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CHAPTER I . 

I M P A C T 

SUIvMARY AND INTRODUCTION 



/ 

The d u r a t i o n o f c o n t a c t o f b a r s o f v a r i o u s l e n g t h s , w i t h r o u n d e d 

e n d s , was measured f o r a w i d e range o f v e l o c i t i e s o f a p p r o a c h . 

F o r b a r s w i t h h a r d e n e d ends t h e e f f e c t o f t h e r a d i u s , r , o f t h e 

b a l l end was i n v e s t i g a t e d fromi r = t o r = 2 " . The 
16 

d u r a t i o n o f c o n t a c t ( t ) and t h e diaiA^er (D) o f t h e c i r c l e o f 

c o n t a c t were measured f o r bars o f u n e q u a l and o f e q u a l l e n g t h s w i t h 

h a r d e n e d ends and t Wns measured f o r s o f t - e n d e d b a r s f o r v a l u e s 

o f t h e v e l o c i t y o f a p p r o a c h ( v ) f r o m 0 .4 cm. / s ec .S-^^^y^More t h a n 

f o u r t e e n t h o u s a n d r e a d i n g s were t a k e n . 

A p h o t o m i c r o g r a p h i c miethod was used t o d e t e r m i n e D , and 

pho tom. i c rog raphs o f the p o l i s h e d ends o f b o t h h a r d - and s o f t -

ended b a r s were t r . k e n t o show t h e e f f ^ e c t s o f t h e c o l l i s i o n s . 

A h y p o t h e s i s i s p u t f o r w a r d t o a c c o u n t f o r t h e r e s u l t s . The 

c o e f f i c i e n t o f r e s t i t u t i o n , e , was measured f o r u n e q u a l b a r s 

and was f o u n d t o a^^proach u n i t y as ^ v d e c r e a s e d . 

The f o r m u l a t = Av X , where A and y a r e c o n s t a n t s 

i n d e p e n d e n t o f v , was i n v e s t i g a t e d and f o u n d t o h o l d f o r e q u a l 

b a r s o v e r a much w i d e r range o f e x p e r i m . e n t a l c i r c u r i i s t a n c e s t h a n 

h i t h e r t o i n v e s t i g a t e d . Fo r a l l v a l u e s o f r , - ^ was a l i n e a r 

f u n c t i o n o f t h e l e n g t h , ^ . A most i r / . p o r t a n t and e n t i r e l y new 

r e s u l t was t h a t t h e i n t e r c e p t on t h e - y a x i s was c o n s t a n t 

( . ^ = 4 . 3 9 ) f o r a l l v a l u e s o f r . The s l o p e s o f t h e c u r v e s 
r 

v a r i e d s l i g h t l y b u t i n no r e g u l a r manne r , t was f o u n d t o i n c r e a s e 

r a p i d l y as r d e c r e a s e d b u t t h e b a l l - e n d d i d n o t s i m p l y i n c r e a s e t h e 
3K&Vi978 ) 

^ LI 



e f f e c t i v e l e n g t h o f t b e b a r s ; t //as a n c n - l i n e a r f u n c t i o n o f t 

F o r u n e q u a l b a r s and f o r s o f t b a r s t h e r e l a t i o n s h i p t = kv^ 

d i d n o t h o l d , b u t f o r s o f t - e n d e d b a r s t wns a l i n e a r f u n c t i o n o f ^ 

These r e s u l t s e x p l a i n c o m p l e t e l y t h e a p p a r e n t d i s c r e p a n c i e s be tv /een 

t h e o b s e r v a t i o n s o f p r e v i o u s w o r k e r s . D'̂  was a p p r o x i m a t e l y 
r t v 

c o n s t a n t i n acco rdAnce v ; i t h a sug^rested t h e o r y . 

The v a l u e s o f t d i d n6 t c o n f o n n t o any e x i s t i n g t h e o r y . 

