and dipole contributions respectively to the 

PjP'jP Regge polesand we increase our information input to the analysis by 

the use of the P o E < , S o R = as a series of constraint equations on the parameters 

of the f i t . 

We show that the size of the multi-Pomeron cuts i d e n t i f i e d from the 

scattering data and the C 0MoS,R„ are incompatible whereas a dipole solution 

sat i s f i e s both the scattering data and C 0 M o S . R o o We consider the p o s s i b i l ­

i t y of Pomeranchuk theorem v i o l a t i o n by the inclusion of an odd-signature 

dipole l i k e term i n the amplitude A but we are unable to reach a decisive 

conclusion on the possible v i o l a t i o n because of the large experimental 

errors on the Serpukhov data. 
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INTRODUCTION 

At our present level of understanding, there are four basic i n t e r a c t ­

ions which are characterised by t h e i r r e l a t i v e strengths. I f we take the 

strength of the strong interaction as one u n i t , then i t s r e l a t i o n i n strength 

to the other three interactions, electromagnetic, weak and gravitational i s 

given by the r a t i o 1 : 10"2 : 10"^ : 10" 3 9. 

The strong interaction forces provide the binding forces i n nuclei, 

they are short range forces * 10" 1 3m and beyond t h i s the range of the i n t e r ­

action f a l l s o f f exponentially. The electromagnetic interaction force i s 

a long range force with the well known inverse square law behaviour. I t i s 

the electromagnetic force which binds the electrons i n an atom to the nucleus 

and at these distances the strong interactions are negligible. The weak 

interactions are also short range forces, but from the foregoing t h e i r magni­

tude i s reduced by a factor of 10" 1 3 over strong interaction forces. Cert­

ainly weak interactions can not compete when strong interactions are poss­

i b l e , however, selection rules forbid certain strong interaction transitions 

and these interactions can proceed via the weak interaction. The g r a v i t a t ­

ional force has the same inverse square law behaviour as the electromagnetic 

interaction, but from i t s r e l a t i v e magnitude compared to the other three 

interactions, i t enters very l i t t l e i n t o our considerations of elementary 

p a r t i c l e reactions at sub-atomic distances. 

This d i f f e r e n t i a t i o n i n types of interaction provides the f i r s t d i v i s ­

ion i n the c l a s s i f i c a t i o n of p a r t i c l e s , those which interact via strong i n ­

teractions, known as hadrons and those which do not, known as leptons and 

photon. 

There' are further classifications of the elementary particles which are 

associated with the various symmetries of the interactions. There are 

certain conservation laws which appear to be s a t i s f i e d by a l l the int e r a c t -

•01E -.'.ir 



2 o 

ions, among these i s the space-time symmetry of 'Lorentz invariance 1, which 

implies energy,momentum and angular momentum are conserved. Other quantum 

numbers which appear to be conserved are charge Q, baryon number B and 

lepton number L. 

With any elementary p a r t i c l e we have an associated type of s t a t i s t i c s , 

depending on whether the state vector describing a system of i d e n t i c a l 

particles i s symmetric or antisymmetric under the interchange of any two 

par t i c l e s . The s t a t i s t i c s describe a fundamental property of the p a r t i c l e s ; 

particles f o r which the state vector i s symmetric are called 'bosons' and 

antisymmetric 'fermions'. There i s a simple connection between the p a r t i c l e 

s t a t i s t i c s and spin which gives bosons integral spin and fermions half-odd 

int e g r a l spin. 

Hadrons include both fermions and bosons. Those hadrons which are also 

fermions are termed baryons, the l i g h t e s t of these i s the proton, and those 

which are also bosons are termed meson of which the pion i s a spin zero 

meson. 

There are other symmetries which may not be exact f o r a l l interactions 

but are s a t i s f i e d by strong interactions. Charge conjugation operator C 

replaces particles by t h e i r a n t i - p a r t i c l e s , p a r i t y operator P corresponds 

to space inversion and the operator T defines time reversal. The symmetries 

associated with these operators C, P and T i s such that a l l strong i n t e r a c t ­

ions are invariant under a combination of a l l three taken together. 

I t has long been observed that the neutron and proton although d i f f e r ­

ing i n charge are indistinguishable i n strong interactions. This property 

of the strong interaction i s termed 'charge independence'« As further 

strongly interacting particles have been observed these too occurred i n 

multiplets of d i f f e r i n g charge but with similar strong interaction propert­

ies. The symmetry associated with charge independence i s the symmetry of 
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the group S U ( 2 ) . With each S U ( 2 ) m u l t i p l e t , there are two corresponding 

quantum numbers I and I 3 ( I i s the t o t a l isotopic spin, analgous to J fo r 

ordinary spin and I 3 indicates the position of a p a r t i c l e i n a multiplet i n 

analogy with J f o r ordinary spin). I 3 or the 'z' component of isotopic 

spin i s related to the charge Q by the following r e l a t i o n ; 

Q = I 3 + ̂ /2 Y= £>*S I 

where B i s the baryon number^ ^ Ita. h^tocWt-^e' CHAA S tW. sWa<v̂ A<tss Ĉ UCUVNVUXW (vucrxW** 

I t would be very fortunate i f there was a basic theoretical model which 

covered such a large range of interaction strengths, a priori,no d i s t i n c t ­

ion i n the types of interaction would be necessary. The theoretical t r e a t ­

ment of the electromagnetic interaction using the formalism of quantum f i e l d 

theory i s based on the construction of an interaction Hamiltonian, the fin e 

structure constant and electron mass appearing as fundamental constants of 

the theory =, 

Attempts to construct an interaction Hamiltonian, which could be applied 

i n a f i e l d theoretic framework to describe strong interactions, have so f a r 

been unsuccessful. The approach which has enjoyed most success i n describ­

ing the strong interactions of elementary particles i s based on the unitar-

i t y , a n a l y t i c i t y and crossing of the so-called S matrix. Because of i t s 

short range, any strong interaction can be regarded as a t r a n s i t i o n between 

an ingoing state |i> and an outgoing state |f>, each describing a system of 

non interacting physical particles. The amplitude f o r such a t r a n s i t i o n i s 

denoted by 

S f . = <f|S|i> I I 

The S matrix i s constructed of a l l possible t r a n s i t i o n amplitudes and so i n 

pri n c i p l e each element i s a d i r e c t l y observable quantity. The 'conservation 
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of probability' require that the S-matrix i s unitary, i.e. 

>_ S . - 6„. f n n i f i I I I 
n 

The S matrix as postulated, i s a powerful t o o l i n the understanding of 

elementary p a r t i c l e reactions, but as i t stands i t i s incomplete. I n an 

analogy with potential scattering, "the force giving r i s e to the interaction 

i s not defined". 

The exact nature of the strong interaction force i s s t i l l an unsolved 

problem, but several hypotheses are available. Consider a scattering process 

i n which a l l the particles are 

strongly interacting (for simplicity consider the spinless case). The 

scattering process i s described by a single amplitude which i s a function 

of two independent variables, e.g. centre of mass energy and scattering 

angle. An important consequence of the a n a l y t i c i t y of the S-matrix i s 

'crossing' whereby the processes (1), (2) and (3) are related and can be 

described by a single amplitude. 

I t i s customary to define three new invariants s, t anAu which corres­

pond to the squares of the centre of mass energies f o r processes (1 ) , (2) 

and (3) respectively. To each process there i s a certain range of values 

of the respective invariant f o r which the scattering process corresponds t o 

a physical energetically possible one. These physical ranges of the v a r i ­

ables s, t and u are non-overlapping, so that an analytic continuation must 

a + b -+ c + d (1) 

c + b -*• a + d 

a + b -> c + d 
d + b -»• c + a 

(1) 
(2) 
(3) 
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be defined to relate the scattering amplitudes i n each region. 

The Mandelstam representation defines a prescription f o r continuation, 

the scattering amplitude i s assumed to be the same analytic function of s, 

t and u, with only those singularities demanded by imposing u n i t a r i t y i n 

each process channel (1), (2) and (3), f o r a i l three processes- This i s 

referred to as the 'Maximal Analy t i c i t y of the f i r s t kind' of the S-matrix, 

- the singularities resulting from u n i t a r i t y i n one channel, help to deter­

mine the form of the amplitude i n the physical region of the other channels, 

These crossed channel s i n g u l a r i t i e s , i n analogy with potential scattering, 

provide the 'force' f o r the strong interaction. 

Maximal a n a l y t i c i t y of the S-matrix implies that a l l other singular­

i t i e s can be found, given the poles but i t does not r e s t r i c t the number of 

poles introduced into the S matrix. The question i s how much information, 

how many p a r t i c l e masses and couplings, i f any, must be introduced i n t o the 

theory. A self-consistent picture of hadron physics would have a l l the 

hadron couplings and masses ultimately related and a l l 'particles' would be 

composite { i , e 0 generated by other singularities of the amplitude}, However 

i f they are 'elementary particles' {analgous to the electron i n Q * E < > D c } can 

they be distinguished from composite particles? The answer to the problem 

i s bound up with the angular momentum properties of the S-matrix. 

Consider the contribution to the s-channel amplitude of the process (1) 

from the exchange of a p a r t i c l e mass m 3spin a i n the crossed channel. At 

high energies, elementary f i e l d theory indicates that the contribution be­

haves l i k e 

A (s,t)~ IV t-nr 

I t can be shown by combining the u n i t a r i t y and a n a l y t i c i t y of p a r t i a l wave 

amplitudes that the amplitude describing high energy forward scattering must 
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satisfy the 'Froissart Bound' given i n equation V 

|A (s,t=0) I < const. So ( l o g s ) 2 s <* V 

Certainly the behaviour of the scattering amplitude at high energies, 

from the exchange of a fixed spin a = 2 p a r t i c l e i n the forward di r e c t i o n 

j ^ t = cQjviolates t h i s bound. The problem has arisen because the spin of 

the p a r t i c l e i s assumed to be a constant, not only when the p a r t i c l e i s 

produced and is rea l (t=m 2) but also when i t i s exchanged and i s v i r t u a l 

(t^O). I n terms of the Mandelstam representation particles with spin 

greater than one cannot be represented simply by pole terms. 

A possible way out of the d i f f i c u l t y was proposed by Chew and Frautschi, 

who translated some results of T. Regge i n potential scattering to the 

r e l a t i v i s t i c situation, The amplitude i s expressed i n terms of i t s singul­

a r i t i e s i n the complex angular momentum plane U-plane), these s i n g u l a r i t i e s 

are supposed to be poles giving contributions to the amplitudes of the form 

Equation VT 

P , , (Cose) 
A(s,t) = S(t) si£Va(tr + B ( s > C o s G ) V I 

where a and 6 are the positions and residue of the pole i n the complex 

plane, As the centre of mass energy ' t ' varies, the pole moves i n the com­

plex i plane along a trajectory z - a ( t ) and when i passes through the 

physical integral values we have a bound state pole. The problem, a r i s i n g 

from high spin p a r t i c l e s , i s then averted by requiring a ( t ) < 1 i n the S 

channel physical region { t < 0 s > 0}. 

I t i s now generally believed that the strong interaction forces are 

due to the exchange of these 'Regge Poles'. Such a prescription gives 

d e f i n i t e predictions f o r the behaviour of the high energy scattering ampli­

tude and the Regge hypothesis has been successful i n the correlation of much 
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high energy scattering data. 

Most of the interest i n Regge theory has centred on the phenomenologic-

a l implications of Regge theory rather than i t s r e l a t i o n to the fundamental 

dynamical principles. I n fact i t can be argued that our understanding of 

the fundamental dynamics lying behind the success of Regge phenomenology has 

made very l i t t l e i f any real progress since the introduction of Regge's 

ideas into the S-matrix- Such a situation i s not surprising when we hope 

to arrive at the dynamics through phenomenology and the l a t t e r i s i n no way 

complete„ 



CHAPTER 1 
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GENERAL KINEMATICS 

In high energy scattering experiments, a beam of charged particles i s 
scattered off a fixed proton or neutron target. In a diagramatic represent­
ation of the scattering event, for a non-production two body process, there 
are two particles entering the interaction region i n the i n i t i a l state and 
two particles emerging i n the f i n a l state. 

i n n r 
FI0.1 

The single diagram can describe the three processes I , I I and I I I 

a + b + c + d I 
a + c-*b + d I I 
a + d -»• c + b I I I 

I t i s convenient to label a l l the particle momenta as ingoing and pa, pb, 
pc, pd denote the four momenta of particles a, b, c, d respectively. 



FIG. 2 

03 DO 
The following three invariants s, t and u are defined as below, 
where the second equality in each case follows from energy momentum conserv­
ation: 

pa + pb + pc + pd = 0 1.1 

s = - (pa+pb)2 = - (pc+pd)2 (a) 
t = - (pa+pc)2 = - (pb+pd)2 (b) 1.2 
u = - (pa+pd)2 = - (pc+pb)2 (c) 

I t i s usual to discuss the scattering process i n a particular frame of ref­
erence, the two most used being the centre of mass frame (cm. system) and 
the laboratory frame (lab. system). 

CENTRE OF MASS FRAME 

In the centre of mass frame the t o t a l three momentum of the ingoing 
particles i s zero and hence also of the outgoing. 
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Z 

a 
<5 

0 

FIG. 3 

The three momenta of the ingoing particles are denoted by q and -q and 
similarly those of the outgoing by q' and -q'. Writing the four momenta 
explicitly. 

pa = (-Ea,q) pc = (Ec,-qT) 
1.3 

pb = (-Eb,-q) pd = (Ed,q') 

where Ea, Eb, Ec, Ed denote the centre of mass energies of the particles. 
The mass shell constraints require that: 

-pa2 = Ea2 - q 2 = ma2 

-pb2 = Eb2 - q 2 = mb2 

1.4 
-pc2 = Ec2 - q'2 = mc2 

-pd2 = Ed2 - q'2 = md2 

where ma, mb, mc, md denote the particle masses. The invariants s, t and 
u, expressed i n terms of the foregoing are given i n equations 1.5 

s = - (pa+pb)2 = (Ea+Eb)2 

t = - (pa+pc)2 = (Ea-Ec)2 - (q-q') 2 1.5 
u = - (pa+pd)2 = (Ea-Ed)2 - (q+q') 2 
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LABORATORY FRAME 

In the laboratory frame the target particle is at rest. The energy, 
three momenta of the incident and outgoing particles are denoted by W , q. 
and WT', q T' respectively c 

PIG. 4 

The four vectors pa, pb, pc, pd are written explicitly as 

pa = (-WL,qL) pc = (WL»,-qL») 

pb = (-Mb,0) pd = (WL+Mb-WL',qL'-qL) 
1.6 

The invariants s and t are given i n terms of the laboratory parameters i n 
equations 1=7 

s = - (pa+pb)2 = (WL+Mb)2 - q L
2 = Ma2 + Mb2 + 2w"L Mb 

1.7 
t = - (pa+pc)2 = -2WL WL' + 2Ma2 + 2q Lq L' Cos9L 

q L and e L (the laboratory scattering angle) are expressed'in terms of the 
centre of mass parameters by equating the invariants as defined i n each frame 
of reference. Simple manipulation yields 

qL = Mb qcm l o 8 

where W - /s is the centre of mass energy. 



1 2 

PION-NUCIEQN SCATTERING - KINEMATICS - MANDELSTAM REPRESENTATION 

The basic principles of crossing and analyticity as outlined i n the 
Introduction indicate that the three processes 1, 2 and 3 can be described 
by the same analytic function of the Mandelstam invariants s, t and u e 

IT p tr p o o . v o 1 
+ + n 

TT p I T p y B » B 0 d 
+ - _ 

TT 7T "> P P o a a t • ^ 

I f the pion mass and nucleon mass are denoted by u and M then from the con­
siderations of general kinematics only two of the 

s + t + u = 2M2 + 2u 2 = I 1.9 

Mandelstam variables are independent. 
In the centre of mass frame of process 1, the invariants can be written 

from equations 1«5 as 

s = {WT^ + J^?)k = W2 

t = - 2q2 (1-cose) 1,10 
„ (CW+M)2 - y2)((W-M)2 - u 2) 
u - i f T : 

where q and 8 are the centre of mass momenta and scattering angle respect­
ively. Prom the inversion of equations 1.10 these quantities are written 
as: 

q 2 = |g (s - (M+u)2)(s - (M-u)2) 
1.11 

Cose = (s 2 + s ( 2 H ) + (M 2-y 2) 2) 

In the laboratory frame, from equations 1.7 the invariant s i s written 
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s = M2 + y 2 + 2M WL 1 . 1 2 

where i s the pion laboratory energy. 
The range of the variables s, t and u, which correspond to a physical, 

energetically possibible_ process, i s termed the 'physical region' for that 
process. A Mandelstam diagram can be constructed for the three invari­
ants i n two dimensions by drawing the axes s - 0, t = 0 and u - 0 to form 
an equilateral triangle, Fig.5^ 

u=0 h-CHANNEL 

\ 

t X 
u Cose Cose + 1 u t=0 t=0 

\ 

u-CHANNEL s-CHANNEL 

s=0 u=0 
FIG ,5 
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The s-channel physical region i s defined for q c > 0 and - 1 ,< cose^ < 1 . The 
values of the invariants for this range are: 

• •no TT p -> TT p s > (M+y)2 -fy* t < 0 

Similarly the physical regions of process 2 i s given by 

TT p -* TT p u >» (M+y)2 t ̂  0 ..... 2 

and the physical regions of process 3 : 

T T T T - » - P P t > 4 M2 s < 0 u < 0 ..... 3 

SCATTERING AMPLITUDES - T MATRIX 

The S matrix element <f|s|i> i s the probability amplitude for an i n i t ­
i a l l y observed free particle state |i> to be observed as the f i n a l free 
particle state |f>. There are two distinct ways i n which this result can 
come about: the f i r s t i s that the particles do not interact at a l l , the 
amplitude for this being simply <f|i>; the other way i s through an actual 
interaction of the particles and the amplitude for this i s denoted by ' i ' 
times the so called T matrix element <f|T|i> c The t o t a l amplitude i s written 
as a sum of these separate amplitudes. 

<f|S|i> = <f|i> + i <f|T|i> 1 . 1 3 

The aggregate of T matrix elements defines an operator T i n terms of which 
Equation 1 . 1 3 can be written 

S = 1 + i T 1,14 

C O 
For pion nucleon scattering the S matrix can be written 
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S = 6 f i - i(2Tr)lt 64 (p 2+q 2-Pi-qi) M2 

_4E1E2W1W2_ U2 T Ux 1 . 1 5 

where pjE, p 2E 2 denote the four momenta and energy of the ingoing and out­
going nucleon and qiWLi q2W2 denote the four momenta and energy of the i n ­
going and outgoing pion, 

Ui and U2 are the spinors i n the i n t i a l and f i n a l state. Momentum con­
servation: Pi + qi = P2 + 32 permits only three independent four vectors 
to be constructed 

P = Yz (PI +P2)> Q = Yi ( q i + q 2 ) s K = Yi (QI-Q2) = Vi (P2-P1) 

1 . 1 6 

The mass shelf constraints (see equation lA) allow two scalars only to be 
constructed from P, Q and K, and these are: 

v = ̂  K2 
v M 9 1 . 1 7 

Consequently the T matrix can be expressed as a function of v + K2 only. 
Since the T matrix must be invariant under Lorentz transformations, i t 

i s necessary to express i t i n terms of invariants constructed from the i n ­
dependent four vectors P, Q and K and the Dirac matrices yU where: 

{ i y.Pi + M} Ui = 0 

i y.p2 + M} u 2 = 0 
1 . 1 8 

The invariants constructed from i Y°P> and i y,K can be taken through the 
matrix element u n t i l they act on the f i n a l and i n i t i a l state spinors,, Equat­
ion 1 . 1 5 , where from equation 1 , 1 8 , they give a constant, {The spinor norm­
alisation i s u 2u 2 = ujUi = 1 ) . 

The only independent scalar that can be constructed i s i y,Q and the 
T matrix i s written: 
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T = -A + i YoQ B 1 = 1 9 

where A and B are invariant scalar functions of v and K2 {simply related to 
s and t h A i s independent of the nucleon spin and B is associated with 
nucleon spin by the factor Y°Q° 

HELICITY AMPLITUDES 

The free particle states |i> and |f> i n equation 1 = 1 3 are constructed 
from the combination of non-interacting single particle states. A single 
particle state can be labelled by |j,m ; p,x> where m i s the particle mass, 
p the momentum, j the to t a l spin and T the spin index. These vectors 
correspond to an irreducible representation of the Lorentz Group and rep-
resent the direct product: 

|j,m , p,t> - |p,m> ® | j 3x> = |P> ® |a> ** l o20 

where a labels the states of the l i t t l e group of Pe 

I t i s necessary to correlate the spin index with the direction of 
spin of the particles c I t is not possible to construct simultaneous eigen-
states of the momentum operator with the z component of spin since. 

