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ABSTRACT

This thesis is a study in the field of partial differential
equations on differentiable manifolds. In particular non-linear evolution
equations with soliton solutions are studied by means of differential
geometric tools and methods. Differential geometric prolongation
technique is applied to the A.K.N.S. system as a unifying system for
known Z2-dimension solitons. Soliton properties are studied in this
differential geometric set up. The results are used to obtain a possible

model for n-dimensional solitons.
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INTRODUCTION

In the notational guise of modern differential geometry and mapping
theory, Cartan's calculus of exterior differential forms is a convenient
mathematical tool for systematically applying many techniques of
differential analysis. This calculus has been used for deriving important
global results for systems of ordinary differential equations and
especially for treating systems of partial differential equations.

Recently, Wahlquist and Estabrook (1975, 1976) introduced one of
these techniques to handle in particular non-linear evolution equations
with soliton solutions like the sine-Gordon equation, the k.DV. equation,

. etc. This technique is called differential geometric prolongation
which, when used, pays off many algebraic and geometric structures
closely related to the system of partial differential equations being
treated.

In this thesis, we have attempted to unify the study of the
subject in Chapters I to V. However, some results given in these
chapters are already known, though they are to be found scattered
throughout the literature and have often been obtained by ad hoc methods.

Chapter VI contains what we hope is original work - an attempt to
find a model for n-dimensional solitons analogous to the part played by
the group sL(2,R) and the pseudo-sphere for 2-dimensional solitons. We
believe that the problem is difficult and claim only to have made some
progress in this direction. The problem is presently receiving the
attention of several mathematicians throughout the world, but no complete
solution is yet in sight.

In Chapter I, necessary topics from exterior calculus, connection

theory, fibre spaces, jet theory, differential equation theory and
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Backlund maps are covered as preliminaries to lay the ground for the
studies in the later chapters. In Chapter II, the relations between
differential equations systems and exterior differential systems are
formulated in two main theorems with proofs and examples. Also, soliton
equations are introduced. In Chapter III, differential geometric
prolongations are reformulated to yield interesting algebraic and
geometric structures. Some interrelations between these structures are
formulated in two theorems.

In Chapter IV, as the representative for the 2-dimensional soliton
equations, the A.K.N.S. system is studied using the prolongation
technique. The sL(2,R)-structure, the soliton connection and the
pseudospherical surface property are shown as results of this geometric
study of the A.K.N.S. system.

In Chapter V, the Backlund problem for the A.K.N.S. system is
solved by means of prolongation. Also interesting interpretations of
the A.K.N.S. system Bdcklund transformations are made.

Finally, in Chapter VI, we make use of the results of the study
of 2-dimensional solitons and introduce a model for n-dimensional

solitons.
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