A t h e o r y i n w h i c h t h e b a r s are r e g a r d e d as a complex v i b r a t i n g syslE m 

i s d e v e l o p e d f r i v i n g f o r each l e n g t h o f b a r one t h e o r e t i c a l c u r v e 

c o n n e c t i n g t and a f u n c t i o n o f ^ , v and r . F o r e a c h 

l e n g t h a l l t h e e x p e r i m e n t a l p o i n t s l a y c l o s e t o t h e c a l c u l a t e d 

c u r v e , t h e p o i n t s f o r t h e v a r i o u s e n d - r a d i i b e i n g i n d i s t i n g u i s h a b l e . 

The v a l u e s o f Q. tended t o s u p p o r t t h i s t h e o i y . 



INTRO DUCTIUN. 

I t i s known t h a t m e t a l w i r e s s u b j e c t t o s t r e s s e s o f e x t r e m e l y 

s h o r t d u r a t i o n behave as p e r f e c t l y e l a s t i c s u b s t a n c e s even f o r s t r e s s e s 

c o n s i d e r a b l y e x c e e d i n g t h e e l a s t i c l i m i t f o r s t e a d y l o a d s ( 1 ) . 

The i m p a c t o f s o l i d b o d i e s i n v o l v e s e s s e n t i a l l y a c o n s i d e r a t i o n o f t h e 

e f f e c t o f a p p l y i n g f o r a s h o r t p e r i o d a l a r g e f o r c e t o a s m a l l a r e a 

o f t h e s u r f n c e o f a s o l i d , and i n agreement w i t h t h e f o r e g o i n g s t a t e ­

ment i t i s f o u n d t h a t f o r modera te v e l o c i t i e s , when t h e i m p i n g i n g 

b o d i e s are i r ' e n t i c a l i n m a t e r i a l a n d c o n s t r u c t i o n t h e r e s i l i e n c e , as 

measured b y t h e c o e f f i c i e n t o f r e s t i t i i i o n , i s s e n s i b l y p e r f e c t . 

I n t h e case o f a l a r g e s o l i d i n e q u i l i b i ? i u m u n d e r t h e a c t i o n 

o f such a l o c a l i s e d f o r c e i t c a n be shown t h a t t h e e l a s t i c s t r a i n 

w i t h i n t h e body f a l l s o f f r a p i d l y w i t h t h e d i s t a n c e f r o m t h e p o i n t 

o f a p p l i c a t i o n , s o t h a t t h e e f f e c t s p r o d u c e d are g o v e r n e d c h i e f l y 

b y t h e shape and n a t u r e o f the body i n t h e imme^-liate n e i g h b o u r h o o d 

o f t h e sm.a l l a r ea o v e r w h i c b t h e f o r c e i s a p p l i e d . On t h e o t h e r 

h a n d , i f t b e f o r c e i s a p p l i e d u n i f o r m l y f o r an e x t r e m e l y s h o r t p e r i o d , 

so t h a t a s h a r p ftlow i s g i v e n t o t h e s u r f a c e , a l a r g e p a r t o f t h e 

e n e r g y w i l l t r a v e l away f r o i r t h e a r e a o f a p p l i c a t i o n o f t h e f o r c e 

i n t h e f o r m o f l o n g i t u d i n a l w a v e s . The b e h a v i o u r o f i m p i n g i n g b o d i e s 

w i l l t h u s be e x p e c t e d t o d i f f e r m a r k e d l y a c c o r d i n g t o w h e t h e r t h e 

f i r s t o r t h e second o f t h e s e e f f e c t s i s p r e d o m i n a n t ; i n f a c t two 

d i s t i n c t t h e o r i e s o f i m p a c t have been p r o p o u n d e d bnsed on t h e s e 

c o n c e p t i o n s . 



The b e h a v i o u r o f a s y s t e n c o n s i s t i n g o f two p e r f e c t l y 

f l a t - e n d e ' ' rods i m p i r g i n g l o n g i t u d i n a l l y wns i n v e s t i g a t e d i n t h e l i g h t 

o f t h e p r o p a g a t i o n o f waves by S t « « V o m < n ' - , i n I867 ( 2 ) . 