However i t is possible to construct simultaneous eigenstates of the momentum 
operator and the projection of spin along the direction of motion* 

i.e. J=P |m,j ; p,x> = x|p| |m,j , p,x> 

and X - - y ^ y i s termed the hel i c i t y . 1 „ 2 1 

A non-interacting two particle state can be described by the direct product 
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of two single particle state vectors * For simplicity the notation i s 
abbreviated to 

IP1P2 ; M^2 > = K * J J ; p\*i> © |m 2,j 2 ; P2*2> l<22 

where * i A 2 â e the helicities i n the i n i t i a l and f i n a l states and PiP 2 are 
now the four momenta of the particles respectively„ 

The two particle states i n the centre of mass system are labelled by 
|p 3 t j A 1A 2> where p x = -p 2 = p and e and <|> define the direction of the 
relative momentum. 

I t i s possible to remove any dependence on P from the vectors |ct> by 
defining the new vectors; 

-\ . 
*,A,A2-> = ] • a> 1023 

such that the centre of mass state vectors are given by 

4 
p 9 <f>>AjA2> = p> 0 |e * $ \ i \ 2 > io24 _ q „ 

I f the S matrix is written as a direct product then since the state 

S = I ® S P 

vectors |i> and |f> have a direct product representation 

<fJS|i> = <Pf|Pi> <«f|S |a±> lo25 

The T matrix can also be written as a direct product such that 

T = I ® T P 

<f|s|i> = <f|i> + i<Pf|Pi> <af|T)|ai> 1026 
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and the Lorentz Invariant T matrix elements are written as 

<aJT |a.> = <8V>A*|T |e <|>,X> 1.27 

where XX ? are the net helicities i n the i n i t i a l and f i n a l states and (6c|>)> 
(9'4>V) label the directions of the momenta q,q' respectively. 

The choice of the coordinate axes i n the centre of mass frame relative 
to which the polar angles e <j>, e'cj/ are measured is arbitrary and a conven­
ient choice is one which makes the polar angles i n the i n i t i a l state zero.. 
The T matrix element can then be written as 

T, f,(s,t) = <9' <J>;xf|T |0 0,X> 1.28 
A A P 

and i n the case of elastic scattering, helicity amplitudes g t (8<j>) are 
A A 

defined such that 

s x ' X ( e ^ = "of <3 <M'|Tp|0 0,x> lo29 

and the differential cross-section is then 

^ —' rm 

HELICITY AMPLITUDES-CROSSING 

The crossing postulate requires that the s channel centre of mass T 
matrix elements should be the same analytic functions of the invariants as 
the t channel elements apart from the need to rotate the hel i c i t i e s from the 
direction of motion i n one centre of mass system to the other, I t i s 
customary to define s and t channel r e l a t i v i s t i c h e l i c i t y amplitudes 
s t 

f A ( s ) ( s , t ) , f x ^ ( s , t ) where X(s), x(t) label the helici,ties i n each channel 
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by: 

f'I(s) ( s' t ) = 8Vy 
s 

Sx(s) 

1.31 
f * ( t ) ( t , s ) = 8 „ / - ^ g x ( t ) (et,0»t) 

and q ,q ' and q,,a ' are the i n i t i a l and f i n a l state momenta i n the s and 
S S u 

t channels respectively. The crossing relation i s then written: 

l o 3 2 

T A ( t ) where M ; \ (s,t) i s the crossing matrix. Because of the orthogonality of 
A vS) 

the crossing matrix the differential cross sections are written: 

da / , v 

- cm 
1̂ 
k^s *?<•)<••*> 

2 - 1 
64"TTZS 

t 
A(t) (s,t) 

1 . 3 3 

PION NUCLEQN AMPLITUDES - PARTIAL AMPLITUDES 
. . DO 

The helicity amplitudes have a simple decomposition i n terms of 
partial amplitudes, The term partial wave amplitude i s reserved to describe 
a matrix element between parity eigenstates and the hel i c i t y states are not 
parity eigenstates. The partial decomposition of the helicity amplitudes 
as given by Jacob and Wick i s : 

i(A-A'H j j 
«A» A ( S > t } - ^ 2 0 — J ( 2 J + 1 ) TA'A ( S ) dA A'(8) ^ 

where e and <J> define the direction of the relative momentum 0 

The helicity subscripts for s-channel pion-nucleon scattering are 
written as ± ; ! + f corresponding to when the "is in W\e d t r e c V v o r c 
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dmoVtorv and!-f when i t \s<vt* The net helicity i n the i n i t i a l state i s 
A = V2 and i n the f i n a l state Af -- ±/?0 

It would appear that there are several partial amplitudes but by parity 
conservation 

T + | = T.| and T+^ = T_J
+ 1 - 3 5 

There are then two independent helicity amplitudes g + + > g +_ and the corres­
ponding r e l a t i v i s t i c amplitudes are f + + > f where the normalisation i s 
given i n equations 1„31» The partial wave decompositions are then: 

g + + ( s , t ) - q'1 E (j+ / 2 ) T +^(s) dy i/(9 
j 2 2 

g +.(s,t) = q^1 e"1* z ( j + ^ 2 ) T +J(s) ^ ( 9 ) 
J 

J 
2 ^2 

PARITY EIGENSTATES 

S-channel pion-nucleon scattering is described i n terms of pa r t i a l 
wave amplitudes and since the helicity states are not parity eigenstates, 
i t i s necessary to take combinations of the helicity partial amplitudes 
which correspond to definite parity states» The partial wave amplitudes 
then are 

m — rp J • rn J 
j - " ++ +" 

1 , 3 7 

rp rn J — m J 
j + " ++ + -

where j+ and label the definite parity states, 
In this basis the restrictions imposed by unitarity take on a simple form: 



21. 

|SJ±|2 * 1 1.38 

2i6. ± 

I f S J + are parameterised by n J + e J 0 < n J + <. 1, where n and 6 are 
referred to as the elasticity and phase shif t respectively, then the unit-
arity restriction i s satisfied and the partial wave amplitudes can be 
written ass 

2i6. + 

2q XJ± 2iq ^ 

The to t a l parity conserving amplitudes f x and f 2 are written i n terms of the 
helicity amplitudes as 

g + + = Cfi +f 2D Cos e/2 
1,40 

•i<|> g +- r DWaD Sin 6/2 e" 
and manipulation yields the following partia l wave decompositions 

where the following associations have been made 

1.41 

f . = f 

f j + = f U + l ) 
± refer to j = I ± J

2 1.42 

INVARIANT AMPLITUDES 

An alternative to the helicity amplitudes !^++, are the invariant 
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amplitudes A and B0 Prom equation 1*19 the scattering T matrix can be 
written asi 

U(p 2) {-A + i Y o Q B } U( P l) 1 . 4 3 

where U(p 2), U(Pi) are two-component Pauli-spinors, quantisised along a 
fixed direction, which describe the spin states of the ingoing and outgoing 
nucleon c 

The s and t channel helicity amplitudes are obtained by evaluating this 
expression i n the respective centre of mass frames and this allqws the i n ­
variant amplitudes to be expressed i n terms of the parity conserving ampli­
tudes, ?± and f 2 : 

A = 4TT Q-J 

1.44 
E = ^ & i 

HW+M~I H/HVf] 
- l 2 

r 1 1 + f 2 | r 1 1 + f 2 | 

E = (M 2+q 2r 2 

Ihe invariant amplitudes, as w i l l be demonstrated, have simple crossing and 
analytic properties. The only rule i s that the invariant amplitudes be non-
singular except where they have the dynamical poles of the Mandelstam 
representation * 

ISOSPXN RELATIONS 

So far the charge of the pion and the nucleon have been neglected- The 
introduction of charge implies that there are as many amplitudes to be con­
sidered, as there are possible charge configurations in the i n i t i a l and f i n a l 
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states allowed by the conservation of charge 0 However the charge independ­

ence of strong interactions l i m i t s the number of amplitudes„ 

Ihe decomposition of the physical pion-nucleon states i n terms of the 

isospin states of the TT-N system can be represented diagramatically 0 

Tr 

! 

N 

FIG 06 

where the intermediate state carries isospin I with t h i r d component I . 

For pion-nucleon scattering there are s i x possible charge states 

| + | ~ | 0 | ~ | + | 0 
P ^ P ff >» IP 71 >% n i T > * n i T > > n ir > 

The possible isospin exchanges are I = V2> I = % and a l l six charge ampli­

tudes can be expressed i n terms of the scattering amplitudes F^, F^/ 

corresponding t o the two isospin states. 

<TT p IT| Tr p> = <7r n Thi n> -
'2 

<ir"p|T|7r"p> = <ir+n|T|Tr+n> = ~ F^ + 2
3 F^. 1,45 

<1T n|T|ir"p> = <ir°p|T|7T+n> =̂  | - F ^ J 
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Alternatively the physical pion-nucleon states can be decomposed i n terms 

of the exchanged isospin states. 

* z FIG, 7 

From isospin conservation at the pion vertex I 1 = 0, 1, 2 whilst from iso­

spin conservation at the nucleori vertex I f = 0 or 1 only 0 The physical pion 

states can be decomposed i n terms of the independent exchange amplitudes F 0, 

Fi corresponding to isospin 0 and 1 respectively 

<TT +P ITl 7T+p> = F 0 - - Fi 

<TT p T TT P> = F Q + - Pi 1,46 

<7r̂ n ITI TT p> - — 
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CROSSING INVARIANT AMPLITUDES 

TT p •+ TT p 
t + 

TT p -*- TT p 
+ - -

TT TT -> pp 

1 
2 

3 

The basic principles of a n a l y t i c i t y and crossing symrnetry specify that the 

above processes are described by the same analytic functions of the Mandel-

stam variables s,t,u. The r e l a t i o n between the r e l a t i v i s t i c amplitudes f o r 

the processes 1,2,3 obtained by analytic continuation i s termed crossing 

symmetry. The path of continuation f o r the crossing r e l a t i o n frog^the s 

channel process 1 to the u channel process 2 i s shown i n Pig 08 

u-CHANNEL CUT 

physical TT+P -*• n +p 

|_v plane 

physical ir"p + TT~P 

s-CHANNEL CUT 

FIG, 8 

The s u crossing r e l a t i o n can be wri t t e n 

T _ (~v+iO,t) = T*+ (v+iO,t) 
p TT p 

where v i s the symmetric variable, 

l o 4 7 
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and v ± iO indicates that the l i m i t i s taken from the upper (lower) h a l f -

plane on to the branch-cut. The labels T T +P , IT p indicate that these are 
+ + - -

the amplitudes f o r the elastic processes TT p -> TT p, TT p TT p respectively * 

Similar crossing relations can be established that involve process 3 

f o r which t i s the square of the centre of mass energy„ 

The T matrix can be expressed i n terms of the independent invariant 

amplitudes A and B, Equation ( 1 . 1 9 ) - The B amplitude i s associated with 

nucleon spin by the factor y-Q but the A amplitude i s independent of the 

nucleon spin 0 Crossing symmetry thus applies separately t o A and (yoQ)Bo 

I f the following symmetric and antisymmetric combinations are con­

structed, Equations ( 1 . 4 9 ) then the s«-»u crossing relations 
= y2 O . (v , t ) + A ( v , t ) ] B { ^ . = y2 [ > _ ( v , t ) • B (v,t)2 

1 TT p TT p V * ' TT p TTp 

A / ^ t ) = y2 O - ( ^ t ) - A + ( v , t ) 3 B (
(^ t ) = V2 CB _ (v , t ) - B + ( v . t Q 

* ^ p Trp v > TT p -rrp 

1 . 4 9 

for these combinations are given i n equations ( 1 . 5 0 ) 

A (°(v st) = A( + ) ( - v , t ) A ( " J ( v , t ) = - A ( - ) ( - v , t ) 

B ( + ) ( v , t ) - - B ( + ) ( - v , t ) B ( - ) ( v f t ) = B ( - ) ( - v , t ) 

Further from equations (1.46) i t can be seen that these symmetric and a n t i ­

symmetric amplitudes correspond to the t channel isospin amplitudes, with 

isospin 0 and 1 . 
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CROSS-SECTIONS 

The ! r e l a t i v i s t ! c f h e l i c i t y amplitudes are normalised such that the d i f f e r e n t i a l cross-

section f o r the s-channel process i s given by: 

S <»•*>• C l ^ i 2 + I C l ^ i.» 

where f ^ + J are the s-channel h e l i c i t y amplitudes. The orthogonality of 

the crossing matrix f o r the h e l i c i t y amplitudes QEquatd«33 J leads to the 

alternative expression: 

where f + + J f ^ _ are the t-channel h e l i c i t y amplitudes continued i n the v a r i ­

ables s,t to the s channel physical region„ 

I n terms of the invariant amplitudes A and B the d i f f e r e n t i a l cross-

section i s given by 

± _ f M _ y r x t | A , | 2 t K , | B 

l o 5 3 

dt — 2 

n o 
A* i s given by Singh 

A! = A + — 7 — — B l a 5 4 

and the variables have t h e i r usual meanings as defined i n equations 1 . 1 0 , 

1 . 1 1 |_jp L i s the pion lab momenta given by p L = /Ŵ -M2 where wL i s defined 

i n equation 1 . 1 2 ^ . The polarisation P(s,t) defined r e l a t i v e to the normal 

p i x pf jwhere p i and pf are i n i t i a l and f i n a l pion momenta,is given by 

1 6 I T S / 2 d G / d t 



and by the o p t i c a l theorem3 the t o t a l cross-section 6 T i s given by 

, . . En A' (8.t=0) L 

P L 
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SECTION A 
INTRODUCTION 

I n Chapter 1 the p a r t i a l wave decompositions of the pion-nucleon ampli­

tudes, which can be used to describe the s-channel scattering process i n 

terms of direct channel resonances appearing i n a pa r t i c u l a r wave, were con­

structed. However i t was indicated i n the Introduction, that i t would be 

the crossed channel singularities that determine the high energy s-channel 

physical region scattering. As an approximate 'rule of thumb* i t i s expect­

ed that the s i n g u l a r i t i e s nearest to the physical region of a given channel 

exert maximal influence on the scattering. The t channel s i n g u l a r i t i e s are 

expected to be important at Cose& = + 1 {^see Fig. 5 ^ corresponding t o the 

forward direction i n the s-channel, and the u-channel singularities at 

Cos03 - - 1 which corresponds to the backward d i r e c t i o n 

For pion-nucleon scattering the possible t channel exchange are mesons 

and the u-channel exchanges are baryons. F i g , 9 i l l u s t r a t e s how these 

crossed channel exchanges build the s channel picture of pion-nucleon 

scattering, 

\ 

P 

< / T T P 7< 
s 

X TT 

TT * P 

FIG . 9 

(a) (b) CO 

DIRECT CHANNEL RESONANCES MESON EXCHANGE BARYON EXCHANGE 

+; 5~ 
Cose 

+ L 
Coŝ  < • 
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MESON EXCHANGES 

The meson exchanges occur i n the t-channel which corresponds t o the 

crossed channel process TTTT -> NN. 

In the t channel physical region 

s = -2k<_ p. Cose. + 2M2 + 2p 2 - 2(k. 2+p 2)*' 2 (p 2+M 2) k 2 2.1 

z,. = Cose,. = L 1

( S " U ) 

t t w t p t 

where k^ and p t are the pion and nucleon centre of mass momenta and 8̂  i s 

"he c9m. scattering angle 

The decomposition f o r TTTT -> NN i n terms of the invariant amplitudes i s 

written: 

U ( P 2 ) C~A + iy.Q B 2 u(p 2) 

and the t channel h e l i c i t y amplitudes are obtained by evaluating t h i s ex­

pression i n the corresponding t channel c0nic frame. I n terms of the invari­

ant amplitudes they are: 

f + + ( t , s ) = (t-^M 2)""^ 2 Q4M 2-t) A + M(s-u) EQ 

2/t p k Sin 6 2 02 
+ ( t - 4 M 2 ) ^ 

The amplitudes A and B have only the dynamical sing u l a r i t i e s required 

by the Mandelstam representation but the h e l i c i t y amplitudes f , f + _ have 

also kinematic si n g u l a r i t i e s arising from threshold factors etc e To analy-

t i c a l l y continue the amplitudes, they must be singularity free and the 

singularity free t channel amplitudes are: 
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f + + ( t , s ) = (4M 2-t)A + M(s-u)B 

2,3 
f + J t , s ) = B 

The p a r t i a l amplitude expansions of f , f are from equation 1*34 

f + + ( t , s ) I (2J*1) f + j ( t ) P j ( z t ) 
IP 

T P j ' ( Z t } 2 , 1 1 

f+..(t,s) = ~z (23*1) f j ( t ) — s — 2 

One of the shortcomings of the p a r t i a l wave expansion i s i t s l i m i t e d range 

of v a l i d i t y i n Cos 6. or equivalently t . By extending the concept of a 

p a r t i a l amplitude from the physical values of J,to a general value of J 

l y i n g i n the complex plane, a representation of the scattering amplitude can 

be obtained which i s v a l i d i n the entire t plane* 

I n the complex J-plane the even and odd J valued amplitudes must be 

treated separately 0 Physically t h i s i s due to the presence of exchange 

forces and i n analogy with potential scattering the t o t a l potential can b a 

written: 

Otetal Potential - Ji{r) + ( ~ 1 ) J V 2 ( r ) 
direct potential exchange potential 

The even and odd J are separated by the introduction of the * signature v 

quantum number t - (-1 )^ and the Legendre function i s given by; 

Pj (Cos e t) - ~ QPj (Cos e t) + T Pj(-Cos 6 ) [ ] 2.5 

In the complex J plane the sum over J of the p a r t i a l amplitudes i n equation 

2*4 can be replaced by a contour in t e g r a l over the path Cx Fig B10 where 

f \ . ( J j t ) , f (J*t) are the continuation to complex J values of the p a r t i a l 
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amplitudes f + + ( t ) , f ^ ( t ) respectively. ( A*$mtA Ita- Ff*6$afV-CftA>oO \>rô oYi 

f + + ( t , s ) = $ ; C i dJ(2J +i) - g j ^ y - CPjC-cos e t) + x p/cos e t O 

2 o 6 

1 r 
•1 

ImJ 
LJ-Rane 

^ — ^ — A ReJ \ 

PIGo10 

The contour Ci i s chosen to include the positive integers and zero but *-o 

avoid any si n g u l a r i t i e s of f . ( J , t ) . The int e g r a l transform Equation 

2,6 i s referred to as a Sommerfeld-Watson transform and a similar 

expression can be w r i t t e n f o r the t channel amplitude f . 

Carlson's theorem shows that the analytic continuation defined 

above i s unique under the following conditions 

( 1 ) f + + ( J , t ) i s regular i n ReJ > A {where A i s a r e a l f i n i t e constant}, 

(2) f + J J , t ) i s < exp (k|J|) {k < TT] f o r ReJ A 

(3) f + . W f t ) A at an i n f i n i t e sequence of positive integers J - N+l, 
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Since f + ( J , t ) i s regular i n ReJ > A, the contour Cx can be displaced ro Z2 

with a l i n e p a r a l l e l to the imaginary axis through the point ReJ ••• A and a 

semi-circle at i a i i n i t y without including any singu l a r i t i e s of f + + ( J > t ) < , 

FIG e, 1 1 c 

- 1 

ReJ - A 

Re^A 

\ 

\ 
1 Co V 2 

F I G c l l 

If f + (J>t; i s a meromorphic function of J at least as f a r left, as 

Re J - then as the l i n e ReJ - A i s moved to rhe l e t t , s i n g u l a r i t i e s oi 

*+J3%*>) w i l l be encountered which ar- i-xp^.^ed to be poles and branch cuts. 