THE ST. VSNANT THEORY. 

I n p l a c e o f t h e m a I . h e m a t l c a l a n a l y s i s o r i g i i a l l y emp loyed 

i t i s s i m p l e r t o c o n s i d e r d i r e c t l y che p r o p a g a t i o n o f waves a l o n g 

t h e b a r s w i t h o u t such a n a l y s i s , t h e r e s u l t s o b t a i n e d b e i n g i n no 

•way a f f e c t e d . ( 5) . 

( a ) g o l l i s i o n o f b a r s b o t h o f t h e same l e n p : t h . 

I f two i d e a l l y f l a t - e n d e d b a r s o f t h e same m a t e r i a l and 

c r o s s - s e c t i o n were t o i m p i n g e l o n g i t u d i n a l l y a unlftf^m p r e s s u r e w o u l d 

be p r o d u c e d o v e r t h e w u r f a c e o f t h e b a r s , r ^^^su l t ing i n t h e f o r m a t i o n 

o f a wave o f p o m p r e s s i o n i n each b a r . These waves w o u l d t r a v e l a l o n g 

^ t h e b a r s u n t i l t h e a v a i l a b l e k i n e t i c ene rgy had been, c o m p l e t e l y 

c o n v e r t e d i n t o s t r a i n ene rgy i n t h e b a r s . A t t h e end o f each b a r K E H 

r e m o t e f r o m t h e i m p i n g i n g s u r f a c e s t h e d i s t u rb^^nce w o u l d be r e f l e c t e d 

as an e x t e n s l o n a l wave v /h ich w o u l d pass dov/n t h e b a r , n e u t r a l i s i n g 

i n i t s p r o g r e s s t h e c o m p r e s s i o n p r o d u c e d by t h e i m p a c t . I n r e c o v e r ­

i n g f r o m t h e c o m p r e s s i o n each p a r t i c l e o f t h e b a r w o u l d b e g i n t o 

move away f r o m t h e a rea o f c o n t a c t w i t h a v e l o c i t y n u m e r i c a l l y 

e q u a l t o i t s i n i t f e l v ^ c i t y i n t h e wave o f c o m p r e s s i o n . I f t h e 

b a r s were o f e q u a l l e n g t h t h e c o m p r e s s i o n w o u l d be s i m u l t a n e o u s l y 

n e u t r a l i s e d i n b o t h so t h a t on t h e a r r i v a l o f t h e head o f t h e wave 

o f r a r e f a c t i o n a t t h e j u n c t i o n t h e b a r s w o u l d p a r t \'Vith a r e l a t i v e 

v e l o c i t y n u m e r i c a l l y e q u a l t o t h e v e l o c i t y o f a p p r o a c h . Thus t h e 

w h o l e o f t h e s t r a i n - e n e r g y w o u l d have b e e n r e c o n v e r t e d i n t o k i n e t i c 

e n e r g y and t h e b a r s v /ou ld have exchanged v e l o c i t i e s . 



The e f f e c t s p r o d u c e d c o u l d be s i m u l a t e d i n i m a g i n a t i o a by 

c o n s i d e r i n g each b a r t o be p r o l o n g e d i n d e f i n i t e l y and a l l o v / i a g a 
t 

wave o f e x t e n s i o n t o t r a v e l t o w a r d s t h e i m p i n g i n g s u r f a c e s f r o m a p o i n 

d i s t a n t 2 / f r o m t h e j u n c t i o n where ^ r e p r e s e n t s t h e l e n g t h o f t h e 

b a r c o n s i d e r e d . I f t h e e x t e n s i o n s i n t h i s " i m a g e " v/ave were i d e n t i c a l 

w i t h t h e c o m p r e s s i o n s i n t h e wave p r o d u c e d b y t h e i m p a c t , t h e n t h i s 

image wave w o u l d a r r i v e i t t h e p o s i t i o n o f t h e f r e e end o f t h e b a r 

i n t i m e t o n e u t r a l i s e t h e c o r n p r e s s i o a , t h e r e b y s a t i s f y i n g t h e c o n d i ­

t i o n t h a t t h e f r e e end inust be u n s t r a i n e d , i n e x a c t l y t h e same way 

as t h e a c t u a l r e f l e c t e d wave . 

M C o l l i s i o n o f b a r s n o t o f t h e same l e n g t h . 

C o n s i d e r t w o r o d s o f l e n g t h s ^ j _ and ^ o f t h e same m a t e r i a l 

and c r o s s s e c t i o n . L e t t)e g r e a t e r t h a n 1^ 2> suppose t h a t t h e 

s h o r t e r b a r i m p i n g e s on t h e l o n g e r , w h i c h i s s t a t i o n a r y , w i t h a 

v e l o c i t y , V . Then a t t h e b e g i n n i n g o f t h e i m p a c t t h e j u n c t i o n 

t a k e s a v e l o c i t y v , so t h a t a l o n g i t u d i n a l wave i n w h i c h t h e 
2 

c o m p r e s s i o n i s _ v , where V i s t h e v e l o c i t y o f sound i n t h e 
2V 

m a t e r i a l o f t h e b a r s , t r a v e l s a l o n g each b a r av/ay f r o m t h e j u n c t i o n . 

I f now t h e s h o r t e r b a r be i m a g i n e d t o be p r o l o n g e d i n d e f i n i t e l y 

i t c^n be c o n s i d e r e d t h a t a l o n g i t u d i n a l wave i n w h i c h t h e e x t e n s i o n i s _ v s t a r t s o u t f r o m a s e c t i o n a t a d i s t a n c e 2 In f r o m t h e 
2V 

j u n c t i o n and t r a v e l s t o w a r d s t h e j u n c t i o n w i t h a v e l o c i t y V . B o t h 

t h e i n i t i a l wave and t h e image wave r e a c h tne^ juno t io^ 'n a t a t i m e 

^ measured f r o m t h e b e g i n n l r i g o f t h e i m p a c t ; a f t e r w h i c h t h e y 

become s u p e r p o s e d i n such a manner t h a t t h e b a r becomes u n s t r a i n e d 

t h r o u g h o u t a f t e r a f u r t h e r t i m e L has e l a p s e d . Due t o t h e a c t i o n 
V 



o f t h e waves t h e v e l o c i t y o f each p a r t i c l e r e l a t i v e t o i t s i n i t i a l 

v e l o c i t y i s nov/ v , away f r o m t h e j u n c t i o n . Thus t h e s h o r t e r b a r , 

a f t e r a t i m e 2^2 r e m a i n s a t r e s t i n an u n s t r a i n e d c o n d i t i o n . 
V 

I f t h e l o n g e r b a r be t h o u g h t o f as i n d e f i n i t e l y p r o l o n g e d , 

t h e n t h e image t a v e i n w h i c h t h e e x t e n s i n i s a g a i n __v s t a r t s o u t 

f r o m a s e c t i o n d i s t a n t 2 ^/ f r o m t h e j u n c t i o n , and t h e ti^o waves feegin 

t o o v e r l a p a f t e r a t i m e | j . f r o m t h o b e g i n n i n g o f t h e i m p a c t . When a 

t i m e 2 ^ 7 has e l a p s e d t h e p r e s s u r e b e t w e e n t h e b a r s f a l l s t o z e r o 
V /I 

so t h a t t h e t o t a l l e n g t h o f t h e wave i n t h e l o n g e r b a r i s 2 I 2 > 

and t h e j u n c t i o n end o f t h e b a r becomes u n s t r a i n e d and s t a t i o n a r y , 

u n t i l t h e a r r i v a l o f t h e image w a v e . 