For the present i t i s assumed that the only si n g u l a r i t i e s arej>cl^s and i n 
L l 2 J 

analogy with potential scattering they are r-.ill.ed Regge poles. 

http://r-.ill.ed


4 IIP-1 

3 4 o 

\ 

\ 
\ 

I 
\ A 

\ 

V 0 1 I 
I 

1 ReJ 

9 

ReJ 

PIG o12 

The position and residue of the pole i n f + + ( J , t ) are denoted by a ( t ) and 

3 + + ( t ) respectively. Since a i s a function of t , then J = o ( t ) w i l l define 

a 'trajectory' i n the conplex J plane as t i s varied, 

I f the single pole term i s represented by? 

e T + ( t ) 

then i t can be shown that the contribution from the semi-circle at i n f i n i t y 

i s zero and from Cauchy's theorem the following representation f o r the 

amplitude i s obtained. 

f + + ( t , S ) = n / _ V i w d j ( 2 J + i ) - j ^ T C P j ( - t ) ^ -

- TT I ( a f t ) + ̂ ) 0 + + ( t ) 1+x e ^ a ( t ) ' 
Sin, IT a ( t ) Regge 

Poles 2.8 

The int e g r a l i s referred to as the 'background int e g r a l " and the importance 
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of the above representation i s apparent when the behaviour of f + + ( t , s ) i s 
considered as -z. + *. 

t 
The asymptotic (~z, -> ») expansion of the Legendre function can be OH 

w r i t t e n (ERDELYI 1953) 
r(a+H) (-2 z t ) a r(-o-J4) (-2 z t) -a-1 

P a ( " z t ) ~ rTTTST r(fc> + " 7 ( ^ 7 W " 2 o 9 

For Re a > the f i r s t term dominates but f o r Re a < -J ^ 2 the second term 

dominates. I n the background integral equation ReJ = -/?5and hence t h i s 

integral vanishes as z~^,(}-z. °°] and the amplitude can be expressed as a 

simple sum of Regge poles, 

f + + ( t , 8 ) = l 6 + + îfe-P P 0 ( - Z t ) 2.10 

I f Re a < - i ^ , the background int e g r a l must f i r s t be pushed to the l e f t of 
P a ( " Z t ) 

J = -V2 and i n the Regge pole amplitude the function - g r — ^ — i s replaced 
B ^ TT Cos ITOT * t^ne f o m o f t h e a sy r r? : > t 0 t l' G expansion remains the 
same as above however, 

EXCHANGE AMPLI.TUDES 

To calculate s-channel scattering due to t channel exchanges the Regge 

amplitudes must be continued to the region t < 0, s # (M+p) 2
t The Regge 

pole approximation t o the complete amplitude i s v a l i d f o r -ẑ . >•> 1 and t h i s 

corresponds to the high energy, small t physical region of the s-channelfc 

Equation 2 d 

r(a+J/2) (-2z1.)a 

Writing M - ^ ) t 2,11 
-z t + » r(l+a) r(>5) 

the t-channel h e l i c i t y amplitudes are thens 
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1+x e -lira 
++ ~ r(l+a) ++ Sin Tra 

A 'threshold barrier factor* 

•2z. a 
2 o l 2 

o 

a 
i s extracted and the residue y i s 

constructed to have zeros at a - -X etc, to cancel the unphy-sical poles 

of r(a+>$). 
p t k t 

o 

a 

2 . 1 3 

This leads to the f i n a l form f o r the t-channel h e l i c i t y amplitudes 

f + + ( s , t ) = Y + + R(s,t) 

w h e r e R(s,t) = - j j - y 

Similarly i t can be shown that 

s-u 
2 s o 

2 o l 4 

2 , 1 5 

^ 4_-v _ R(s at) 
f + J s , t ) - a Y + _ ( A m p t COS e t) 2 . 1 6 

INVARIANT EXCHANGE AMPLITUDES 

The connection between the t channel kinematic singularity free 

h e l i c i t y amplitudes and the invariant amplitudes A and B motivates the 

customary use of the amplitude A* as expressed i n equation 1 , 5 4 c 

The invariant amplitudes then have the following Regge representations 

A* = ++ 
r(i+a) Lsin ™ 1 DJ 

1 5 " r(l+a) L s i 
e__ 

Sin i r a 

r - v - i a - 1 

v~ J 
• 0"*J 

2 . 1 ? 

where y+|> Y + l are the residue functions. The pole at t - i n A1 i s a 



long way from the s-channel physical region (t-0) and does not affect the 

analysis• 
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SECTION B 

I^ODUCTIQN 

The central theme of Regge pole theory i s the connection between 

pa r t i c l e c l a s s i f i c a t i o n and high energy scattering. The Van-Hove Durand 

model shows how a Regge pole exchange amplitude could arise i n a 

Feynman-type f i e l d theory, from the single exchanges of part i c l e s on t r a j e c t ­

ories. The physical interpretation of Regge poles i s apparent i n t h i s 

model, the crossed channel Regge poles represent the collective amplitude 

due to single exchanges of a l l particles that l i e on the trajectory«, 

A trajectory corresponds t o a physical p a r t i c l e when i t crosses an 

alternate i n t e g r a l value of J f o r positive energy- Thus Regge tr a j e c t o r i e s 

connect particles which d i f f e r i n spin by two units but have otherwise the 

same quantum numbers = Since most of the resonances which have been 

positi v e l y i d e n t i f i e d have masses at the most of a few GeV, i t i s not sur­

p r i s i n g that many traj e c t o r i e s have been seen at one physical value of J 

only 0 Furthermore, the trajectory J = a ( t ) determined f o r t ̂  0 from 

assignments of resonances as Regge recurrences i s a smooth continuation of 

the trajectory f o r t < 0 that describes scattering due to Regge pole ex­

change, 

P1QN-NUCLEQN TRAJECTORIES 

For pion-nucleon scattering i n the forward direction the exchanged 

tra j e c t o r i e s are meson traj e c t o r i e s * There are two possible isospin states 

0 and 1 for the crossed channel TTTT NN and the coupling of the exchanged 

meson to the TTTT state r e s t r i c t s the exchanged quantum numbers to xP - +1 

(•'. i s the signature and P the par i t y )„ 
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TRAJECTORY PARTICLE MASS (MeV) J P i G SIGNATURE 

P 0 +1 
„ .J 

P' f 
0 

•' • 

1 2 5 0 2 + 

„ . 

0 + 
+ 1 | 

1 
pit f f 1500 2 + 0 + +1 

P P 750 1 + ~ l 

TABLE 1 

Table I shows the possible meson traj e c t o r i e s which contribute t o the 1 = 0, 
D s G 

i states • Extrapolations of the P*,p traje c t o r i e s through these 

mesons to t = 0 yields a(t=0) ̂  0 06. I f the,leading trajectory i n pion-

nucleon scattering had such a low intercept, the elastic and t o t a l cross-

sections would decrease rather rapidly with increasing energy 0 Experiment­

a l l y the trends of t o t a l cross-sections are towards constant l i m i t i n g values 

at high energies 0 This empirical behaviour requires a leading positive 

signature trajectory with a(t=0) - 1 » Thus i f t h i s leading t r a j e c t ­

ory has p a r t i c l e recurrences, i t must have a small slope since there are no 
P + 

observed mesons which could be associated with the f i r s t J = 2 p a r t i c l e 0 

The small slope then ensures that the f i r s t recurrence occurs at high mass 

where new mesons could be discovered. The label P denoting Pomeron i s 

customarily used t o denote t h i s trajectory. 

The characteristic slope of the Regge tr a j e c t o r i e s i s of the order of 

1 GeV"2 with the exception of the Pomeron0 This anomaly of the Pomeron has 

created speculation that the Pomeron may not be i n fact a simple Regge pole 

but rather some more complex singularity. 
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REGGE PARAME1ERISATIQNS 

Prom equation 1 » 3 9 the pion nucleon amplitudes are expressed i n terms 

of the symmetric and antisymmetric combinations Â  \ B̂  + \ \ The 

subscripts T T + p , I T p and C.E.X, refer to the processes T T + p + T T + p , I T p I T p 

and TT p TT°n respectively. 

A'_ ( v , t ) = A ? ^ + ) ( v , t ) + A ^ " ^ ( v , t ) B _ (v , t ) = B * + J ( v , t ) + B ("'(v,t) 
TT p TT p 

A ?
+ ( v , t ) = A ? ( + ) ( v , t ) - A^\v9t) B + (v,t) = B U ) ( v , t ) - B ^ ( v , t ) 

IT p vr p 

ACEX ( v , t ) = / 2 A ^ - ^ v ^ t ) BCEX ( v , t ) = ^ B ( _ ) ( u , t ) 

2 , 1 8 

A \ B ^ involve the isospin I - 0 even signature exchanges P9P* etc. and 
•(-) (-) . 

the amplitudes A ' , B involve the 1 = 1 odd signature exchanges p 

The Regge representations f o r these amplitudes are: 

a ( t ) / 
Y T ( a ( t ) , t ) f T ( t ) ( x > 2 ~ 0 

PP 
a ( t ) ~ 2 

B ( + ) ( v , t ) = I 3 + ( a ( t ) , t ) f + ( t ) v(v 2-v 2) 2 

ppt o 
a ( t ) - l 2 . 1 9 

A , ( " } ( v f t ) = 2 Y " ( a ( t ) , t ) ^ " ( t ) V ( V 2 - V Q

2 ) 2 

P 
a(t . ) ~ l 

B ( ~ } ( v , t ) = E M a ( t ) , t ) } " ( t ) (^ 2-u o
2) 2 

P 

where y 3 Y and 3 are the residue functions and p ( t ) i s the signature 

factor• 

The energy dependence of the Regge amplitudes i s cast i n the above form 

since they lend themselves easily f o r use i n the continuuus moment sum rules 

and have the correct analytic properties at threshold (v=v ) 0 I n the Regge 
y 

region proper, then ( V 2 - V q
2 ) 2 i s approximately equal to v and makes l i t t l e 

A l ( + ) ( v , t ) = l Y
+(«(t),t) f + ( t ) (v 2~v 2 ) " V W ' 2 

"DDT O 



difference to the high energy calculations, 

SIGNATURE 

The phase of a meson Regge pole i s completely specified by the t r a j e c t ' 

ory through i t s signature factor 

J 
Integral values of a = J for which (-1) 0 = x are termed * r i g h t signature 

0 J 
points 1 conversely 1wrong signature points* have (-1) ° = -x 0 

WRONG SIGNATURE NONSENSE ZEROS 

The essential a dependence of the t channel TTTT •* NN amplitudes i s 

2,21 

Consider a negative signature trajectory i = - 1 , A1 vanishes at wrong sign­

ature points a = -2, -4 •,, and B vanishes at the wrong signature points 

a = 0 , -2> -4 etc. At a = 0 the exchanged trajectory acts l i k e a spin zero 

p a r t i c l e and cannot support a unit of h e l i c i t y . Hence there i s a zero i n 

B which i s associated with spin f l i p and no zero i n A', The point a = 0 i s 

therefore a nonsense value of the angular momentum f o r the B amplitude and 

a sense value f o r Af. 

Because of the t h i r d double spectral function fixed poles may be expect­

ed i n the signatured amplitudes at wrong signature points 0 They do not give 

ri s e to poles i n the physical amplitude because they are cancelled by the 

zeros of the signature factor c However i f such poles ar^ also present 
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i n the residues of Regge poles they w i l l cancel the zero of the signature 

factor which was assumed above. The fixed poles do not modify the energy 

dependence of the asymptotic amplitude; t h e i r only effect i s to modify the 

behaviour of the residue of the moving pole. I n the case of - NN the 

behaviour of the B amplitude equation 2«21 would be modified to 

D*(t) 0C+D] 
B ~ _ _ V T ( t ) zUtL 

r [ > a ( t f ] f 

by rhe presence of a fixed pole at J - 0 0 

GHOST STATES 

t r ( t ) 
For r i g h t signature points the term — c — x - * — — ± a f i n i t e except at 

a - 0 for i = 1 or a - 1 for x ~ - l o Suppose that a ( t ) i s zero at some 

t < 0 for a x - t l signature Regge trajectory, then a 'ghost' state appears 

which represents a t channel p a r t i c l e with (mass)2 < 0 0 I n the B amplitude 

the kinematic factor a ( t ) cancels the pole. However i n the A* amplitude the 

pole gives r i s e to an i n f i n i t y i n the s-channel scattering• As a minimal 

requirement the non-flip residue must develop a zero to k i l l the ghost s 

/ ( c t ( t ) , t ) - o ( t ) C(t) 2 o 2 3 

where C(t) i s some function of t„ The residue may acquire additional dyn~ 

amical factors (a-J Q) at the exceptional points a JQj J Q ~ 0 , - 1 , -2 etc. 

SENSE NONSENSE RESIDUE ZEROS 

The exceptional point a = 0 i s crucial t o the Regge i n t e r p r e t ­

ation of minima i n d i f f e r e n t i a l cross-sections. The residue factors f o r che 

coupling of the exchanged Regge pole to inr, NN non spin f l i p and NN sp"\n f l i p 

are denoted by f , g and h respectively„ 
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The p a r t i a l wave expansion of the kinematical singularity free h e l i c i t y 
r n V < zt> amplitude f ( t , s ) Equation 2,41 involves a factor - — •-—~ which 

leads to a kinematical factor of near a - 0 i n the residue function,, 

$ ' ( a ( t ) , t ) ~ v/a f,h fT(t) 2-24 

Similarly the non-flip amplitude residue can be written 

Y
T ( a ( t ) , t ) - f.g j? T(t) 2 , 2 5 

The exceptional point a 0 corresponds to a r i g h t signature point f o r an 

even signature trajectory and a wrong signature point f o r an odd signature 

trajectory. The even signature factor ^ + ( t j behaves l i k e \'a and the odd 

signature factor ^ ( t ) l i k e unity near the point a = 0 . 

The behaviour of the residue factors f,g and h i s such that a l l the 

h e l i c i t y amplitudes are free from branch points or poles at a = 00 There­

fore from equations 2 0 2 4 9 2*25 

f g * an n ~ 0 , 1 9 2 

m,2 fb - u m - 1 , 3 , 5 

2 . 2 6 

There are many possible solutions f o r f,g and h which sati s f y the analyti-

i t y c r i t e r i a at a - 0 i n equations 2 . 2 6 c The mechanisms i n common v:&g?-

correspond to the lowest order solutions of the above equations and these 

are given i n table I I * 
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f S h MECHANISM 

1 I /a SENSE 

/a NONSENSE 

/a Va a CHEW 

a a NO COMPENSATION 

TABLEAU 

The sense mechanism i s impossible f or r i g h t signature points since the 

tttt - (NN) . amplitude would have a pole at a ~ 0 o non spin * * 
f l i p 

The overall a dependence, excluding the signature factor, f o r the 

^ - NN amplitudes obtained from the various mechanisms i s given i n Table 

I I I , 

A s B MECHANISM 

1 a SENSE ; 

NONSENSE Gt a 

SENSE ; 

NONSENSE 

a CHEW J 

a7 a9 MO ^OIVIPENoAT'ION 

TAHJE^III 

I n the derivation of the spin f l i p Regge amplitudes equation 2A6 ^ sense 
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mechanism was assumed f o r simplicity and the nonsense mechanism corresponds 

to the previous consideration of ghost k i l l i n g factors,, A similar treatment 

can be given f o r the exceptional points a = - 1 , -2 e t c 

T-DEPENDENCE OF RESIDUES 

The Regge residues Y ± ( c ( t ) , t ) , 3 ± ( a ( t ) , t ) can i n general depend on t 

both e x p l i c i t l y , and i m p l i c i t l y through ot(t) s Present r e l a t i v i s t i c theory 

does not provide a calculational basis to determine the residues and i t i s 

necessary to re l y on empirical parameterisations a 

The appropriate sense-nonsense factors are extracted from the residue 

and the remainder i s parameterised by a rapidly varying function of t such 

as C e * c The f l e x i b i l i t y i n the t dependence of the residues i s the 

greates deficiency of the present Regge pole theory. However continuous 

moment sum rules (see Chapt 63) should resolve some of the d i f f i c u l t i e s i n 

the residue parameterisations and are certainly a step forward i n the 

cldtefl̂ inaVu>(v, of Regge residues«, 
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I n the derivation of the Regge pole amplitude i t was assumed that the only 

singularities i n the complex J plane were poles corresponding to single 

p a r t i c l e exchange„ However there i s every reason to believe that cuts, 
D3ii 

equivalent to mu l t i - p a r t i c l e exchanges are present . I n a phenomen-

ological analysis of a high energy scattering process, a few Regge poles are 

usually s u f f i c i e n t to f i t most of the experimental data. The expected s-

dependence i s known from the contributing t r a j e c t o r i e s and 1unexpected 1 effe'ts. 

with s--dependence incompatible with known t r a j e c t o r i e s , presumably arises 

from a cut, This 'ad hocf usage of cuts permits the introduction of many 

free parameters and that data f i t t i n g i s successful i s not surprising 

Further i t i s d i f f i c u l t to distinguish the pole and cut contributions, since 

i n a f i n i t e region the cut can always be represented by a superposition of poles. 

REGGE CUTS IN FEYNMAN GRAPHS 

Regge cuts can be generated from the i t e r a t i o n of the u n i t a r i t y equat­

ion i n the t channel f o r the f u l l amplitude but retaining a two p a r t i c l e 

intermediate state only- FIG-13 

t channel 

FIG,13 
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The contribution of these cuts to the double spectral function was f i r s t 

calculated by Amati,Fubini and Stanghellini and they are referred to as AES 
. D O 

cuts or rescatte£ing^corrections. 

Mandelstam showed that cuts generated b^j t^GsVvC u h v W x f ^ 

»tvFigc.l3 are i n fact spurious, being cancelled by fniAtv- packtcle* HiraVxc\^ 

c cemVcitttViotvS. To avoid these cancellations, non planar diagrams with a 

t h i r d double spectral function must be considered„ FIG.14 

FIG,14 

» 

The association of the cuts with the t h i r d double spectral function i s 

not surprising since the strongest theoretical evidence f o r t h e i r existence 

i s to shield the Gribov-Pomeranchuk poles, occurring at wrong signature non­

sense points, which themselves arise from t h i r d double spectral function 

effects. What perhaps i s surprising i s that the position i n the complex J 

plane of the cuts a r i s i n g from non-planar diagrams are i n fact the same as 

the spurious A.F.Sc cutSo 
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CUTS - SOMMERFEID-WATSON TRANSFORM 

Cut contributions, i f they are present, must be included i n the 

Sommerfeld-Watson Transform equation 2,8. The contour i n F i g . 1 5 i s deformed 

to include the cut whose 'right most point' i s i t s branch point J = a ( t ) . 
0 c 

Assuming equation 2*8 and calculating the contribution of the cut only round 
the contour C,• J 

W^ s ) " " *cuts 4 'c. ̂ ( 2 J + 1 ) CPj(-S) + t Pj(z t)3 
ImJ 2.27 

LJ-plane 

I ReJ 

BeJ--y7 

FIG »15 

The contour integration involves evaluating f ( J , t ) above and below the cut 

where the discontinuity across the cut D(J,t) i s given byt 

D(J,t) - f (J* 3- 6^? - f ttzlL^l 2 o 2 8 

and +ie, -ie indicate the function i s to be evaluated above and below the 
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cut respectively e The cut amplitude i s then given by 

} W - 'cuts! Ckground ( 2 J + 1 > W.t) 
J 

, . ~ifr J 1+T e 
sin 7rJ p

J<- zt ) 

2,29 

The position of the branch point i n the J plane from the exchange of 

two tra j e c t o r i e s a ^ t ) , a 2 ( t ) i s , as i n the A o F . S o calculation 

J = o ( t ) = Max OiCt],) + a 2 ( t 2 ) - l H 2 < 3 0 

I f these cuts are to shield the Gribov-Pomeranchuk fixed poles then 

the branch point, at the t-channel threshold, must correspond to the leading 

wrong signature nonsense point* I n the case of two i d e n t i c a l spinless 

particles mass m l y i n g on a trajectory a ( t ) such that 

a(m 2) = 0 

then the highest nonsense point i s at - 1 

a (m2) = - 1 

For ExAttx^fcfpr two id e n t i c a l t r a j e c t o r i e s equation 2 o 3 0 i s written 

a c ( t ) = 2a f / i ] - 1 2.31 

I n general, f o r the exchange of ! n ! i d e n t i c a l t r a j e c t o r i e s equation 2 o 3 0 

becomes 

c a ( t ) = na -n + 1 2,32 

0*3 
Jones et al„ showed that the discontinuity across the cut D(J,t) must 

vanish at i t s end point and also be singular there. A simple parameteris-

ation of the discontinuity i s then: 
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D(J,t) 
J*a ( t ) 

J - a 2.33 

where X > 0 and i s non integer t 

The leading behaviour of the cut contribution from equation 2*29 i s i n 

the asymptotic region )(the variable v i s defined i n equation 1.48 ) 

fO>.t) " 
a c ( t ) 

In 
o- o* 

•A-l 
2 034 

Thus the energy dependence of the cuts essentially d i f f e r s from a simple 

pole by the logarithmic factor, One of the d i f f i c u l t i e s with Regge cuts i s 

the lack of e x p l i c i t knowledge of the discontinuity function. The standard 

approach i s to incorporate the ideas of the absorption model and Regge 

eikonal model which allow the calculation of the cut parameters i n terms of 

the input Regge pole parameters, 

REGGE ABSORPTION MODEL 
C27j-[>£] 

In the Reggeised absorption model , the simple Regge pole 

exchange i s modified by e l a s t i c scattering i n the f i n a l and i n i t i a l states. 