I f ^ [ i s g r e a t e r t h a n 2 ^ 2 "^^^ wave o f c o m p r e s s i o n can be 

c o n s i d e r e d t o pass c o m p l e t e l y o u t o f t h e l o n g e r b a r w h i l e t h e wave 

o f e x t e n s i o n t a k e s i t s p l a c e . The b a r s v / i l l nov; p a r t i m m e d i a t e l y 

t h a t t h e head o f t h e wave o f e x t e n s i o n a r r i v e s a t t h e j u n c t i o n . Vvlien 

t h i s o c c u r s t h e p o r t i o n o f t h e r o d u n o c c u p i e d by t h e wave w i l l be 

u n s t r a i n e d and s t a t i o n a r y , h a v i a g b e e n s u b j e c t e d t o t w o i d e n t i c a l 

s t r e s s e s i n o p p o s i t e d i r e c t i o n s , w h i l e t h e p o r t i o n o f t h e r o d o f 

l e n g t h 2^2^ o c c u p i e d by t h e e x t e n s i o n a l wave , w i l l be m o v i n g away 

f r o m t h e j u n c t i o n w i t h a v e l o c i t y _v_ , , t h e p a r t i c l e v e l o c i t y i n t h e 
2 

v/ave. 

The w h o l e momentum a s s o c i a t e d w i t h t h e r o d i s 2 / 9 /) v 
, ' 2 ' 

where / r e p r e s e n t s t h e mass p e r u n i t l e n g t h , so t h a t t h e r e s u l t a n t 

L 
v e l o c i t y i s ^ E . v . 

I f l e s s t h a n 2'C2 t h e n a t t h e i n s t a n t o f a r r i v a l o f 



t h e heart o f t he e x t e n s l o r a l wave a t t h e j u n c t i . n t h e i n i t i a l ' 

wave and t h e 3msge w .ve o v e r l a p ; r r « rtistnnce s / g - t h a t 

t h i s l e n g t h i 3 u n s t r f i n e r t anrt moves w i t h v e l o c i t y v away f r o m 

t h e j u n c t i o n , w h i l e a l e n g t h 2 ( f ^ - ) i s o c c u p i e r t h y 

t h e e x t e n s i o n a l wave. Then t h e momentum s s a o c i s t e r t w i t h t h e r o d i n 

tv^is case i s 2 ( ^ ^ 2 ^ f ^ " ^ 2 " ^ l ^ / " > ° ^ ^ 2 ' ^ 

as b e f r r e , so t h a t a g a i n t b e r e s u l t a n t v e l o c i t y i s v . 

The d u r a t i n n o f c o n t c t and t h e c o e f f i c i e n t ^ f r e s t i t u t i o n 

a re t h e r e f o r e and ^ r e s p e c t i v e l y i n b o t h c a s e s . 

T^E H-RTZ TH^:oRy. ( 47 . 

The e f f e c t r f a p ronounced c u r v a t u r e of t h e i m p i n g i n g s u r f a c e s 

o f t h e c o l l i d i n g bo r i i e s w o u l d be t o p r e v e n t t h e r a p i d g r o w t h o f 

p r e s s u r e a t t he b e g i n n i n g o f t he imipac t , s c- t h a t t he nm.ount o f 

e n e r g y p r o d u c t i v e o f l o n g i t u d i n a l v i ^ r a t i o r ^ s would, be l e s s t h a n 

i n t h e case o f f l a t - e n v i e d b o d i e s . The case t r e a t e d b y K e r t z was 

t h e i m p a c t o f t w o b o d i e s w i t h c u r v e d s u r f a c e s , such t h a t t h e 

d u r a t i ^ ^ n o f c o n t a c t c o u i n be c r r s i d e r e d l o n g compared w i t h t h e 

p e r i o d o f t h e g r a v e s t l o n g i t u d e r a l v i b l j a t i o n s w h i c h m.ight be 

p r o v o k e d by t h e c o l l i s i o n . No s e n s i b l e amount o f e n e r g y w o u l d 

t h e n have been p r e s e n t es v i b r a t i o i s and t h e c n n d i t i o n s d u r i n g t h e 

im.pact w o u l d bpve been c^etenr.ined c o m n l e t e l y by t h e r e l a t i o n s h i p 

c o n n e c t i n g t h e p r e s s u i f j be tween t h e b o d i e s n i-d t h e i r r e l a t i v e 

d i s p l a c e m e n t u n d e r s t a t i c c r - n d i t j o n s . 