This situation i s equivalent to e a r l i e r fperipheral model calculations' and 

a similar formulation i s adopted, The s-channel p a r t i a l waves modified by 
J r- _ D ° I 1 

e l a s t i c scattering are written QSopkovich (1962) J , 
H fJ(s) = / s ^ ( s ) R fJ(s)/sTj(s) 2.35 

where R f? i s the projection of the crossed channel Regge pole exchange'and 

^ f f • ^ i i a r e ^ e P 9 1*^ 3^ w a v e S matrices for e l a s t i c scattering i n the f i n a l 

and i n i t i a l s t a t e s 0 

The p a r t i a l S-matrix can be written 

SJ - 1 • i 2.36 
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and i n terms of the r e l a t i v i s t i c amplitudes normalised according t o equat­

ions 1 , 3 1 

S/[(.s.) - 1 f 2 i k±±(s) P/?(s) 2 o 3 7 

where k..(s) = 
q. i , qA i s the cm, momentum i n the i n i t i a l state, 

J 
O T T / S 

A similar expression can be given for S^(s) and the square roots i n equat­

ion 2,35 are expanded so that 

F f i ( s ) = R f i ( s ) * 1 k i i ( s ) P i i ( s ) R f i ( s ) + 1 k f f ( s ) P f ^ s )
 RAis) 

38 
Diagramatically t h i s equation can be represented by FIGol6 

+ 

PIGc16 

Further 5 i f i t i s assumed that the elastic scattering i s given by the lead­

ing Regge pole i 0 e 0 Pomeron, then the second and t h i r d terms i n equation 

2:38 are the two p a r t i c l e cut contributions due to the exchange of a Regge 

pole and the Pomeron. The t o t a l amplitude can be wri t t e n by summing over 
on 

the p a r t i a l waves « The expression i s somewhat complex and i t i s 

derived i n APPENDIX A o 

DO 
REGGE-EIKONAL MODEL 

The ea r l i e s t application of the eikonal model i s due to Chou and 
OH 

Yang c To perform the numerical calculations,they used the impact 

parameter approximation f o r elastic scattering at high energies* Starting 
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from the s-channel p a r t i a l wave expansion of the r e l a t i v i s t i c amplitudes, 

F j ? ( s , t ) = I (2J+1) (s) d A J , ( 9 ) 2.39 
J 

the following approximation, v a l i d at large energies and small angles, i s 

made. 

where b i s the impact parameter, classically corresponding to the closeness 

of approach of the p a r t i c l e on the target t. The d-functions are w r i t t e n i n 

terms of the Bessel function: 

d X X ' ( 6 ) m Jx'-xD2J+D Sin | J 

and Cos 0 = 1 + — 7 g i v e s — 2,41 
dH S 

J x i . , C ( 2 j + l ) Sin I ^ - J x,. A[Ib^t 3 

Further,the summation over J i s replaced by the int e g r a l over the continuous 

impact parameter b, such that 

F.,S (s,t) = /" 2q 2
sb F J (a) J. , . ( b ^ t ) db 2o42 

A. A O A A ™ A 

The p a r t i a l wave elements p i (s) are defined i n terms of t h Q T matrix 
A A 

elements by 

p ^ (s) T..f (s) 2.43 

The eikonal phase x (s,b 2) i s then associated with the phase s h i f t by 

wr i t i n g : -
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2.44 

and F.fK ( s , t ) ̂  i 8TT 0^/5 /~ bdb - e
ix(s>b2)3 J ^ ^ C b ^ t ) 

This i s equivalent to the two dimensional Fourier transform, but the 

assumption that the p a r t i a l wave T matrix elements are independent of the 

azimuthal angle <j> has been made ( i 0 e o an incident wave front i s not altered 

in direction only phase)* 

I f the exponential i n equation 2*44 i s expanded then, 

FA*x ( S > T } = 8 T T ^ S / S f l b d b [ X + 1 21 - 31 - ] J V - X ( h ^ 

2 = 45 

and i f the eikonal phase i s now given by the Fourier transform of the r e l e ­

vant t channel Regge pole amplitude which provides the po t e n t i a l , then the 

f i r s t term i n equation 2*45 i s ju s t the Regge pole amplitude i t s e l f R M ( s , t ) 
A A 

( s , t ) = 8TT q o /5 r bdb x^s,b 2) J. , . (b/^t) 
A A S O A * " A 

and 2.46 

x(3,b2) r0 f r a ( s , t ) j x , . , ( b ^ t ) 
8TT q /s s 

Successive terms i n the multiple scattering series are then associated with 

two, three p a r t i c l e cuts e t c 

The two p a r t i c l e cut i s written: 

F r f s , t ) = iq . 4 7 T/s /" bdb x
2 ( s , b 2 ) J. f . (b/^t) 2,47 

A A ° O A ~ A 

The eikonal phase x(s,b 2) i s given by equation 2,46 and can be wr i t t e n 

i n terms of the Regge pole parameters. APPENDIX A shows that t h i s equation 

can be writ t e n as; 

P c u t , S j t ) = d t ] d t 2 ( 8 § t i ) R h ( s > t 2 ) m 
32TT q^/S 6 

s 2,48 



5 4 

where the function e(6) and 6 are defined i n APPENDIX A, 
I f the single pole amplitude i s written? 

-TOi(t) 
R. (s,t) * -B e b t e " i u a ( t ) 

A A 
/ V o j 2,49 

where a(t) = a ( 0 ) + ct !t 

Then the *n* particle cut for large\js can be written 

F^ U t(s,t) = 
A A 

- p i 
\ — 

- p i V 

J L ° 

a ( t ) -i t t n 
e

2 

2.50 

a " ( t ) 

and the position of the cut a n ( t ) is given by 

a n ( t ) = n a ( 0 ) + — t - n + 1 c n 2051 

The equation 2 0 5 0 is similar to the Feynman graph calculation equation 2 « 3 4 , 

except that the absorptive and eikonal model calculations appear to violate 
C26D 

t channel unitarity i.e. A = 0 i n equation 2 » 5 0 for the two particle 
cute 

GENERAL PROPERTIES OF REGGE CUTS 

The absorptive and eikonal models produce a Regge cut with the correct 
energy dependence and position as anticipated from Feynman graph calculat­
ions , However, their validity i s not established, since i t i s equally 
possible that the Regge pole does not need to be corrected for absorption 
and .in the case of the eikonal model>the identification of the Regge pole 
with a r e l a t i v i s t i c Born term i s dubious {Collins? Review Article }„ 
These models do however permit some general conclusions on the properties 
of cuts to be made0 
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a) Position 

The position of the cut due to the exchange of n identical traject-
c.ri.^s which are linear a = a(0) + a f t i s 

a n f t ) = n a(0) - n + 1 + — t 2.52 

The signature of the cut is the product o f the signature of the DO 
poleSo For n identical poles i 

Phase • - e u w , 0 i ? * 2.53 

c) Energy dependence 
•n+1 There i s a logarithmic factor log [ v / v Q ] associated with the 

n particle cut such that the contributions of the higher order cuts 
vanish relative to those of lower order by some power of ̂ ° 8 ^ ^ v

0 3 -

REOGS'M[JLTIPQL£S 

In the Sommerf eld-Wat son transform equation 2*8, i t was assumed that 
the only complex J-plane singularities were simple poles• I f multipoles 

[35] 

exist such that their part i a l amplitudes can be represented by: 

f q ( J , t ) = ~± 2 , 5 ^ 
where q is a positive integer and indicates the order of the pole, then 
using the Cauchy integration formula on the contour round the poles. 

? > . . ) : - f B t t ( t ) n£L ( 2 J + 1 ) 
J=a(t.J 

2*55 
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The simplest example is a dipole (q=2) and for a positive signature traject­
ory T - +1 Equation 2 = 5 5 i s written: 

f .*(t-,s) = TT B + +(t.) -J ( g a j j j Sin 2 , T a/2 L 2 L d J J * 
+ 
J=a 

a t 
a+/2 . 

- ? P (-zJ 
2 a t ^ 

2 . 5 6 

The amplitudes are continued to the s-channel scattering region as i n the 
simple Regge pole derivation 9 The asymptotic expansion of the Legendre 
function is:(Equation 2 o l i o ) 

a * _ z » ! r(a+i) r ( / 2 ) 

and equation 2 . 5 6 is written 
B 

) ^ + ^ , s ) - r ( 1 + a ) 

sin 

- l i r a 
++ [""_. ira 2 — Sin t t - e 
2 iTa s 2 

log(-2z t) + 26(2a+l)^J - £J (~2z t) a 

2.57 

where 2B(2a+l) = ij/(l+a) - ̂ (a+/ 2) and ip(a) = ~ tn r(a). 
A reduced residue is defined to cancel the unphysical poles arising from 
r(a+^K) and a scale factor v 1 is defined such that; 

Cos0^ - z, t t (Pt> etc. are defined i n section A) 

is given by -2z, = — r *) \; i s the symmetric variable 

defined i n equation 1*̂ 8 and v 1 i s given by v ? = 
k t p t 
2M 

The dipole contribution to the Regge amplitude for the even signature 
trajectories i s : 

B 
f++t 8» t) = r(i+oj o. 

i 
S i n 2 7 T a / 2 

-lTra ,~ c IT a / 2 Sin 75- e log V 2B(2a +l)] - | ] [ t J 

2 o 5 8 
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which i n the special case a = 1 reduces to 

f Js,t) = -i B + + [ l o g + 28(2) - 2.59 

Similar expressions can be written for the odd signature trajectories 



CHAPTER 111 
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S E C T I O N A 

INTRODUCTION 

Scattering amplitudes are analytic functions of the energy variables 
and can be continued from the high energy region to the low energy region 
by some defined analytic continuation. There i s usually a wealth of low 
energy data and a marked absence of high energy data on a particular 
s^arrering process. To maximise the information input of a high energy 
analysis the analytic properties of the scattering amplitudes must be 
exploited 

Finite Energy Sum Rules represent the simples expression of these 
analytic constraints, and as such they are l i t t l e different from ordinary 
dispersion relations e The sum rules are derived with reference to the 
asymptotic Regge model, they are not predictive of asymptotics and would be 
expected to be satisfied for any asymptotic model. 

DERIVATION OF FINITE ENERGY SUM RULES' DC DO 
Suppose there exists an amplitude f(v) which is a real analytic funct­

ion of the variable v (Equation 1.48), throughout the complex \;-plane, ex­
cept for cuts from v to », -v to -» and possible isolated poles along the 
real axis-. FIG, 17 Imv v plane 

Rev 

o o 

FIG.17 
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I f f(v) i s an antisymmetric amplitude under & u crossing which sat­
isfies an unsubtracted,fixed t dispersion relation of the type: 

f f v ) 2v j-tofip dv' 

and f i ~-j) has a Regge asymptotic expansion; 

( } " a n r(l+«) Sin ™ [ V
0 J 

Regge Poles 
where a, 5 and T are the trajectory, residue and signature of the Regge poles 
respectivelyc 
Then i f the leading Regge term has a < - 1 , f(v) w i l l obey a superconvergence 
relation i . 

r Im f(v) d; = 0 3*3 

I f the leading term has a > - I then i t can be subtracted from f (v) and 
the resulting amplitude w i l l obey a superconvergence relations 

/ = > ImffCv) - f^!f(v)3 = 0 3.4 

Further, i f there is a pole at a = -1 then i t s residue w i l l appear on 
the right hand side of equation 3o4, To i l l u s t r a t e how different values of 
x contribute to the sum rules the poles whose a i s below -1 are denoted by 
a., those at c* - -1 by a. and the poles above a - -1 by a, • 
1 J K 

I T x k v k / G dv ,1m f(v) - I j ^ - t k 

a k k o-
6 j T j 3.<5 

Each term i n the above equation diverges when evaluated separately. To write 
the equation i n a practical convergent form, the integration i s cut off at 
some — - N and the high energy behaviour i s expressed by a sum of 

—vo-^max 
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Regge poles whose a i s below -1, 

N 
o Im f(v) - I k _'k 

v o< 
a k dv + / l 

a r 1+a. o< 

a. l dv = 

3o6 

The poles above below and at a = - 1 enter the ' f i n i t e energy sum rules 1 i n 
differing ways but the integrals are a l l now convergent • In the f i n a l form 
of the sum rules the Regge terms appear the same regardless of their ou 

3N* + 1 

S(N) = / N Im f(v) dv = I 
a l l a 7 ^ + 2 3.7 

GENERALISATION OP THE F.E,S.R< 

An alternative derivation of the FcE03*Ro on a fixed contour 
generalises t r i v i a l l y to the vnon-integer moment sum rules* and 'the con­
tinuous moment sum rules 9 „ 

Suppose an amplitude f(v) is a real analytic function of the variable 
v throughout the complex v plane except for cuts from V q to » and -v to -»» 
plus perhaps isolated poles along the real axis, FIGol4< 

I i there exists a value N such that for a l l | v/v j > N the asymptotic 
o 

form (equation 3-2) i s already a good approximation to the amplitude then 
Cauchy*s theorem can be applied round the closed contour C fig»l8 

Inv 

'N L 

*-4 
-N 

v-plane 

\ N 

V. 
Rev 

IN 
o / 
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Since the contour C encloses no singularities, then by Cauchy?s theorem 

/ f(v) dv = 0 
c 

The contributions from the upper and lower semi-circles are separated out 
of the integral^ 

,I°v v 
r f ( v - i i ) dv •» /^ N° f ( v f i e ) dv + f(-j-ie) dv + ,r

N° f ( v - i e ) d; t 
3 *o 

+ / f(v) dv + / f(v) dv - 0 3.8 

where v + i c f v- is indicates the function i s to be evaluated above and 
below the real axis respectively and O o represent the upper and lower 
semi-circle contours r. 

The Regge asymptotic expansion gives f(v) on the upper and lower semi­
circle contours and equation 3*8 i s written 
-v B V 1 

/„N° Im f ( v ) dv + £ Im f(v) dv + t ( T k - 1} = 0 

3 . 9 

The isolated poles are assumed to be included i n the continium integrals and 
k labels the Regge poles in the asymptotic expansiono 

INTB5RALJMQjgOT F,EoS,R. 

The function v m f(v) for integral m > 0 has the same anlytic properties 
as f(v)„ Hence from equation 3«9 'the integral moment sum rules 1 ares 
, v B ak+m+l 
V im f (v) v"1 dv • , N Im f t , ) dv . j - j J L - N - Q - ( - 1 ) ^ = 0 

;o k k k 
3ol0 

The integer moment FoEoScR, can be simplified when f(v) is exactly symmetric 
or antisymmetricf 



62. 

a) f(v) is antisymmetric f K(v) = -£(-v) 

3 Y ^ 1 

/ J Im f A(v) v m dv = I T T I J - y m = 0 , 2 , 4 3 . 1 1 

O K K K 

The antisymmetric combination involves odd signature exchanges 
only. 

b) f(v) i s symmetric f^v) = f ^ - v ) 

3 V m + 1 

The symmetric amplitude f (v) involves even signature exchanges 
s 

only. 

The F.E.S.R, integrals involve the imaginary part of the amplitude only. 
I f the real part is used instead, then these new sum rules are derived using 
the amplitude - i q f(v) where q is given by equation 3 » 1 3 

This amplitude i s s t i l l an analytic function with the same cut structure as 
atlove and the sum rule for the antisymmetric combination analgous to a) i s 

3 ak+m+2 
j* Re f(v) q v m - x J ^ J a _ tan § ̂  3.1* 
O K K K 

omitting terms of order °/N2 on the righto 

CONTINUOUS MOMENT SUM RULES 

To combine the sum rules for the real and imaginary parts of the ampli-
DO - , - 1 

tude a sum rule is written for the amplitude (-iq) f(v) where e 
is a continuous real parameter (e ̂  1 ) and q is given by equation 3 - 1 3 * The 
cuts of the function q"^ e + 1^ are chosen to run from v to « and »vQ to -«» 
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and q i s normalised such that i t assumes a real number on the right 
hand cut i n the upper ha If-complex plane. The sum rule is then written, 
omitting terms of order 0 /N2: 

, ^ £ Q0B'/2fak-c-l) 

Such a sum rule is termed a 'continuous moment sum rule' and,although 
i t contains no more information than the individual F.E.S6R»7 i t represents 
the information i n a convenient form. 

S E C T I O N B 
BOOTSTRAPS 

The Regge pole parameters on the right of equation 3*15 are related 
to bound states and resonance properties i n the t-channel whereas the l e f t 
hand side low energy integrals are dominated by s-channel bound states and 
resonances. The sum rules resemble self-consistency relations between s and 
t channel exchanges i.e. bootstrap equations. 

There are several ways i n which the sum rules can be applied to a 
phenomenological analysis and they are divided into three types differing 
only i n emphasis. 

a) Resolving ambiguities i n the low energy region by means of the high DO 
energy data . DO 

b) Using low energy data to predict hi ^nerev parameters 
c) Making simultaneous f i t s to high and low energy data-in a manner con­

sistent with analyticity £ W J Ĉ 'I] Q 63 • 
Since i n general high energy data i s less accurate than that at low energies 
type b) and c) analyses outweigh type a) i n importance. An advantage of the 
sum rules i s that they relate directly to amplitudes rather than quadratic 
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functions of amplitudes as with scattering data. They exploit the un­
scrambling of quadratics that has already been done i n the low energy 
analyses B 

The usefulness and accuracy of 1 f i n i t e energy sum rules* depends 
mainly on the available data- A particularly favourable case is the sum 
rule at t = 0 where by means of the optical theorem the imag­
inary part of the amplitude i s simply related to the t o t a l cross sections. 
With the accurate measurements of to t a l cross-sections available, accurate 
predictions of Regge parameters can be made at t = 0, 

Away from the forward direction t i 0, the imaginary part of the ampli­
tude i6 no longer given directly i n terms of measured cross-sections and i t 
i s then necessary to u t i l i s e phase shif t analyses which for pion nucleon 
scattering are quite reliable. 

The f i n i t e energy sum rules for the real part of the amplitude are, i n 
general d i f f i c u l t to construct,since only i n a few cases are the real parts 
of the amplitudes known directly (e,.g. Coulomb interference). I f the real 
parts are determined from dispersion relations then they do not give i n ­
dependent information about the high energy behaviour and the sum rules are 
t r i v i a l l y satisfied. DO 

To construct the continuous moment sum rules^it i s necessary to 
rely t o t a l l y on phase shift analyses;since they involve combinations of the 
real and imaginary parts. In principle, there i s an i n f i n i t e sequence of 
these continuous • moment sum rules suggesting that a l l the high energy para­
meters are determined by this i n f i n i t e set of consistency equations. How­
ever the Regge series on the right hand side of the C.IVLS.R* must be trunc­
ated after a few terms since the finer details are lost i n experimental 
errors and the relevant importance of different Regge terms on the right 
hand side of the C.M.Ŝ R. is only the same as i n the Regge expansion i t s e l f 
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evaluated at the sum rule cut off N* 

PION-NUCLEON : CONTINUOUS MOMENT SUM RULES 

The sum rules are constructed for the arising odd pion nucleon signat­
ured amplitudes v A A B^*\ v where the asymptotic forms are 
given by equations 2 .,19 c 
The sum rules are: 

r -, ^ L + 1 

/ 1 d w L n H v 2„v2)" 2 A ' ( + H = Y + ( o ( t ) f t ) S i n " / 2 ( a - e - l ) 

i±il ^"g" 1 

Z1
 d , Z m f o . ^ ) " 2 B( + n , . z B + ( a ( t ) , t ) S i n * / 2 ( a - £ - l ) * 

V o L ° J PP. S i r / / 2 a a _ e - 1 

C dv I m R v M ) " ' 2 A ' ( - ) l = _ £ Y - ( a ( t ) > t ) 0 O B V 2 ( « — 1 ? i ^ g * > ' 
o L © J p a -re 

a-e 

// dv v I m f (v 2. / 2 )" 2 B ( - H = ^ B - < t t ( t ) f t ) C o / / 2 ( a - £ l l l ^ ~ o j 

3 . 1 6 

p Cos / 2 a 

where the nucleon pole term situated at v = is assumed to be included on 
the l e f t hand side of the equations. The pole term for each sum rule i s 
given i n table I, 
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TABLE T 

B<+> 
(e+1) ! 

A'<-> -G2 * B (v 2 - v 2 ) 2 

^ 2M l - t / 4 M 2
 VB ; 

(e+1) 
VB < W > " 2 

The evaluation of the continuous moment sum rules i s dependent on three 
parameters, v i the cut off. t the momentum transfer and e the continuous 
moment parameter . The judicious choice of values for these parameters 
is of paramount importance i n the useful application of the sum rules. 

OMENTUM TRANSFER t 

a) C.M.S.R. at fixed negative t involve integrations over an unphysical 
region at low energies, 

(4M 2-t) 1 / ? ( % 2 - t ) ^ 
Cos e s < -1 for v jjjyj — 

The extrapolation beyond zs- -1 i s done by using the partial wave ex­
pansion which w i l l diverge at the nearest u~channel singularity,. Such 
extrapolations are dubious since they d i f f e r greatly from one phase 
shi f t solution to another« 

b) By definition of the variable v the 7 s v and fu* cuts are symmetric 
about the origin i n the complex v plane * At the point v = 0 t = -4M 
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the ! s f and 'u* cuts overlap so that the low energy part of the integral i s 
more dubious. 