I f a f o r c e be r r o l i e r ^ t o a v e r y s m a l l a rea o f t h e s u r f a c e 

o f a s o l i d bounded b y a n I n f i n i t e p l o n e , i t can 1^ sb#wb t h a t t h e 

w i t h i n t h e body a t p o i n t s n o t t o o nenr t o t h e p - r t l o n o f t h e 

s u r f a c e o v e r w b i c b t b e p r e s s u r e i s a p p l i e d i s i n v e r s e l y p r o p o r t i o n a l 

t o t h e s q u a r e o f t he d i s t a n c e f r o m the p o i n t o f a p p l i c a t i c n o f t h e 



d 
f o r c e . Thus i f t h e re la••-1 o n s h i p bet .veen t h e p r e s s u r e and t h e 

i n d e n t a t i o n o f t h e s u r f a c e s d u r : n g i i r p a c t i s t h - i t / / ^ i c b h o l d s u n d e r 

s t a t i c ' c o n d i t i r n s , most o f t h e s t r a i n e n e r g y w i l l be l o c a t e d i n t h e 

i m m e d i a t e v i c i n i t y o f t h e area o f c o n t a c t . 

I f t h e c u r v e d s u r f a c e s o f two b o d i e s o f t h e same m a t e r i a l 

are p r e s sed t o g e t h e r t h e n W i t h i n t h e b o u n d a r y o f t h e a r e a o f c o n t a c t t 

t h e m . a t e r i a l w i l l be s t r a i n e d i n a manner d e p e n d i n g upon t h e o r i g i n a l 

shape o f t h e s u r f a c e s and t h e c l o s e n e s s o f a p p r o a c h , measured f r o m 

t h e p o s i t i o n Dn\vbich t h e b o d i e s a re j u s t i n c o n t r c t . I t can be 

shown t h a t t h e d e f o r m . a t i o n i s s u c h tv^r t t h e p o t e n t i a l a t any 

p o i n t w i t h i n t h e area o f c o n t a c t i s a q u a d r a t i c f u n c t i o n o f t h e 

c o o r d i n a t e s o f t h a t p o i n t , a r e s u l t w h i c h i s t r u e o f t h e p o t e n t i a l 

due t o - n e l l i ^ i d . A c c o r d i n g l y a n i n v e s t i g a t i o n i s mafle o f t h e 

e f f e c t s due t o a v e r y much f l a t t e n e d e l l i j f o i d o c c u p y i n g t h e p l a c e 

o f t h e ^-rea o f c o n t a c t , t h e ^'^^ole mass o f t h e e l l i p o i d b e i n g 

e q u a l t o t h e t o t a l p r e s s u r e be tween t h e b o d i e s . 

I n t b e case o f equal spheres t h e r e l a t i o n s h i p s o b t a i n e d 

f r o m t h e s e c o n s i d e r a t j o n s a r e 
r CO 

cL = li I dx 

1 = Z>? 2i dx i i 
r T a 

i n w h i c h 

^ = 'y^^^j ^ " ^ y b e i n g t h e d i s t a n c e s b e t w e e n a p o i n t 

i n t he f i r s t body and a p o i n t i n t h e second b e f o r e nnd a f t e r t h e 

a p p l i c a t i o n o f t h e p r e s s u r e , r e s p e c t i v e l y ; 

P = t o t a l p r e s s u r e b e t w e e n t he b o d j e s 

a = semi m a j o r o x i s o f t h e e l l i p s o i d w h i c h r e p r e s e n t s t h e 

d i s t r i b u t i o n o f s t r e s s . 