CONTINUOUS MOVENT PARAMETER e 

The sum rules emphasise high energy or low energy parts of the integral 
depending on the moment • This is a property of the incomplete Mellin trans-
form which is the class of functions of the type: 

g(a) = / J f(s) X s" 1 dx 

a) For very high moments the low energy integral comes overwhelmingly 
from near the upper l i m i t \> = vi and the sum rules reduce to the Regge 
expression evaluated at v - v x „ The high moment sum rules are unrel­
iable, since non-Regge fluctuations may s t i l l be present at the upper 
l i m i t whereas i n the low moment sum rules these fluctuations have a 
chance of averaging out, 

b) Very low moment sum rules emphasise the low energy region where the 
partial wave extrapolation is unknown and as such do not yield useful 
information, 

c) The derivation of the FoE;S*R« was for even (odd) integers ?n f for 
the antisymmetric (symmetric) part of the physical amplitude f (v) and 
these are termed 'right signature sum rules'« The f i n i t e energy sum 

[J523 

rules for the other integer values of fn' are obtained by writing 
down the sum rules for the amplitudes of definite signature i n the t 
channel e0g: 

A'(v,t) = y 2 C A , ( + ) ( v , t ) + A , ( + ) ( - v , t ) + A , ( " } ( v , t ) - A{~\-v9t)l 

2m 1 2m 
The amplitudes might contain such terms as v , v respectively which 
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cancel when constructing the physical amplitude. In Regge formalism 
2m - 1,2m correspond to the wrong signature values of J for the amplitudes 

»(+) »(-) 
A , A respectively and the sum rules for these amplitudes, or their 
products with the variable v which retain the i n i t i a l crossing symmetry, may 
contain contributions from fixed poles at these points 

CUT OFF V ] 

The right hand side of the sum rules are constructed from the leading 
Regge trajectories which are, i n practice, identified by f i t t i n g high energy 
experiments = The experimental errors are large enough so that the analyses 
warrant only a few Regge poles, and this expression i s used at the low 
values of s {cut offs of vj =2 GeV. have been used}. 

The sum of crossed channel Regge poles is an asymptotic representation 
of the amplitude and although i t may be expedient to retain only the leading 
terms, i t i s certainly not obvious that the right hand sides of equations 
3 = 16 are well approximated by the leading Regge trajectories for low s. For 
example a Regge pole lying one unit below the leading poles introduces a 
correction of order ^gQgQ which for a low cut off vj " 2 GeV - i s of the 
order one- Thus i t i s not obvious, a p r i o r i that the prescription of extra­
polating only the experimentally established traejctories to low s does not 

C53H 
introduce a large error into the sum rule 

S E C T I O N C 

Finite Energy sum rules are based on two theoretical concepts, analytic-
i t y and asymptotic behaviour. Being so general they have few predictions 
unless they are supplemented by assumptions (A) and (B) below. 

(A) The scattering amplitudes are well approximated by the exchange of 
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a few Regge poles down to low energies (2 GeV/c), 

(B) The imaginary part of the amplitude i s dominated entirely by direct 
channel resonances. 

(Both statements being subject to an important exception 'The Pomeron* -
which is referred to la t e r ) . 

GLOBAL DUALITY 

This implies the equivalence of resonance and Regge integrals i n f i n i t e 
energy sum rules„ This relation between direct channel resonances and Regge 
poles then constitutes a 'bootstrap equation' since the Regge poles 
are themselves related to the resonances i n the exchanged channel. 

SEMI-LOCAL DUALITY 
. DO 

The duality or equivalence between the direct channel resonances 
and Regge pole exchange should not be taken too l i t e r a l l y , at least i n the 
low energy region where the resonance amplitude shows large fluctuations as 
a function of the energy. Assumption (A) is supposed to hold only in an 
average sense when the resonance amplitude is integrated over a small 
(1 GeV) interval. I t i s this 'semi-local average1 over the resonance con­
tribution which i s equated to the Regge amplitude. 

LOCAL DUALITY 

There cannot be local dua^ity^ between fluctuating resonance terms and 
smooth Regge terms but Schmid *"* observed that the direct channel partia l 
wave amplitudes resulting from Regge pole exchange trace out loops i n the 
Argand diagrams as the energy increases „ These loops are very similar to 
those obtained from phase shif t analyses as evidence for nucleon 
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resonances and Schmid suggested that the Regge induced loops do approx­
imate the true resonance loops. This i s 1 local duality* and i s an extreme 
form of the original duality concept, Suffice i t to say that local duality 

L58D 
is the subject of much controversy 

POMERANCHUK TRAJECTORY 

As discussed i n Chapter 2 the Pomeranchuk trajectory has the quantum 
numbers of the vacuum and i t has a much smaller slope than other known 
trajectories to avoid giving rise to particle recurrencies i n the exchanged 
channel physical region. Chiu and Kotanski demonstrated that 
Regge Argand loops are essentially generated by the exponential term 
e in the signature factor, and for a f l a t trajectory this term does 
not generate loops to be associated with resonances0 Further since the 
Pomeron carries the quantum number of the vacuum, i t s exchange has the same 
contributions i n a l l isospin states i n the direct channel. I f the Pomeron 
is dual to resonances then one expectsresonances i n a l l isospin states which 
are more or less degenerate. This is certainly contradictors to everything 
that is observed experimentally. Preund and Harari conjectured 
that the Pomeron plays a separate role i n duality, being dual to the non-
resonant background term and this i s the exception to be made to assumptions 
(A) and (B). 

PTOKFERENCE MODEL AND DOUBLE COUNTING 

At low energies phase shif t analyses indicate that the scattering ampli­
tude i s dominated by a large number of resonances, whereas at high energies 
the amplitude i s doniinated by the exchange of a few Regge poles „ To interp­
olate between the two regions, a natural assumption is just to add the 
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resonance contribution to the Regge amplitude: 

A = A^resonance^ + Â Regge") 

At Low energies A (Resonance) dominates and A (Regge) is small while at higher 
energies A (resonance) w i l l diminish and A (Regge) w i l l take over^ In the inter­
mediate region (2-6 GeV) A (resonance)and AfRegge^are comparable and w i l l 
interfere, this is the so-called Interference Model 

The f i n i t e energy sum rules coupled with assumptions (A) and (B) gave 
a prescription for continuing the amplitudes from the high energy regions 
where A (resonance") and A (Regge) both represent one and the same thing and 
cannot possibly interfere. This has led to the term "double counting* to 
describe the interference model since from a duality argument the resonances 
are already included i n the Regge terms• 

The criticism, based on the FcEcSoRe, against the interference model 
is only valid i f the sum rules are well satisfied and i n certain cases 
(e-.g- the B+ amplitude in pion nucleon scattering) the sum rules are strong­
ly violated., Also the absolute magnitudes of the resonance and Regge con­
tributions are not determined., I t i s not d i f f i c u l t to modify the Regge 
energy dependence at low energies, with threshold factors etc 0 whilst re­
taining the necessary asymptotic behaviour. 
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LOW ENERGY PHASE SHIFT - ANALYSES 

The partial wave structure of pion-nucleon scattering has been studied 
at low energies by phase shif t solutions of the scattering data t This 
procedure has been carried out up to momenta of about 2.5 GeV/c and discloses 
a structure i n which many partial waves can be represented as a combination 
of Breit-Wigner resonances with a relatively smoothly varying background # 

In a Conventional phase shif t analyses' , complete sets of data 
,± . . 

U p t o t a l , differential and polarisation cross-sections, charge exchange 
differential and polarisation cross-sections) are assembled at individual 
energies in the energy range of the analyses * A series of random searches 
are carried out at each energy to determine the possible phase shift para­
meters and elasticities, At each energy there are many solutions and a 
solution must be selected at each energy i n such a way that they form a con­
tinuous family over the whole range* The construction of a continous solut­
ion over a range of several GeV is not simple, since for each value of the 
angular momentum there are four phases and four elasticities, and when there 
can be upwards of ten solutions for each energy the task is somewhat tedious e 

Several computerised techniques have been developed to ensure the continuity 
of the solution (minimal path, minimal angle, minimal surface) but even then 
the phase shifts have a l o t of wobbles • Hie continuous solution can be 
further smoothed by making independent f i t s to the different parti a l waves 
using dispersion theoretic parameterisations. Some of these dispersion f i t s 
are very good but the t o t a l amplitudes constructed from the dispersion 
smoothed solution do not reconstruct the data within the acceptable s t a t i s t ­
i c a l errors. 

ENERGY DEPENDENT MODEL PHASE SHIFT ANALYSES 

At momenta i n excess of 2 GeV/c, the phase shif t analysis of the con-
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ventionai type becomes increasingly d i f f i c u l t , partly because of the relat­
ive paucity of experimental data but also because of the increasing number 
of angular momentum states that are of importance. 

An alternative approach is to construct an energy dependent model which 
does not necessitate complete experiments at individual energies,since the 
model provides an interpolation over the whole energy range, The partial 
wave phase shift and elasticity parameters are then obtained from the part­
i a l wave projection of the model t o t a l amplitudes., 

Roychoudhury et al„ analysed pion-nucleon scattering i n the momentum DODO 
range 2-5 GeV/c by such an energy dependent model 0 The s-channel 
scattering amplitude i s represented as a sum of two terms 

F(s,e) = F R(s,e) + F (s,e) 

where FR(s,e) represents the amplitude for Regge pole exchanges determined 
to f i t the high energy scattering data (> 6 GeV) i n the forward and backward 
directions and Fp(s,8) i s a parameterised algebraic function of the variable 
s and 9 (c m,s6 scattering angle). The parameters i n F (s,6) are then 
varied so as to reproduce a good f i t to a l l the extant data i n the energy 
range specified and the partial wave phase-shifts are derived from the 
partial wave projection of the t o t a l amplitude F(s,e) e 

The amplitude F p(s,e) i s not to be associated with any particular 
model. Whether F (s,6) represents an interference model resonance contrib-

1? 
ution or the difference between the resonance contribution and the averaged 
resonance contribution as i n a dual type prescription i s unimportant«, The 
success of the decomposition depends on whether an economic parameterisation 
of Fp(s^e) can be found which f i t s the data* In the form adopted both 
F (s,e) and F R(s,e) contribute to the lower order phase shifts U < 8) while 
only the Regge pole exchange amplitude FR(s,e) contributes to the higher 
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order phase shifts U > 8) 0 A good overall f i t to the data was found but 
i n common with most energy dependent parameterisations over a wide range of 
energy, the 1 goodness of f i t T obtained was not equal to that given by the 
single energy 'conventional1 phase shift analyses-

C70U 
NEW PHASE SHIFT SOLUTIONS 

In the following analysis we had the objective of constructing a new 
phase shif t solution i n the intermediate energy region (2 •+ 4«0 GeV ) * f by 
combining the energy dependent results of Roychoudhury et a l , and the con­
ventional phase shift analysis techniques„ We investigated whether s t a t i s t ­
i c a l l y satisfactory f i t s that l i e close to the Roychoudhury solution can be 
obtained at individual energies«, The s t a t i s t i c a l criterion required that 

Z713 DO 
the normalised x should correspond to those given by Donnachie 033 
and more recently by Ayed et a l . for their single energy analyses. 
I f such solutions do exist ,they have the advantage of having the smoothness 
and continuity properties b u i l t i n from the i n i t i a l energy dependent f i t s , 
avoiding the d i f f i c u l t i e s encountered i n dispersion theoretic f i t s by 
Donnachie et a l . 

The method employed i s to start from the phase shift parameters given 
by Roychoudhury et a l , and search for solutions by varying the parameters 
in a limited f i e l d chosen to be within ± 20% of the starting values. From 
both our own work and from that of Ayed et al« i t is clear that phase 
shifts for l 5 cannot be determined meaningfully from the data. However 
i t i s clear by inspecting the results given by the model of Roychoudhury et 
* The analysis has been completed over the whole range 2-5 GeV but the 
results for the single energy phase shift analysis are not quoted i n the 
range 4-5 GeV because minimisation was only possible at the two extremities 
of the range. However there are several pieces of data at other intermed­
iate energies and satisfactory f i t s can be obtained by interpolating the 
phase shif t data at those points without minimisation, The phase for these 
energies would a r t i f i c i a l l y enhance the partia l waves and as such are not 
quoted, 
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al„ that the phase shifts i n the interval 5 ̂  I < 9, although small, are 
collectively of considerable importance and make a significant contribution 
to the amplitude* As higher order phase shifts are connected with the 
peripheral part of the interaction i t i s reasonable to suppose that the 
Roychoudhury model being based on Regge pole exchanges, w i l l provide these 
phases with sufficient accuracy •> Accordingly the phase shifts for i > 5 
were taken from the work of ref. [3^9^ held fixed to these values through 
out the minimisation e 

COULOMB SCATTERING 

The phase shift analysis i s complicated by the presence of the Coulomb 
interaction, the effect of which i s important at small angles (Sine~e) e To 

± ± . 

account for the electromagnetic effects m TT p IT p scattering we used the 
formalism of Roper et al = £j^3 constructed electromagnetic amplitudes, 
correct r e l a t i v i s t i c a l l y to f i r s t order i n a and non-relativistically to a l l 
orders i n do In terms of the partiy conserving helicity amplitude f i C ^ p ) 
and f 7 C TT lp), (see Equations 1 0 41), we write 

„ em/ ± v _ ~ rem, ± * , « coul, ± v ~ coul a, ± * f-, (-T p) = f;( (7T p) + f i (7T p) - f x (7T p) 

P em, t v „ rem, ± x ^ „ coul, ± x „ coul a, ± v f 2
 1 - p) = f 2 ( N P ) + *2 Ĉr p) - f 2 QTT p; 

4.1 

where f ^ ^ ( - ^ " " p ) , f 2
r e m ( f T ~ p ) are the r e l a t i v i s t i c amplitudes correct to f i r s t 

order i n a, f 1
c o u 1 ( T T ± P ) , f 2

c o u l(7T ±p) are the non r e l a t i v i s t i c electromagnet­
ic (Coulomb) amplitudes correct to a l l orders i n a and f ^ 0 0 1 1 1 a(7r ±p) > 

f 2
c o u l o t(w ±p) are the non-relativistic limits of f 1

r e m ( i r ± p ) , f 2
r e m ( 7 r ± p ) 

correct to f i r s t order i n a 0 

The t o t a l amplitudes for T^p -+ i^p scattering are then 
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4.2 
f 2 ( / P ) = f 2

N ( ^ P ) + ?2
em(*±p) 

where (^p) and f 2

N ( - ? T ± p ) are the pion nucleon amplitudes constructed from 
the phase shifts and free from Coulomb scattering effects. The forms of the 
electromagnetic amplitudes as taken from Roper et a l . are given i n AppendixB0 

DATA AND MINIMISATION PROCEDURE 

As emphasised by Ayed et a l . ^ 7 3 ^ ] complete sets of experiments ( d i f f ­
erential cress-sections and polarisation measurements) do not exist at any 
energy i n the interval under consideration. However, the results of exper­
iments whose momenta l i e close together within the momentum resolution of 
the beam can be grouped together, and i n this way nearly complete sets of 
measurements can be assembled. The data employed amounts to 1,104 experi­
mental points taken from the data references D̂ATA. 1 ^ - At momenta between 
those used i n the analysis the small number of experimental results avail­
able does not constrain the behaviour of the partial waves because i t i s 
possible to find a solution which interpolates solutions at adjacent 
momenta c I f we were to include the solutions at these momenta amongst the 
results they would a r t i f i c i a l l y enhance the behaviour of the partial wave 
amplitudes„ 

We made no preliminary selection of the data and a l l the available data 
at the quoted energies has been used. I f there were many experiments at 
each energy one could perhaps i n theory isolate the l i k e l y discrepancies but 
i n practical work one rarely finds such a clear cut judgement i s possible. 
In many cases the different sets of data are inconsistent particularly i n 
normalisation and account of this inconsistency was made i n the T f i t t i n g ' . 
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At each energy for which the data was assembled the quantity F defined 
below was minimised. The normalisation parameters enter as a direct 

DO . 
contribution to P0 Alternative expressions for F , involving d i f f e r ­
ent weights for the normalisation parameters were used but the expression 
below was used i n the actual f i t s , 

y-cu(n) Gn(exp)-Gn(calc)--|2 P i " 1 * ! 2 

F = I 
n 

In this expression Gn(exp) are the measured quantities, di f f e r e n t i a l cross-
sections, polarisations etc* and G n(calc) are the same quantities calculated 
i n terms of the phase shif t parameters. The normalisation of different sets 
of angular distribution measurements, as noted previously, can be inconsist­
ent. To allow for a common normalisation error on a set of measurements the 
parameters cu (n) are introduced, these being varied during the nunimisat-
ion, The normalisation error A cu has been taken from the experimental 
papers or, where this i s not given a possible error of 5 £ - 1 0 ? depending on 
the nature of the measurements5 has been assumed, 

No attempt was made to determine a l l solutions at each energy, rather 
we sought an acceptable solution such that the phase-shift parameters for 
I < 5 were within + 20% of those given by the Roychoudhury model while keep­
ing the phase shifts for % - 5 fixed to those given by that model. 

RESULTS 

At each energy for which the data could be assembled a satisfactory 
solution was found of the type specified. The phase shif t parameters are 
illustrated i n Figs . 1 - 1 8 where they are compared with those given by the 
Roychoudhury model. The existence of the solutions corresponding to a norm­
alised x 2 i n the range 1 to 1 . 8 confirms that the f i t provided by the 
smoothed energy dependent model i s neaningful and represents a possible 
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solution to the problem. 
In most pa r t i a l waves the energy dependent model provides phases which 

are the average of those phases given by the single energy f i t s . The rapid 
and erratic variation of the single-energy phase shif t parameters as a funct­
ion of energy within a l i m i t about the smoothed phase shifts i s certainly, 
i n the main, due to inconsistencies i n the data. A careful check eliminat­
ed the possibility that the variations seen were due to the existence of two 
or more different smooth solutions i n that part of parameter space consider­
ed. I t i s impossible to assign errors to the individual phase parameters 
because of the inconsistencies i n the data, but i t is clear that these . . 
errors cannot be less than 10-15%= The errors are largest i n the lowest 
partial waves and the S wave, i n particular, i s possibly not well 
determined 

In the energy-dependent model the partial waves exhibited structure 
which can be interpreted i n terms of the resonances listed i n table V. The 
resonances given i n table V can also be identified i n the single energy 
solutions with the exception of those i n the D33, partial waves. In 
these particular p a r t i a l waves identification i s not possible because of the 
erratic behaviour of the phase parameters 

DO 

T = Y2 RESONANCES 

POSITION (W i n GeV) PARTIAL WAVE 

2,4 
2,4 
2.6 

2.1 
2.2 
2.2 

S31 

D35 
F 3 5 

H3II 
P.3 3 
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T = y2 RESONANCES 

POSITION (W i n GeV) PARTIAL WAVE 

2,16 G 17 
G 
H 

2 , 1 0 

2,59 
2.20 11 

F 15 
11 

2 c 1 6 

2,52 

TABLE V 

CONCLUSION 

Comparison with the results of Ayed et a l . and Donnachie are d i f f i c u l t , 
especially due to the increasing number of pa r t i a l waves used i n each solut­
ion but substantial differences do exist between the phase shifts given by 
these two analyses and between those given here. The major d i f f i c u l t i e s 
arising i n the single energy analyses are those of ensuring that -out of the 
great multiplicity of solutions, the proposed solution is the physical sol­
ution and at the same time of ensuring that phase shifts of sufficiently 
high order are included. Because of these d i f f i c u l t i e s and i n particular 
because only a limited number of phase shifts have been employed U<5)* none 
of the existing single energy phase sh i f t analyses can be considered com­
pletely satisfactory above 1-5 GeV, 

Partial wave decomposition of particle reactions remains an interest­
ing analytical tool at high energies because resonances continue to appear 
i n individual p a r t i a l waves as the energy of the reaction i s raised. I t i s 
one of the central questions of particle physics whether resonances exist at 
any a r b i t r a r i l y high energy or not and since high energy resonances are often 
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partly inelastic and are buried within many other angular momentum state con­
tributions, they are not apparent without detailed angular momentum decom­
position of the experimental observables* 

'Conventional1 phase shif t analyses become increasingly d i f f i c u l t at 
intermediate and high energies because of the large number of parameters 
needed. The energy dependent model analysis represents a useful alternat­
ive involving fewer parameters 8 Even then the analysis suffers from a lack 
of the f r i g h t 1 data* We strongly encourage experimentalists to complete 
measurements of reactions at a l l angles, not just the extremities and tc 
complete sets of measurements at individual energies i n the intermediate 
energy region 0 



FIGURE CAPTIONS - CHAPTER 4 

FIGSo 1 - 1 8 Phase s h i f t parameters for e l a s t i c pion nucleon scattering» 

The continuous li n e represents the solution of Roychoudhury 

et ale [^ref068,693 and the individual points are the resu l t s 

from the present work. 