= ( ^ " ̂  ) /Vhere v = v e l o o i t y of sound i n the m a t e r i a l 
Trv2/? ( 1 . 2 c r ) 

or the r. hures, ^ = density of the 
i; ^ t e r i n l r. nd {T = oisaon's r a t i o , 

r = radius of ei t h e r sphere. 
From these equations the r e l a t i o n s h i p hetv/een P -nd may be 
rer'uced t o 

f 
H 

or P = <̂  
where - J^.r'^\/% (±Z3^ 

The i n t e g r a t i o n of the eque t i o n P = k^X^ w i l l be found i n Chnpter 
IV p. I/O The r e s u l t there given i s 

f W ~ (^-''i 

where t = c^uration of contact. 

Y = } ~ f -' Try-
k = m\ 4" m2 , ra-^ and heinr the masses of the 

c o l l i d i n g boai6-s7 
Thus according t o t h i s theory the duration of contnct 

depends upon the v e l o c i t y of fipproach, the r a d i i of curvature of 
the impinging surfaces, srd the masses of the inpinging bodies. 
vVhen i = 3 , y = -1 
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EXPERIMENTAL WORK. 

The inadequa^cy of the St,-Venant theory was demonstrated very 
early by Hamburger ( 5 ) , who found t h a t the duration of contact of 
bars impinging end t o end was considerably greater than t h a t predicted 
On the other hand i t was found t h a t the dura t i o n of contact of metal 
spheres was i n reasonable agreement w i t h the p r e d i c t i o n s of the Hertz 
theory. It-may be noted that Lord Rayleigh has shown (^) t h a t 
the r a t i o of the k i n e t i c energy of v i b r a t i o n t o the t o t a l energy before 
c o l l i s i o n , f o r spheres, whould be aoproximately 1_. v where V i s 

50 V 
v e l o c i t y of sound i n the mater i a l of the spheres and v t'Ac r e l a t i v e XK 

v e l o c i t y of the spheres before impact. 
On the other hand f o r very v i o l e n t blovvs, as, f o r example, the 

impact of a r i f l e b u l l e t on a hard body or the shock produced by the 
detonation of an explosive i n contact w i t h a metal block, the influence 
of l o n g i t u d i n a l waves appears t o be ^ramount. ( ) , I n two major 
p o i n t s , however, the St.-Venant theory has been amply shown t o a f f o r d 
an incomplete explanation of the experimental r e s u l t s . According t o 
t h i s theory both the duration of contact and the coef J^iclent of 
r e s t i t u t i o n should be independent of the v e l o c i t y of approach: the 
c o e f f i c i e n t of r e s t i t u t i o n i n the case of bars of the same m a t e r i a l 
and cross-section being enual to the r a t i o of the length n f the 
shorter t o t h a t of the longer bar. 

A l l workers have observed a reduction i a the d u r a t i o n of contact 
w i t h increasing v e l o c i t y ( ^ ' ^ / while the r e s u l t s of 
experiments on the c o e f f i c i e n t of r e s t i t u t i o n have shv^on t h a t t h i s 
i s always greater than the t h e o r e t i c a l value and t h a t i t v a r i e s ./i^h 
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the v e l o c i t y of approach ( ) . Volgt explained the discr^-^pancy 
betv;een the observed and calculated valu.^s of the c o e f f i c i e n t o f 
r e s t i t u t i o n by assu'uing the existence i f a layer of t r a n s i t i o n bet een 
the bars, whose properties would depend ^ipon the nature of the ends. 

EXPERIHENTS ON B W I T H ROTTTIDED JZWL -

It ^^ould be impossible to prepare bars w i t h ^ j e r f e c t i y f l a t ends, 
ahd i f prepared i t would be almost equally d i f f i c u l t t o ensure t h a t 
the whole of the surfaces should come i n t o contact at the same i n s t a n t 
so t h a t the r 5 s u l t s of experiments on so-called f l a t ended bars are 
not of the greatest value. 