Q 
O 

/ 

/ 

OJ OJ 
O cc -o 
<M _ _ _= 

u 

5 
z 
UJ 

O 

Z 
O 
a 

^ O 
O 

\ 

\ 

/ 
/ 
/ 
i 

/ 
/ 

/ 
/ c. 
I 

\ 

\ 

\ 

°\ 
o \ 

\ 

D / D 

I 
° / a 
/ 

/ 

OJ 

O 

a 

ro 

ro 

OJ 
ro 

o 
ro 

CD 

OJ 

rv 

oj 
Oj 

O 
CM 

O o 

CM 

cub 

I r 

\ 

1 

\ 
6 3 o o o o o" 
- Of r o o * •Sl 

> 
• 

5 
D 
Z 
UJ 

O 
2 
CO 
< 

z 
O 

O 

/ -

0/ 
/ 
/ 
I 
18 
1 

0 » o 
\ 
\ 
V 

I/) 

0 o tr> v ro OJ _ 
o 6 6 0 0 0 

ro 

ro 

O 
ro 

oil 

oi 

01 
oi 

O 
oi 



D I -Z 
UJ 

O 
5 

< 
J 
Z 
g 
a 

o \ o 

a 

\ 1 

\ 
o \ 

\ 

I I I I I O 6 
OJ 

6 

OJ 

O 
m 

oi 

rvj 
oj 

O 

bb 
• • — I 

CO 



2 
D 
H 
Z 
UJ 
2 
O 
5 

/ 

m 

J jo O 

to 
(N 

b i 

to 
O 

9 

\ 
CM 

O 
CM 

I 

> 
IS 

I I 

\ 

in 
I 

GO 

6 O o 
in 

2 
=> 

Z 
UJ 
2 
0 
2 
CD 
< 

Z 
o 
a 

/ 

/ 

/ 

o / 
o / 

/ 
/ 
I 

I 

/ 
I 
I 

I 
I o 

/ 

1 

I 
I 
I 

I 
I 
I 
I o 

O 
m 

ao 
ri in 

b i 

\ 

2 

v 

0/ 

I 

O J 

O 
rvi 

I 
ao 
I l 

O z C* 
7 1 i i 

if) 

I 

C O 

I 

o 
i i 6 

qD 
6 O 

s0 

6 
in T 



> 
3 
5 
D 
2 1 
UJ 
0 

CD 
< 

z 
O 

/ o 

t 

7 

O 

CD 

00 

-9 

rv 

) 8 

o £ 
O 

> 

2 
D 
Z UJ 
0 

CO 

< 

O i 
rn o 

O O O O o 

O 
ro 

Z 
0 CD 

bb 

a / 
/ 

/ 
/ 

/ 
/ 

/ 
/ I o 

I 

— CM m 
» I I I I I 

r-
i 00 o o - <y. i 6 

/ 

d 

o 
CNI 

6 



> 
V 

f 
I 
/ o 

2 
D 
h-
2 
UJ 

5 
O 

9 

OI 
ro 

O 

Z 
O 4 oi o 

St in 
i 

> 
4 

o 
in 
I 

in 
l 2 

I I 

l 

I O 

o 

o 

O O O 
o »n i 
6 o d 

oi 

oj 

O 
O J 

6 

5 
»-z 
UJ 

O 
5 
C D 

Z 
O 
a 

/ 
O J 

O 
n 

co 

O J 

O J 

O J 

O J 

\ 
\ 

a 

a 
o 
oi 

O J oi 
I I 

in 
I 

co 
6 o o in 

d 



> 

rn 

5 
t-
Z 
UJ 

O 
2 
o 
X 

Z 
g 

rsi 

GO 

O J 

O J 

CM 
i—i 
bb •i—i 

/ 

/ 

/ 
/ a 

O J 

O J 

O J 

/ 
a 

* \ 

O 
O J 

I 
r® o ™ ^ o • 0 w * 

1 - T 7 T T f ? 7 7 
• 0 
f 7 

00 
6 6 6 

in 
6 6 6 

> 
—' 

=> 

Z 
UJ 
2 
C 
2 
§ 

l 
f 

oj 

O 

Z 
o 

C D 

Of 

>© 
OJ 

O J 

bD 

n 

a 

o 

i 

\ 

\ 
\ 

a 

OJ 
OJ 

I o 



> 

1 

D| 
h-2 
UJ 
O 
5 
CD 
< 
- I 

z 
g 
a 

O 
rn 

/ 
/ O 

0 

CM 

CM 

CM 

o o / 
/ 

* / 
/ 

/ 
/ 

Q 

/ 
/ Q 

O 

i i 

> 
3. 
2 
D 

Z 
UJ 1 

5 
0 
5 

6 
T 
6 o 6 

CM 

O 

CD 
< 

Z 
o 

I 
I 
I 
I 

m CO 

CM 

bfi 

CM 

CM 

CM 
CM 

O 
r i o a 

O 
CM 

I I 
O 
7 

3~5" 
- o 6 6 



r 
I 

O 

7 
OD t 
Oi 

/ 

<7 

/ 
P / 

/ OJ 
I OJ 

r- l 
rn 

o 
\ 

rn / 

53 <r> i 
O O o 

i 
I o 

r rn 

I 
I UJ 

rn 

rn 

o 

a/) 

0 1 

oi 
OJ 

m LT. 
O \ 

OJ 



p 
I 

> 
O 

2 

Z 
uJ 
5 
O 
5 
< 
- I 
Z 
O 
n 

o 
o 

r* m 

7 7 
e> Q _ rw rn T m -o p*. ^ ^ Q 

P J M ' N ^ N N N N OJ M 

> 
5 
5 
D 

Z UJ 
2 
0 
5 
CD 
< 
J 

Z 
0 
a 

/ 
/ 

/ 

o 
O 

o 
o 

*3 

rn 

Q 

CO 

oi 

eg 

O J 

rg 

O 
O J 

CO 

O 

/ 

V 
/ 

/ 

8 

o o> 
0 

m 

T " 
CD 6 

c 
o 
CD 
—-* 

o 
c 
c 
o 
a 
CJ 
•*H •4-i 
CO 
a 
O) 
u o 
CO 
i-i 

00 QJ £ o) 

5 4J 
•*-» 
3 CO 
»—« •*-» 
o c 
co -g o> a x, . 
~ C3 
CO 3 
•*-» T 3 

c .2 
<D > U 
CO £ J O 

^ 1 * 
OJ Oj c 

^ CO bfi d 
•KH S I 

a. 

CO 
I a> 

CO a3 -C 
a. 
GO 
T—l 

I 

CO 

OJ _ . OJ 

O CM 
3 

OJ 
* 43 

C O 
o 
OJ OJ 

4 = . H C 
. 3 

s- o 

OJ J S 

co GJ 

O J 

cn 

O 
m 

0 0 

O J 

7 
O J 

CN 

O 
O J 

bfl 

d 



CHAPTER V 



81 

Pion nucleon elastic and charge exchange scattering are p a r t i c u l a r l y 

suitable processes f o r investigation v i a the f i n i t e energy sum rules since 

r e l i a b l e phase s h i f t data i s available at low energies from which to con­

struct the low energy ' l e f t hand side 1 amplitudes• Phase s h i f t data exists 

up to 2 GeV fo r pion-nucleon elastic scattering and extensive analyses DO DO EkQ 
using the sum rules f o r the isospin one and zero exchanges 

have been performed at t h i s particular cut o f f . Their results indicate that 

only the traj e c t o r i e s i d e n t i f i e d from the scattering data i n the Regge 

.region (> 5 GeV) are necessary to satisfy the continous moment sum rules 

evaluated at the low cut o f f of 2 GeV and that these few Regge poles give 

the mean behaviour of the physical amplitude i n the intermediate energy 

range, 

I n the present analysis we have the objective of comparing the results 

from a simultaneous analysis of the scattering data and the continuous 

moment sum rules evaluated at the low energy cut o f f of 2 GeV with those 

from a similar analysis at a 5 GeV cut o f f . Since i t i s not obvious that 

the leading t r a j e c t o r i e s , s u f f i c i e n t to f i t the high energy data should be 

the only important ones at energies well below the Regge region, we wish to 

id e n t i f y the contributory Regge terms f o r each particular cut o f f and 

determine whether the leading trajectories are s u f f i c i e n t to construct the 

amplitudes v i a the C0M.S.RC at 2 GeV without further contributions. 

From the analysis we are able to make several general observations of 

the use of the CM.S.R. to supplement high energy scattering data and under 

what circumstances the sum rules alone are useful i n determining high energy 

parameters„ 

I t i s apparent from the high energy pion-nucleon scattering data that 

the spin f l i p amplitude v B~ parameterised by a single p Regge pole and the 

non-spin f l i p amplitude v A + parameterised by a sum of Pomeron and P! Regge 
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poles are the dominant amplitudes and that the details of these amplitudes 

account f o r the general features of the scattering data 0 

The ColVLScR. at 5 OeV f o r these amplitudes are i n excellent agreement 

with the scattering data 0 This i s not surprising, since we know from the 

scattering data that we have given the amplitudes the correct asymptotic 

forms, Even down to low energies the scattering data exhibits the dominance 

of the p spin f l i p amplitude and the P3P' non spin f l i p amplitude such 

that contributions from other l y i n g t r a j e c t o r i e s s t i l l appear r e l a t i v e l y 

unimportant i n these amplitudes and the C.M.SoR. are well s a t i s f i e d at low 

cut-offs by the above few Regge poles. 

The amplitudes A'° B + are not resolved by the scattering data very well 

and the sum rules o f f e r a chance of unscrambling the details of the i n d i v i d ­

ual amplitudes which are not overt i n the scattering data, The high energy 

cut oft sum rules f o r A , B although giving reasonable agreement with the 

scattering data are not s a t i s f i e d as well as the equivalent v A , v B sum 

rules. The divergencies are even greater i n the low energy cut o f f C0|VLS0Ro 

for- the amplitudes A , B and there i s strong evidence that contributions 

frcm trajectories other than those i d e n t i f i e d i n the scattering region are 

present i n these amplitudes at the low cut-off = 

The results f o r these amplitudes emphasise the non predictive nature 

of the CMVLSoR, The sum rules w i l l only y i e l d physically meaningful solut­

ions i f they are given a l l the contributing terms at the cut o f f at which 

they are evaluated and what i s more important, the sum rules evaluated at 

cut-offs below the Regge region (> 5 GeV/c) are only useful i f we have i n ­

formation on the extrapolation properties of the various contributions which 

can only be supplied by the data* 
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^ULTS 
f'+ f ~ + 

The Regge pole contributions to the amplitudes v A A , B , v B as 

id e n t i f i e d from the simultaneous analysis of the scattering data and CMoS.R 

are summarised below: 

1) The CIVLS.R. and the scattering data are complementary i n determin-

ing the Regge contributions to the amplitudes v A , v B . Analysis of the 

sum rules alone or the scattering data indicate that these amplitudes are 

given by the P,P',p Regge poles where 

a p = 1.0 + 0.25t 

«pi = 0.57 + 0.9t 

a p = 0*55 + 0.9t 

2) The Pomeron and P1 e f f e c t i v e l y decouple from the B + amplitude i n the 

Regge region and we show that the P,P',P" f i t s t o t h i s amplitude from the 

low energy cut-off sum rules and the scattering data represent a non physic­

a l solutiono The B + amplitude, determined from a simultaneous analysis of 

the scattering data and C.M.S.R. evaluated at 5 GeV, i s characterised by a 

single new vacuum trajectory: 

a - -0.46 + 0,8t n 

3) Two trajectories pp 1 are necessary to construct the A C0M0SoRc and 

reproduce the charge exchange polarisation data: 

a) The analysis at 5 GeV indicates that the p f contribution t o 
t h i s amplitude i s large f o r t t 0 and that the p f i s given by 

a . = 0.0 + 0.8t 
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b) The A~ C0McS0R0 evaluated at 2 GeV indicate a p 1 trajectory 
given by 

a . = 0o3 + 0o8t P 

which i s ivob S t t ^ ^ S ^ ^ ^ l U j t h e energy dependence of the charge exchange 

polarisation and indicates that contributions other than those i d e n t i f i e d 

f r o i : the high energy scattering data are important i n t h i s amplitude at low 

energieso 

THE ANALYSIS 

The analysis divides i n t o two d i s t i n c t parts„ I n the f i r s t part the 

isospin .1 exchanges are determined from the charge exchange scattering data 

and the CeMeS„R, f o r the amplitudes A , v B (simply related by isospin 

invariance to the charge exchange amplitudes, equation 2*l8)e I n the 

second part the isospin 1 exchanges are fixed from the preceding analysis 

and the isospin 0 exchanges determined from a further analysis of the 
!+ + 

elastic scattering data together with the v A and B sum rules» 

The Regge asymptotic forms f o r the pion-nucleon amplitudes are taken 

from equations 2*19 
A! + = 2 V ( a ( t ) , t ) & + ( t ) (v 2-v 2 ) * / 2 

^ 9 Z ) a l l isospin ° 
0 exchanges 

q-2 
B+ = 2 V ( a ( t ) , t ) £ +(t) v(v 2-v 2 ) 2 

v v* ; a l l isospin 
0 exchanges 

a-1 
A!" , = i y~Mt)>t) £ ~ ( t ) v ( v 2 ~ v Q

2 ) 2 

; a l l isospin 
1 exchanges 

BT . . - 2 f f ( « ( t ) f t ) f " ( t ) (v 2-v *) 2 

v » y a l l isospin 
1 exchanges 

5 = 1 
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where a(t ) denotes the t r a j e c t o r i e s , y~> 3", Y + and 6 + are the residue 

factors and the signature factor £~(t) i s given by: 

, -l i r a 

Ihe CoM.SoRo derived f o r these amplitudes are given i n equations 3.16 where 

the nucleon pole term contributions given i n table IV are understood to be 

added to the l e f t hand side integrals. The l e f t hand sides of the sum rules 

were evaluated from the Donnachie phase s h i f t s , the upper l i m i t being 

= 2.075 + t/4M and from the phase s h i f t given i n Chapter 4, extending the 

upper l i m i t to vj = 5*0 + t/4M. The l e f t hand sides are i l l u s t r a t e d i n 

Pigsd and 8 f o r the two cut-offs at several moments and the continuous 

lines represent various f i t s , the details of which are discussed l a t e r . 

I n a simultaneous analysis of the scattering data and sum rules the 

assignment of errors to the sum rules i s an important factor. I n a process 

such as pion - nucleon elastic scattering where we have a wealth of scatter­

ing data, the significance of the sum rules i s greatly reduced since t h e i r 

overall weighting i n the analysis i s small compared to the scattering data. 

Conversely i n the charge exchange analysis the sum rules play a more import­

ant role because of the paucity of experimental data. We assumed a common 

percentage error of 20? fo r the v A , A , B , v B sum rules which gives 

about equal weight to the C.E.X. data and the sum rules i n the charge ex­

change analysis and proportionally less i n the analysis of the elastic 

scattering data. 

The charge exchange data set comprised 129 points i n the range 

t = 0,0 * -1.8 (GeV/c)2 95 d i f f e r e n t i a l cross-sections and 34 polarisation 

measurements taken from the references DATA2 

~ £ ( 7 r V i r 0n) 5*9,6*0,9*8,10,0,13*3,18,2 GeV/c 

P U ' p V n ) 5*0,5*9,11-2,8.0 GeV/c 
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The elastic scattering data comprised 508 points i n the range 

t = 0,0'- -2,0 (GeV/c)2 320 d i f f e r e n t i a l cross-sections, 51 t o t a l cross-

sections and 137 polarisation measurements taken from reference DATA3* 

ISQSPIN 1 EXCHANGES 

We considered two ranges of the momentum transfer t given below t o 

gauge the effects of the large momentum transfer sum rules which may be un­

re l i a b l e due to extrapolations of the p a r t i a l wave series outside the 

physical region 

and we analysed the sum rules over three ranges of the continuous moment 

parameter <• 

™ uVVp) 5*0,6 ,8,7.0,8,5,8,9,10,0,10,8,12,4,12.8,13.0, 
Q t 14.8,15*0,16,7,17-0,18,9 GeV/c 

P ( i r V - ^ P ) 6,0,8,0,10,0,12,0,14,0 GeV/c 

0,6 (GeV/c) 0,0 t 
i n steps of 0,1 (GeV/c) 

1,0 (GeV/c) 2J t = 0,0 -

CO * -3o0 ) 

1,0 ~ -4,0 i i n steps of 0,5 

1.0 " -5o0 

The residues were parameterised by the following functions: 

C,t 
Y~ ( a ( t ) f t ) = C Q(1-C 2t) e 6 ( a ( t ) . t ) - D e P 

5o2 
Cjt Dit 

Y~? ( a ( t ) , t ) = t C o ( l - C 2 t ) e 3~t ( a ( t ) , t ) = DQ t e 
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The factor t i n the p f residue ensures that the contributions of the p and 

p f are of opposite s i g i for t < 0 and i f the p ! i s a Regge pole then we can 

regard t h i s as a nonsense mechanism or a conspiring pole= I f the p ? i s an 

effective cut, we do not expect such factors to be present and i f we give 

the pk an arbitrary negative sign w.rot,, to the p then there i s l i t t l e 

evidence i n the high energy analysis of such a t-factor. 

We f i t t e d a l l the charge exchange data and the sum rules over the given 

ranges at the high and low cut offs and the r e s u l t s are summarised below« 

a) The low cut off sum rules were compatible over both ranges of * t f 

but they were susceptible to the choice of the continuous moment parameter; 

the higher moments, \^\ > 3 causing a dramatic change i n the solution. The, 

best f i t to the sum rules and data indicated a p' with an intercept 
L 

a f(G) = 0.3 (Pig.l) but t h i s was attributable to the f i t t i n g of the A~ sum P 

rule. We relaxed the errors on t h i s sum rule, effectively weighting them 

out of the analysis and improved the f i t to the data considerably, solution 

1 table VI. The f i t s to the polarisation data and the sum rules are i l l u s -
L 

trated in figs,2 and 3 and the discrepancies i n the A sum rules are appar­

ent. 

I t was evident from our analysis that to construct the solutions of 

similar analyses at 2 GeV we had to assign large errors " 80? to the 

sum rules and t h e i r usefulness i n constraining the analysis i s then question­

able, 

b) The analysis of the C.M«S.RW at 5 GeV and the scattering data was 

very satisfactory. The sum rules and the data were f i t t e d well over a l l the 

ranges of t and t . The best f i t solution i s given i n table VI solution 2 

and the f i t s to the data are i l l u s t r a t e d i n figs.4,5,6* 

There i s some evidence from the parameters of the f i t for a factor a 
P 

i n the A amplitude equivalent to a nonsense mechanism for the The ores3-
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over zero then arises from a cancellation between the p and p T residues i n 

the range t = -0.1 ~ -0,2 (GeV/c)2, 

d) An important feature of the v A sum rules i s the second zero i n 

Im A" at t = -0,9 " -1-0 (GeV/c)2 (see f i g d a , b ) 0 Although the CoM.S.R. are 

somewhat unreliable at these large t values, the zero i s apparent i n the 

CeMoS*Rs evaluated at both cut offs« I n the p,p' parameterisation we have 

used, i t i s d i f f i c u l t to reconcile the positions of both zeros without 

introducing further (1+a f ) factors which we do not expect to be present i f 

the p f i s an effective cut parameterisationo 

Discussion 

The parameterisation of the charge exchange amplitudes i n terms of the 

o,p' Regge poles gives a good description of the scattering data, especially 

the recent polarisation measurements at large t-values. I f the p* i s a 

bona-fide Regge pole, then a straight l i n e extrapolation would place a 
P 

J ~ 1 p a r t i c l e i n the 1 ~ 1,5 GeV mass region• No such meson has been 

observed and i t i s expedient to regard the p' as an effective cut contrib­

ution, 

Regge absorptive cuts are commonly added t o the p Regge pole t o 

generate the d i f f e r e n t phases of the spin f l i p and non spin f l i p amplitudes 

so as to obtain a non zero polarisationo However such a prescription i s un­

able to account f o r the recent large't* polarisation measurements and c a l ­

culations of < * e f f show no evidence of absorption i n pion-nucleon charge ex­

change. 

With reference to the summary of the 'general properties of cuts 1 

Chapter 2, section C a p P1 cut would have the sameAphase, energy dependence 

and signature as the p * and further i t would have the r i g h t sign contribut-
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ion w=r 0t 0 the p pole which is a r b i t r a r i l y introduced by the factor t in the 
p ? {the factor t also ensures that the p* contribution i s small at t = 0 
which i s not compatible with a cut contribution but we were able to show 
that the contribution did not need to be small at t = 0 when we gave i t s 

Thl^excellent description of the spin f l i p amplitude B by a single p 
pole with a single a factor i n the residue suggests that the p pole must have 
the nonsense wrong signature zeros. Hence the p P! cut calculated in a 
Regge absorptive-eikonal prescription w i l l be necessarily small because of 
the large cancellations i n the cut convolutions due to the sign change of 
the Regge amplitudes at the nonsense zeros. 

This necessitates the introduction of unknown multiplicative factors 
to vary the strength of the cut, i n particular to enhance the cut contrib­
ution to the A " amplitude to account for the large p ! contribution* Tnls 
i s a very unsatisfactory situation and i n the absence of any other prescript­
ion for calculating Regge cuts we are forced to conclude that the p 1, para­
meter! sed as a Regge pole is about the best description we have of the A 
amplitude's contribution to the charge exchange polarisation• 

ISOSPIN Q EXCHANGES 

Pion-nucleon elastic scattering involves both isospin 1 and 0 exchanges0 

The isospin 1 exchanges are fixed from the previous analysis of the charge 
exchange data and the isospin 0 exchanges are to be determined from the 
analysis, 

This part of the work f a l l s into two sections, a f i t to the elastic 
'+ + 

scattering data alone and a simultaneous f i t to the v A , B C*M6S0R0 and 
the scattering data* 

A l l our f i t s are highly constrained by the to t a l cross-section measure-

. t . the p pole}. tWeu«.r H\ residue function an arbitrary negative sign w*r 
W i s e (XA fcitaftoA cul-'»6 otfu. di-fteftnt ? 

8 bv a sin of the excellent le 
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merits which we f i t t e d within the quoted experimental errors. The x 2 con­
tribution from these points is necessarily large and they have not been i n ­
cluded i n the quoted x2» However i t w i l l be observed from the f i t s to the 
total cross-sections that our f i t s give an excellent description of this 
data up to 2 0 GeV. 

a) Fits to the data 
We f i r s t analyse the data i n terms of the P.P1 model outlined i n 

Chapter I I . The best f i t s to the data indicated the following residue para-
meterisations 

Y p («(t)ft) = C q e a p - 0pf (aCt),t) = DQ e 1 o pT(l+a p f ' 

C t 
Yp, ( a ( t ) , t ) = CQ e 1 a p t2 ( l + a p T ) 2 0 £ f W t ) , t ) = eX\* (l+a p l ) 2 

5 - 3 

The 'no compensation mechanism1 was preferred to the 'Chew mechanism1 for 
the Pf residue i n a l l our f i t s . 

Two solutions A and B are construeted'which d i f f e r i s that solution A 
is constrained to have residues of the same sign i n the spin f l i p and non 
spin f l i p amplitude and solution B has opposite signu. 

The parameters and x 2 for these f i t s are given i n table VII and i t i s 
seen that solution B yields the best f i t and that there i s a large increase 
in x 2 for .solution A, the predominant part arising from a bad f i t to the 
polarisation data. Unfortunately C.M.S.R., as w i l l be demonstrated resolve 
the sign of the B+ amplitude and do not allow solutionsof type B. 

Ihis necessitates the addition of a further trajectory designated by 
the Pft to improve the f i t to the polarisation data i n solution A. The 
essential feature of such a trajectory, is that for t < 0 , a < 0 i t con­
tributes with opposite sign to that of a trajectory a > 0 i n the imaginary 
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part of the amplitude because of the signature factor e B Thus a P" 
allows us to construct solution B i n effect without introducing opposite 
sign residues. 

We f i t t e d the data alone, including this additional vacuum trajectory 
and the P,P* residues are parameterised according to Equation 5 . 3 with the 
P" residue given by 

Cit f Djt 
Ypn (a(t)>t) = C q e ap„ Bp« U ( t ) , t ) = D q e a p M 5 - 4 

An immediate result i s that the contribution of this trajectory to the 
-spin f l i p amplitude i s negligible. This i s not surprising since the 
Pomeron and P? contributions are large and well determined by the t o t a l 
cross-sections o I t s contribution to the B+ amplitude i n comparison i s large <> 
A typical solution i s given i n table V I I I e Solution C and a l l the f i t s i n ­
dicate that g p , 3 p j j are small, compatible with zero and we used this con­
straint i n a re-analysis 

* p f t M p M
p t 

This parameterisation gave an excellent description of the data. The best 
X2 was 9 5 0 on 4 5 7 differential and polarisation cross-sections * I f a l l 
single points for which x 2 > 1 ° ^ e removed, which can be described as bad 
data points, the x 2 i s improved to 5 8 0 on 4 2 8 points * The parameters of the 
f i t are given i n Table VTII solution D but i t must be observed that the 
scattering data i s insensitive to the details of the a p f t trajectory and 
equally good f i t s are obtained for the following range of slope and inter­
cept 

- 0 , 3 < a „ ( 0 ) < - 0 * 5 

0 * 7 < â „ < 0 . 9 
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A Simultaneous Analysis of the elastic scattering data and the sum rules 

The polarisation, which i s constructed predominantly from the inter­
ference between the P0Pf non-spin f l i p amplitudes and the p spin f l i p 
amplitudes together with the t o t a l cross-section data determine the non-
spin f l i p contributions of the P,P? very well but from the preceding analy­
sis the spin f l i p contributions are not well determined i n detail. I t would 
be hoped in a simultaneous analysis of the C0M,S.R, and the scattering data 
that the sum rules w i l l resolve the contributions to the B + amplitude better. 

We performed two analyses, one at each cut off for the sum rules, 
determined from the low energy phase shifts. The C.M.S.R. were f i t t e d over 
two ranges of t 

0 < t < - 0 . 5 (GeV/c)2 j 
f i n steps of 0 . 1 (GteV/c)2 

0 < t < - 0 , 9 (GeV/c) 2J 

and one range of e 

- 1 , 0 < e < - 5 o 0 i n steps of 0 , 5 

The results of the analyses at the high and low energy cut offs d i f f e r 
especially i n the contributions to the B + amplitude and for c l a r i t y we 
report the details of the f i t s separately, 

a) CcM.S.R. evaluated at 2 GeV 

Three trajectories P,Pf,PM are necessary to give an adequate des­
cription of the sum rules, evaluated at a 2 GeV cut off, and the high energy 
scattering datao The Regge residues are parameterised by the forms given 
in equations 5 - 3 and 5 ° 4 , 

The best f i t indicated a x 2 of 9 8 0 on 4 1 7 d i f f e r e n t i a l and polarisat-
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ion cross-section measurements (this i s the reduced x 2 i n which points 
x 2 > 10 are not included},, The parameters of the f i t are given i n table IX 
solution E and the f i t s to the CMwS.R- illustrated i n fig»7* 

t + 

The two poles P and Pf give an excellent description of the v A sum 
rules as illustrated i n Fig*7* Comparison of the data only solution C with 

' + 

the above solution E indicates the v A sum rules are i n agreement to such 
an extent, that an. analysis of these sum rules alone would yield the same 
high energy contributions„ 

The CoIVLSoRo for the amplitude B are not f i t t e d very well even by 
three trajectories and any attempt to force the solution to f i t the B + 

C0M0S0R0 destroys the f i t to the polarisation data completely. 
This suggests that the B+ C.M.S.R. evaluated at 2 GeV and the scatter­

ing data are incompatible and that the P̂ P̂ P" solution to this amplitude 
is spuriouso 

We considered the B + C*MoS 0R e independent of the scattering data to 
determine the leading contribution i n a one pole model of this amplitude«. 
Prom a simple consideration of the function Sin 12 (a-e-1) / a-e-1 appear­
ing i n the r 0 h 0 s o of the B + C.M.S.R. and the l e f t hand side plots at several 
integer moments fig.8 a. i t i s apparent that the B+ C»M.S*R. are con­
structed from an effective single pole term with a > 0 and positive residue. 

A one pole f i t to the B + sum rule, illustrated by the continuous line 
i n fig*8(a) gives a good description of the data over the whole t range with 

a R = 0,5 + 0,9t 

This solution i s certainly incompatible with the scattering data {see 
solution A,B table VTI} which indicated that the leading contribution to the 
B+ amplitude was characterised by a single trajectory a < 0 . 

The P,Pf,Pfl solution i s a 'compromise solution 1 between the requirements 
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of the scattering data and the requirements of the C.M.S.R. The large con­
tributions of the P,Pf trajectories (a>0) required to construct the sum 
rules must be cancelled by equally large contributions from a trajectory 
a < 0 to preserve the f i t to the polarisation data. 

The P,PT,P" solution involving such large cancellations between several 
Regge terms must be regarded with suspicion and we suggest that i t represents 
a non-physical solution to the B+ amplitude in the high energy scattering 
region, 

C cMcS,Rc evaluated at 5 GeV and scattering data 

The l e f t hand sides of the B+ C,M0S,R, evaluated at 5 GeV are given by 
the opposite sign, for the odd integer moments, to those at 2 GeV (Fig,8(a), 
(b)). This qualitative change i n behaviour indicates that the sum rules are 
^ivea an effective single pole model by a trajectory a < 0, Such a con­
tribution is compatible with the hflgh energy scattering data and the para-
meters of this trajectory are determined from a f i t to the C.M,S,R, and the 
scattering data. 

The Regge residues were parameterised according to equations 5° 3, 5°4 
subject to the constraint; 

3 p = P p, z y pif = 0 

This solution, which is very economic i n parameters, gives an excellent 
description of both the C,M,S.R. {fig,12} and the scattering data {figs.9* 
1 0 , l l h The best f i t s gave a x2o? 630 on 430 scattering data points and 
the parameters of the f i t are given i n table IX solution F . 

The A+ CMoSeR, are satisfied well within very small errors, they do 
not constrain the solution and could have been predicted from the scatter­
ing data solution alone. 
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The B + C.M.S.R. are f i t t e d well over the whole t range 0*0 " -1.0 
(GeV/c)2 and for moments |e| > 1.5. (The low moments are not f i t t e d as well 
because they emphasise the low energy part of the sum rules which we have 
already shown gives misleading results). 

The scattering data and B + C.M.S.R. evaluated at the 5 GeV cut off 
indicate a single new vacuum trajectory 

a = -0.46 + 0.8t n 

is sufficient to construct this amplitude. Because of the quantum numbers 
in the t channel of elastic scattering this trajectory must have 
G + P + 
I = 0 J = J (J=0,2 . . . ) , C = + . The f i r s t particle recurrence, assum­
ing a straight line extrapolation, should be a spin zero particle, i n the 
mass range 700 " 8 0 0 MeV. A likely candidate is the spin one resonance 
f W ( 7 0 0 ) - width 400 MeV. 

0 D d 
I t i s interesting to note that Ordorico et a l . predicted the 

existence of such a trajectory with a(0) " -0.5 "* -1.0 but were unable to 
resolve the intercept and slope accurately. Further evidence for such a 
trajectory is provided by Olsson who made a three pole f i t to the TT-N 
forward scattering amplitude. Calculating the real part by means of dis­
persion relations, he got i n addition to the contributions of P and Pf a 

C83H . . . 
third pole a(0) = -0.5. Chavda obtained a similar result with a sum 
rule whose weight function was constructed i n order to gain a good Pomeron 
intercept. 



TABLE VT 

Co Ci C2 D 
0 

a(0) af 

p 
SOLUTION 1 

Pf 

6.5 
87.0 

1.9 
4.7 

0.6 
0.6 

136.0 
257.0 

106 
4.9 

0.55 
0.0 

0.9 
0.9 

P 
SOLUTION 2 

P? 

6.8 
46.0 

1.4 
3.7 

1.9 
0.0 

124 00 
132.0 

1.5 
5*2 

0.55 
0.0 

0.9 
0.9 

TABLE VII 

C 
0 

Oi D 
0 a ( 0 ) 

p 
SOLUTION A 

P? 

5 0 . 0 

5 0 . 0 

2 o 3 

0.4 

5 o O 

1 2 . 6 

4.0 

0 * 2 

1 * 0 

0 0 5 7 

0 . 2 

1 . 0 0 

P 
SOLUTION B 

5 0 c O 

5 0 . 0 

2 . 3 

0.7 

- 7,5 
- 2 1 . 5 

O08 

0 . 0 

IcO 
0 5 7 

0 . 2 5 

O08O 



TABLE V I I I 

Ci D 
0 ct(0) a' 

P 5 0 . 0 2 , 5 , 1 . 9 4 , 0 1.01 0.25 

SOLUTION C Pf 50.0 0.1 0.1 0,2 0 . 5 7 0.90 
P" 45.0 0,1 -0,38 0.80 

P 5 0 . 0 2 , 4 1,0 0.26 

SOLUTION D Pf 52.0 Ool 0 , 5 7 0.90 
P" 40.0 0,0 - 0 , 4 0 0.80 

TABLE IX 

r 
C 
0 

D 
0 

a ( 0 ) a' 

P 5 0 . 0 3.8 1 2 . 0 1-7 1 . 0 0 . 2 

SOLUTION E PT 
5 1 e O 0 . 0 24.0 0 . 1 0.57 0 . 9 

p i t 32.0 2 , 1 0 , 0 0 . 8 

P 5 0 . 0 2 . 5 1 , 0 0 0.26 

SOLUTION F P' 5 0 . 0 0 . 2 0 . 5 7 0 . 9 0 

P» 40.0 0 . 0 -0.46 0 . 8 0 



FIGURE CAPTIONS - CHAPTER 5 

i _ _ 

FIG.1(a) Continuous sum rules (C.M6S0Ro) for the A 9 v B amplitudeso The 
solid dots represent the C.MoSoRo low energy integrals constructed 
from the phases (ref 0 Q j l ^ ] ) ° The solid curves i l l u s t r a t e the 
best f i t with the p,p* Regge poles to the C.oM,S,R6 only 0 

FIG 0l(b) Continuous moment sum rules (CoMcSoR.) for the A , v B amplitudes 
The solid dots represent the CoIVLSoRo high cut off integrals con­
structed from the phases of ref ojjo^* The solid curves i l l u s t r a t e 
the best f i t with the p,p* Regge poles to the C,M,S«R0 onlyo 

FIG.2 p,pf f i t s to the charge exchange polarisation data from a simul­
taneous analysis of the scattering data and C0M,S*Ro evaluated at 
2 GeVo 

» 

FIG 03 CoMoS.Ro (evaluated at 2 GeV) for amplitudes A v B~ and p,p * 
Regge f i t s from a simultaneous analysis of the scattering data and 
C.McSoRo £cf ref 8Figol(a)^]o 

FIG.4 p,p" f i t to the charge exchange differential cross-section data 
from the simultaneous analyses of the scattering data and C0M0S.Ro 
evaluated at 5 GeVc 

FIGc5 P , P ! f i t to the charge exchange polarisation data from a simultan­
eous analysis of the scattering data and C,MoS0R0 evaluated at 5 
GeV. 

FIG06 C*M,ScR6 (evaluated at 5 GeV) for amplitudes A~, v B~ and p,p* 
Regge f i t from simultaneous analysis above [ j : f r e f 0 Fig„1(b)^ 0 

1 + + 

FIG.7 CoM.S,Re (evaluated at 2 GeV) for the amplitudes v A , B and the 
P,Pf,P" Regge f i t s £cf refoFigoKaH = 

FIGo8(a) Comparison of CM0S0R. for the amplitude B+ evaluated at 2 GeV and 
(b) 5 GeVo 

FIG ,9 P,Pf,P" f i t to (ir*p) t o t a l cross-sections from simultaneous analy­
sis of scattering data and the CoM0SeRe evaluated at 5 GeVo 



FIGolO PaPf,P" f i t to the (TT~P) elastic di f f e r e n t i a l cross-sections for 
the simultaneous analysis of the scattering data and CUYLS.Ro 
evaluated at 5 GeV\ 

FIG? 1 1 P,P',P" f i t to the polarisation measurements from the 
simultaneous analysis of the scattering data and CoM0S,Ro evalu­
ated at 5 GeVo 

FIG ?12 P,Pf
 3P,f f i t to the C.MoS.Ro for the amplitude v A*+, B+ evaluated 

at a 5 GeV cut off Qsf. ref 6Fig 8l(b)]]] e 
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CHARGE EXCHANGE POLARISATION 
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ABSTRACT 

There have been several attempts to explain the features of the 
Serpukhov pion-nucleon t o t a l cross-section data within the framework of the 
Regge model by the addition of further pole contributions or multi-Pomeron 

8 4 

cuts to the conventional P,Pf and p Regge poles and by the inclusion of 
other Regge singularities such as Regge dipoles, which represent the simplest 
violation of conventional asymptotics at t = 0. 

A l l these models give a reasonable description of the data which is not 
» 

surprising because of the increased freedom in the f i t from the addition of 
further parameters. 

In this work we use the additional information of the FBE0S*R« to im­
prove our knowledge of the scattering amplitude at high energies and the sum 
rules are applied as a series of constraints on the parameters of the Regge 
models. 

We make the following observations from the analysis: 
1) The F.EcS.R. suggest small multi-Pomeron cut contributions insuffic­

ient to give the levelling of 5*- at Serpukhov energies. 
2) Dipole contributions appear consistent with the F.E.S.R. and are 

large enough to give the levelling of <rT
+. 

3) 6~T i s not inconsistent with dipole contributions i n the negative 
signature amplitude but there is insufficient evidence to make a conclusive 
statement on the possible violation of the Bomeranchuk theorem. 

8.6 8 7 

We comment briefly on similar results by V i o l i n i and Schifr and the 
significance of logarithmically increasing t o t a l cross section. 
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Conventional Regge pole models i n terms of the ?,?' and p poles give 
an adequate description of the pion-nucleon t o t a l cross-section data up to 
20 GeV/c but extrapolations of these contributions to the momentum range 
20-70 GeV/c do not account for the Serpukhov t o t a l cross-section data. 

The Serpukhov data revealed unexpected features that may lead to revis­
ed ideas about asymptotic behaviour. 

a) Total cross-sections C^T('TT±p)Il appear to be constant or rising 
slightly i n the momentum range 25-70 GeV/c. 

b) O^CTT p) appear compatible with asymptotic equality but they do not 
exclude the possibility of Pomeranchuk theorem violation 

i.e. ^U^p) - ^ T ( T T + P ) i 0 

energy 00 

We separate the analysis into the discussion of the contributionsto the sum 
and difference of the TT ±P t o t a l cross-sections denoted by a T

+, a T~ respect­
ively. These cross-sections are simply related to the even and odd signat-
ured amplitudes A (v,0) by the optical theorem 

A -(v,0) = ( v ^ - u 2 / 2 <rT" 

where y is the pion mass and v i s the pion t o t a l lab, energy. 
The amplitudes A±(v,0) are parameterised i n terms of the P , P ' , P Regge 

poles and other contributing terms which are Regge cuts and dipoles 0 These 
additional terms appear i n both the even and odd signatured amplitudes and 
their net effect used to account for the fnew' features of the Serpukhov 
data. We summarise the significance of each term in their respective ampli­
tudes below. 
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EVEN SIGNATURE EXCHANGES 

Phenomenologically we wish to introduce a term within the framework of 
Regge theory to account for the apparent change i n the behaviour of <r_+ at 
Serpukhov energies which from a) appears to be constant or rising slightly. 

1) For constant asymptotic t o t a l cross-sections the leading term must 
be Pomeron like i.e. 

A' + (v,0) ~ i y v/v f 6.2 

2) Secondary trajectories, the Pf yieldsa contribution 

A' + (v,0) - - Y s e - " Q / 2 ( S v ' ) " 6.3 

where y , y are the Pomeron and PT residues respectively. The P1 con-p s 
tributions give the rapid f a l l i n the t o t a l cross-sections at low energies 
and since a < 1 i n the absence of other effects 

T yp 

3) The addition of multi-Pomeron cuts to the conventional Regge poles 
can give rise to the observed qualitative charge in behaviour of 0 The 
cut contribution i s parameterised according to 

A' + (V,0) = i y c ^ V/V - i"/*!'1'* 6.4 

X small " -0,0- O o l 

Asymptotically s t i l l tends to y p but since the cut contribution i s 
only decreasing logarithmically then i t w i l l dominate over secondary poles 
for large -0. Hence i f Y c i s negative we may expect &̂ + to f a l l i n i t i a l l y , 
then to level out and f i n a l l y rise to i t s asymptotic l i m i t . In effect the 
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multi"Pomeron cuts displace the region of constant t o t a l cross-section to 
higher energies, 

c.) Another possibility i s to allow logarithmically increasing t o t a l 
cross-sections, then the leading term w i l l have 

Im A " y v In v 

The simplest Regge term which expresses this, unconventional asymptotic 
behaviour is an even signature Regge dipole at t = 0 {^Equation 2.593° 

A t + = i yp

 v/v f Q l n v/v ! - i 7 1 ^ 6 . 6 

and obviously such terms w i l l dominate over Regge poles and cuts at 
asymptotic energies. 

ODD SIGNATURE EXCHANGES 

We construct models to describe the difference of the i ^ p t o t a l cross-
section o"rp under the two assumptions. 

1) *"T ~* 0 as v » 

2) o T / 0 as v + » 

8 8 

Assumption 2) corresponds to a violation of the Pomeranchuk theorem which 
asserts the asymptotic equality of particle and anti-particle t o t a l cross-
sections t I t is important to note that a violation of the Pomeranchuk 
theorem would not violate any basic theoretical principle since the proof 
of the Pomeranchuk theorem involves an ad hoc assumption about the phase of 
the forward scattering whose validity has not been established from any basic 
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axiom-. 

1) A single odd signature p Regge pole gives a contribution to the 
amplitude of the form 

A ^ O ) = i Y p e""" 7 2 ( V / v ' ) a 6.6 

Consequently a pole or sum of poles cannot give non vanishing c^-

asymptotically. Similarly the addition of Regge cuts whilst decreasing 
slower than the pole terms, w i l l s t i l l be compatible with zero o""T~ at high 
energies, 

2) Pomeranchuk theorem violation requires a contribution to the A 
amplitude such that 

Im A?~(v,0) ~ Y l v 6.7 

We cannot invoke an odd signature pole with a(0) = 1 since the ampli­
tude would be purely real. Given this asymptotic form the Re Af can be 
determined from the Phagmen-Lindeloff theorem and with reference to the 
Regge model this term corresponds to an odd signature dipole at t =̂ 0 

Af"(v,0) = Y l ^ V / v ^ Q n v/v' " i f ] 608 

I f (T,p(7T±p) do tend to separate limits at asymptopia then from the above term, 
the real part of the amplitude w i l l dominate over the imaginary part for 
large v and i n order that the elastic cross-section remains bounded by the 
unitarity requirement, 

89 
we must have (In u ) 2 shrinkage of the forward diffraction peak. However i f 
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f + + clipoles are present i n the A amplitude such that 6*T •> In v asymptotically 

then (In v) shrinkage of the forward peak i s sufficient• 

TOE ANALYSIS 

The simultaneous analysis of the pion nucleon scattering data and the 
COJYLSORO over a large range of t involves a large information input and i f 
we are able to account for a l l the predominat features of both types of data 
with a few physical trajectories then we can regard the model as adequate. 

In the analysis of the t o t a l cross-section data our information input 
is considerably reduced and we are interested i n the details of the ampli­
tudes We know the P,Pf,p model is good up to 20 GeV/c but at energies 
greater than 20 GeV/c we have to include 1 extra terms', outlined i n the 
previous sections, to account for the deviations of the Serpukhov data from 
the PjPf,p model extrapolations. Obviously the more terms we introduce the 
greater is our parameter freedom in f i t t i n g the data and hence the better 
the description of the data. 

We can improve the input information by the use of the FoEoS.Ro to 
exploit the analytic properties of the scattering amplitude and although the 
FoEcS.R, are constructed from the same high energy t o t a l cross-sections as 
used i n the various f i t s of the parameter i sat ions, they weight the data i n 
a different way and as such yield added important information„ 

For any of the parametric- forms, which by their choice f i t the data 
we can predict the l e f t hand side of the FoE.S-R. and compare the predict­
ions with the l . h e S . calculated from the integral over the t o t a l cross-
sections or we can include the F.EoSoR. i n the analysis and f i t simultan­
eously the sum rules and the data. The important point i n both these types 
of approach i s deciding the relative importance between the F S E , S 0 R 0 and the 
t o t a l cross-section data with the consequent assignment of errors to the 
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FoEo S 0R0 

An alternative approach, which we pursue i n the following, i s to give 
a large weight to the sum rules i n the analysis by introducing them as con­
straint equations between the various contributions to the t o t a l cross-
sections and seeing i f we are s t i l l able to produce a good description of 
the data. 

PA^£f f iMMT10NS 

a) 'There are many ambiguities i n the choice of the parameterisations0 

Whether one should use P L A B> TL^g> o r v e t C o a s the variable, which d i f f e r 
i n magnitude by up to 10% at 10 GeV and when we are considering variations 
cf I or 2mbo in t o t a l cross-sections this is appreciable , The general 
parameterisations of the Imaginary parts of the amplitude A ±(v , 0 ) are 
written 

Im A *<v,0) ~ YT^ v lnv + y v + yn Simr°\/2 v a + y« 
* log /v1 

Im A f'(v ,0) = Y CoS7T a /2 v a t y F + Y T V 6 ,9 
P P 

where Y^ are the residue functions defined i n the preceding sections. The 
scaling factors vf do not appear explicitly i n the parameterisations, except 
i n the cut contribution. They are absorbed i n the residue function or other 
terms in the parameterisation {e eg, such a term i n the even signature dipole 
w i l l be absorbed i n the Pomeron contribution}, 

b) These parameterisations of Im A ±(v , 0 ) lend themselves very efasily 
to use i n the P,E 0SoR, which are written: 
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v , n , > + , ^ v n + 2 1 dv o ~" V 1 1 1 1 A ( v > 0 ) "n+2 \ ̂  - n+2 

.n+2 a+n+1 
+ Yp ~ T T Q + Y 0 S i n i r a / 2 — — T P n+2 ' s a*n+l 

+ v Tm {E i{2(n+2)Qln (V/v») ~ i 7 T / 2 ^ } (E^ i s the exponential 
integral) 

n _ 1>3j5 o o o 

. a+n+1 n+l n+2 
fQ d v v Ira A (v.O.) * y p Cos, 12 — j + Y p ! ^ y L 

n = 0 , 2 , 4 . 0 6 e 

The cut o f f values f o r the integrals were chosen at 20 GeV and 15 GeV and 

the l e f t hand sides f o r the f i r s t three moments are given i n table X0 

c) Assuming s*T >, constant f o r v ^ t h e forward dispersion r e l a t i o n f o r 
f+ . 

the even signature amplitude A w i l l require one subtraction such that the 
'+ . 

real part of A i s determined by the parameter etc. of the Imaginary part 
with one subtraction constant only,. 

Similarly the forward dispersion r e l a t i o n f o r the odd signature ampli-
t _ 

tude A i s given with one subtraction constant i f the dipole term i s con­

t r i b u t i n g or i f the amplitude i s given by poles only such that 

v"*1 Im A ~(v , 0 ) tends to zero s u f f i c i e n t l y fast then the subtraction const­

ant i s zeroo 

DATA AND CALCULATION 

The ambiguities i n the choice of the parameterisations are comparable 

to those i n the data interpolation. The 7r±p t o t a l cross-sections are not 

measured at coincident momenta and i t i s necessary to interpolate the data 

to construct the symmetric and antisymmetric combinations A „ 

We considered two diff e r e n t data interpolations as a check that the 

errors i n the interpolations did not account f o r any of the observations„ 

The interpolations were taken from a) refs„D A T A 4 - 1 , 2 , 3 and b) Hohler et a l * 

* This i s j u s t the P" contribution (ot(0)=0) 
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refSoDATA4c40 These interpolations are very similar f o r the amplitude A 

but there are noticable differences i n the interpolation f o r the A ampli­

tude which i s due to a certain amount of i n - b u i l t theoretical high energy 

information i n b ) 0 

For each model under consideration we construct a set of constraint 

equations from the FCE.-S0R0 evaluated at 20 GeV/c at integer moments and 

apply them as successive constraints on the parameters of the model which 

are determined by f i t t i n g the high energy t o t a l cross-section data & For 

each model we compare the results from the f i t unconstrained by the FoE0SoR* 

with the constrained solution and we predict the real parts of the amplitude 

from our parameterisations which are compared to those taken from r e f , 

DATA4O5' . The parameters of the f i t s t o the t o t a l cross-section data are 
* + 

given i n tables X I , X I I and the results f o r the amplitudes A ~ are summar­

ised below ̂ 

EVEN SIGNATURE EXCHANGES 

a) F i g d i l l u s t r a t e s the P,Pf contributions t o r T
+ and the qu a l i t a t i v e 

change i n behaviour i s apparent at 20 QeV/Co The constrained and uncon­

strained solutions are similar and i t i s d i f f i c u l t to envisage any known 

trajectory r a i s i n g the asymptotic P,PS projection t o the Serpukhov data, 

(Rarita suggests a 'Nv pole trajectory intercept K'(O) = 0,8 and negat­

ive residue but the analysis away from the forward dir e c t i o n gives 
v 90 

no evidence f o r such a t r a j e c t o r y ) u 

b) The addition of multi-Pomeron cuti-. to the leading Regge poles im­

proves the f i t t o the Serpukhov data Fig 02 and the cut has the conventional 

negative residue corresponding to a Regge eikonal prescription„ The con­

strained f i t s indicate much smaller cut contributions which are i n s u f f i c i e n t 

to give the apparent l e v e l l i n g of the t o t a l cross-section data at Serpukhov 
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energies 0 

We can understand t h i s result from the x 2 d i s t r i b u t i o n of the uncon­

strained f i t s which show that the parameters f o r t h i s solution give a very 

poor f i t to the (5-10 GeV) t o t a l cross-section data, f o r which the experi­

mental errors are small* ' I t i s not surprising then that t h i s solution also 

f a i l s to satisfy the constraints provided by the F*E„SoRo which are con­

structed from the t o t a l cross-section data < 20 GeVe 

3) The dipole model gives a good f i t to the data and both the con­

strained and unconstrained f i t s show the l e v e l l i n g of the t o t a l cross-

section i n the range 20-70 GeV Fig e 3 but unfortunately the predictions f o r 

the real parts are very poor even allowing f o r the large experimental errors 

on the Re A data* 

ODD SIGNATURE EXCHANGES 

1) The interpolation a) i s f i t t e d with a single p pole and there i s 

some evidence f o r a divergence of the p extrapolation from the Serpukhov 

measurements Fig 0 4 a although the errors on the data are very large« 

2) For comparison the interpolation b) i s f i t t e d with a single p pole 

and i n t h i s interpolation there i s no evidence f o r a r i s e i n 6^ at 

Serpukhov energies Fig 0 4 b 0 

t _ 

3) The dipole term i n the A amplitudes gives the best description of 

the data Fig .5 both f o r the constrained and unconstrained f i t S o The Re A , 

without a subtraction constant } are also described well by the dipole and 

pole terms o However the small increase i n x 2 f o r t h i s f i t over the single 

pole f i t and the uncertainty i n the data prevent a stronger conclusion than 

that a dipole i n the odd signature amplitude i s not inconsistent with the 

data 0 
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DISOJSSI0N 

The r e l a t i v e sizes of the multi-Pomeron cuts necessary to satis f y the 

F.EoSoRo compared to those suggested by the Serpukhov data relate to the 

different, requirements of the low and intermediate energy cross-sections 

compared t o the Serpukhov t o t a l cross-sections. The question i s how much 

are we w i l l i n g to destroy the low energy f i t where the errors on the data 

are p a r t i c u l a r l y small i n order to improve the high energy f i t 0 

The energy dependence of the cut contributions v / l n v can be simulated 

by the function v 0 * 5 i n the range 5-20 GeV which means that the cut acts 

l i k e a negative residue Ps contribution„ The f i t to the Serpukhov data i s 

achieved by the cancellation of the P1 with the cut contribution such that 

the f l a t Pomeron contribution i s dominant, s u f f i c i e n t t o give the l e v e l l i n g 

of the t o t a l cross-sections at these energies e I t i s t h i s large cancellat­

ion which destroys the low energy f i t where the size of the Pf contribution 

i s well determined by the data* 

An alternative approach proposed by Hfihler i s to introduce a low l y i n g 

trajectory a < 0 to replace the P* which w i l l give a sharper drop o f f wi t h 

energy of the 5*20 GeV f i t to the t o t a l cross-sections 0 The cuts f o r such 

a model w i l l be smaller because of the smaller cancellations necessary i n 

the range 20-70 GeV/c to give the flatness of the data 0 Even i n t h i s des­

c r i p t i o n we have the problem of the low energy data which has very small 

errors and clearly favours the conventional P? contribution * 

I t i s interesting to note that i n a recent more detailed analysis with 

respect to x? of t n e F°E"SbRo and the t o t a l cross-section data SchiCf and 

V i o l i n i demonstrated that the inclusion of cuts improved the description of 

the high energy data (10-25 GeV) but they too observed that the cuts were 

i n s u f f i c i e n t t o account f o r the Serpukhov data. 

Compatibility between the low energy data and the Serpukhov t o t a l cross-



1 0 7 0 

sections suggest a term which increases logarithmically with energy. I t i s 

not surprising that such a function s a t i s f i e s both the F.EeS.R, and the 

t o t a l cross-section data, since i t can account f o r the Serpukhov data with­

out giving a large contribution i n the range v ~ 5 ° 0 - 7 * 0 GeV\ 

The dipoles are the simplest forms which violate conventional asymp-

t o t i c s bur we do not envisage that these Regge dipbles correspond to 

physical particles and prefer to regard them as an 'interference effect* 

between poles or poles and cutSo Srivastava noted the p o s s i b i l i t i e s of such 

a description and that the inclusion of multi-pomeron cuts with the common 

condensation point a ( 0 ) = 1 could invalidate the pole dominance idea* This 

behaviour at t = 0 saturates the Froissart bound and since i t i s widely 

believed that strong forces are as strong as they can be, the simple Regge 

pole i s i n s u f f i c i e n t . 

The description of the Serpukhov data i s s t i l l an open question, we 

have not found an adequate description i n the extensive l i t e r a t u r e of both 

the low energy and Serpukhov t o t a l cross-section data assuming conventional 

asymptotics and i f we are forced to consider unconventional asymptotics we 

encounter a whole new series of problems much more complex than the o r i g i n a l 

explanation of the Serpukhov data 0 



TABLE X 

K 1 5 . 0 GeV 2 0 . 0 GeV 

i 2,84 x i o 2 
6 . 6 6 x IO 4 

3 3 o ? 9 x 1 0 6 1 5 . 9 x i o 6 

5 6 . 0 9 x 1 0 8 4 5 , 5 x 1 0 8 

; v v n A'" dv 
0 

0 1 , 3 8 x i o 2 
2 , 0 5 * 1 0 2 

; v v n A'" dv 
0 

2 1 , 6 3 x 1 0 4 3 . 6 5 x IO 4 ; v v n A'" dv 
0 

4 2 , 5 2 x i o 6 
8 . 8 x i o 6 

TABLE XI 

MODEL Y 0 YP Y s 
a p f = 0 , 4 

constrained 
P + Pf 

unconstrained 

2 1 . 7 6 

2 1 . 8 7 

2 7 . 3 4 

2 7 = 6 

constrained 
P + P! + Cut . 

unconstrained 

2 2 , 8 

2 6 . 2 

- 2 . 8 

- 1 9 o 8 

2 6 , 7 

3 5 . 8 

constrained 
Dipole + P + Pf . , * unconstrained 

1 . 6 

1 . 6 

1 5 . 5 

1 5 . 3 

4 3 < 9 

4 4 , 8 

TABLE X I I 

<V * 0-5 
MODEL yp 

Interpolation a) 4 . 3 

p Interpolation b) 3 . 9 

constrained 4 . 1 5 0 . 0 2 

p + Dipole m c o n s t r a i n e d 3 . 7 2 0 . 1 

1 _ 



FIGURE CAPTIONS - CHAPTER 6 

F I G o l P,P* f i t to 6 and from the parameters of the f i t the prediction 
'+ . 

f o r Re A , The continuous l i n e denotes the unconstrained solut­
ion and the dashed curve the constrained solutions. 

+ 
FIGo2 P,Pf and multi-Pomeron cut f i t t o 6™ and from the parameters of 

the f i t the prediction f o r Re A L c f t r e f . F i g o l J , 
FIG ,3 P,P* and dipole f i t to 6 T

+ and prediction f o r Re A ? + Qcf 0 refo 
Pig. l 3 . 

FIGc4 a) Single p pole f i t to <$T~ taken from £refs„ DATA4,1,2,33 • 

b) Single p pole f i t to <$T~ taken from Q?efs 9 DATA4,lQ. 

c) Predictions f o r the above f i t s to Re A 0 

FIG.5 P + dipole f i t s to 6 taken from refs* (DATA4,1,2,3) and the 
T f-

predictions f o r . Re A . 
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APPENDIX A 

The two pa r t i c l e cut contribution to the p a r t i a l amplitude due to the 

exchange of a Regge pole and a Pomeron i s written (see equation 2.38)0 

B j . ( s ) ~~ i k . ^ s ) pJ.Cs) R j . ( s ) Al 

% j j 
where k.«(s) = - and P. . ( s ) , R«.(s) are the Pomeron and Regge pole 

1 1 8 T / S 1 1 1 1 

p a r t i a l amplitudes respectively« 

The to t a l amplitude i s written by summing over the p a r t i a l amplitudes 

and writing out the h e l i c i t i e s e x p l i c i t l y ( f i g * Al) 

R 

FIGcAl 

F ? V ? ( s , t ) - i k(s) 2 (2J+1) l P J ( s ) R J ( s ) d f , , ( z j 
A A J X5x6 A1X2X5X6 X5X6X3X4 s 

A2 
where X - XI - X2 

x f = X3 - X4 

Performing the individual p a r t i a l wave projections of the amplitudes P J(s). 

http://pJ.Cs
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R J ( s ) we can write: 

P J ( s ) - * J*] P ( s j Z l ) d^f »(z2) dzj 

R J(s) - :/? R ( s , z } ) df„. f(z 2) dz 2 

\5'6-3^ >5>6x3>4 A A 

A3 

where X" - X5 - x6 

z ; and z2 are the cosines of the scattering angles between the i n i t i a l and 

intermediate and intermediate and f i n a l states respectively. The cosines 

are related by the following addition theorem? 

z- - z z 2 + (1-z 2 ) * 2 ( 1 - z 2 ) ^ 2 Cos*. 
* S S 2 

where <p\ i s the azimuthal angle between the directions of motion i n the 

i n i t i a l and intermediate states. The d^ functions s a t i s f y the relation: 

I (2Jrl) ,(Z s) 4x" f Z : ) dX"X» ( Z 2 )
 = f ^ 00B(X*l+X^ 2+X^ 5) 

A5 

where 5 i s defined by 

6 - 1 - z g
2 - z. 2 - z 2/ - 2 z s z j z 2 

and the azimuthal angles s a t i s f y the relations: 

i$* v ~ y . iy 
e * •-- fzx-E z 2 + i 6 / 2 ) ( l - z ? ) r 2 (l-z„2) S * 2 s 

i ^ i o ^ 2 ) ( 1 - Z 2 ) " ^ C l - B i 2 ) " " 2 
1<P2 

e ' = ( z 2 ~ z Z i ^ i o ^ J (1-z 2 ) r' C l - z ^ ) A 6 s 

e 
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Equation A2 i s then simplified to: 

F ^ ( s , t ) = I i ^ i a i / I dz! Z1 dz 2 P(s, Z l) R(s,z 2) 4^-
A A X5x6 - 1 - 1 X1A2X5X6 X5X6X3X4 6 / 2 

Cos(X(j>1+X,<j)2+Xn(j)3) A7 

Hence, given the pole amplitudes we can derive the cut due to the exchange 

of a Regge pole and Pomeron. 

I f the scattering angle z j , z 2 are wr i t t e n : 

t 
Z- = 1 + 7T- y Z 0 = 1 + 

then equation A7 can be further simplified to read: 

„cut/„ . , „ i k(s) -o ,o , N -r~./ J \ 9(6 F, , , ( s , t ) - l uJZ r f d t i f d t 2 P ( s , t i ) R(s,t 2) ~ n r 
X5X6 ^% -4a 2 - 4 a 2 " X1X2X5X6 X5x6x3x4 s^ 2 

s s 
r Cos(X(j) 1+x ,(j> 2+x M4)3) A8 

which i s comparable with equation 2.48 as derived i n the Regge-eikonal model. 
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APPENDIX B 

The r e l a t i v i s t i c electromagnetic amplitudes for f i r s t order i n a are 

^ (* P} = 2W(l-Cos8) F"=M + F^M C 0 S 6 * (V 1 } WT ( 1 - ° 0 s e ) 

— r o o 
p -M \ - t 

-u p - 1 -Jr Sin^e j 

t a sine rw+M , „ w + v M , n p 0 " M
 n fii 

^ <r r 2W(l-CoSe)
 + (V X )

 ~2M~ + ( u p _ 1 ) "^T C O S 6 J 
where the pion to t a l cm energy i s q = ( k 2 + p 2 ) ^ , k i s pion cm., momentum 

and p Q - (k 2+M 2)' 2 i s the proton t o t a l cm. energy. 

The to t a l energy i s W = p Q + q Q and = 27925 i s the proton magnetic 

moment i n nuclear magnetons. 

The non r e l a t i v i s t i c electromagnetic (Coulomb) amplitudes correct to 

a l l order i n a are 

fcoui . ± , + * (Wk2)
 p m T- • a(qopo+k2)

 A-Ooee\ "I 
f< (* P> = (1-Cose) e x p L 1 kW (JT J J 

pCOUl , ± ^ N _ N f 2 (7T P) - 0 

l b f i r s t order i n a the Coulomb amplitudes are 

+ a (a p +k 2) «coul a { ± v _ ^o o 
f i ( 7 T p ; " kzW (l-Cose) 

„coul a / ± >. _ n f 2 (IT p) = 0 
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