The f i r s t experiments on the impact of bars w i t h rounded ends 
appear to have been amde by Sears ) f who found, f o r bars of equal 
lengths, a l i n e a r r e l a t i o n s h i p between the lengths of the bars and 
the d uration of contact. Moreover the slope of the carves gave an 
excellen t value for the v e l o c i t y of sound i n the m a t e r i a l of the bars, 
ao that there can be no doubt that l o n g i t u d i n a l waves were set up of 
s u f f i c i e n t amplitude t o determine the i n s t a n t at which the impact 
ended. The e f f e c t of the end could thus be expressed as a simple 
a d d i t i o n t o the e f f e c t i v e length of the bar; though i t may be noted 
th a t t h i s c o r r e c t i o n shov;ed a d i s t i n c t v a r i a t i o n v/ith the v e l o c i t y 
of approach. 

Later ( ) a theory was elaborated i n v/hich the r e l a t i o n s h i p 
between pressure and in d e n t a t i o n f o r a small voliome near the area of 
contact was considered t o be i n accordance w i t h the Hertz theory, v/hil^ 
the movement of t h i s volume as a whole produced l o n g i t u d i n a l waves. 
Observations on the duration of contact and on the c o e f f i c i e n t of 



r e s t i t u t i o n were i n complete agreement w i t h t h i s theory, which was 
extended t o include the impact of bars of d i f f e r e n t lengths. Seal's 
work was performed w i t h s t e e l bars, a l l of the same end radius and 
of the same radius of cross-section. 

A f u r t h e r i n v e s t i g a t i o n was made by Wagstaff(^^ ) who took 
the precaution of hardening the ball-ends of the bars so tha t l a r g e r 
v e l o c i t i e s of approach might be employed without producing permanent 
indentations of the ends, and who used bars of d i f f e r e n t r a d i i o f 
cross-section. For these bars i t was shovm that the r e l a t i o n s h i p 
betv;een the duration of contact, t , and the v e l o c i t y of approach, 
^ V, was of the form t = Av^ where A and y are both constants, 
independent of the v e l o c i t y of approach. A l i n e a r r e l a t i o n s h i p 
was found t o hold between - -L and the len g t h , ^, of the bars, when 
these were of the same length. The duration of contact was found not 
to be a l i n e a r f u n c t i o n of C . Experiments were performed on bars of 
unequal lengths ( the shorter bar i n every case being loaded so t h a t 
the masses of the tv;o v/ere i d e n t i c a l ) which i n d i c a t e d that the masses 
of the bars were of fundamental importance, as the dura t i o n of contact 
was found always t o be p r a c t i c a l l y i d e n t i c a l w i t h t h a t f o r a p a i r of 
equal bars of the length of the longer bar. The experimental r e s u l t s 
f o r short bars, both loaded and unloaded, were found t o be i n f a i r 
accor-'Iance w i t h the Hertz theory. 

On the v/hole the experimental v/ork had not rev4aled the 
exact r e l a t i v e importance of the production of l o n g i t u d i n a l waves and 
of l o c a l I M e n t a t i o n s during the impact. I n the hope of determining 
the importance of the l a t t e r e f f e c t and f u r t h e r e l u c i d a t i n g the nature 
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of impact^experiments on the c o l l i s i o n of bars w i t h b a l l ends of 
various r a d i i of curvature were made as described i n subsequent 
chapters. 



CHAPTER I I . 

APPARATUS AND EXPEKII.'-ENTAL 

I'/IETHOD. 



D':T^^Hr.:ii'ATioys OF DUHATI^ : OF CONTACT. 

The duration of contact, t , wfis measured by a well-known 
e l e c t r i c a l method, the c i r c u i t being very s i m i l a r t o those used by 
previous workers. ( ̂  9 

By means of the Worse key M, the condenser G was f i r s t put 
i n series w i t h the b a t t e r y E, ( F i g . l ) then allowed t o disr^harge through 
the c i r c u i t R.R.B.M., where R was a resistance box, and B, B tlie bars 
whose d u r a t i o n of contact was t o be measured. K| wns simply a d;-:mpi|5g 
key f o r the galvanometer G, while Kg served to s h o r t - c i r c u i t the 
contact between the bars when necessary. This l a s t key was infa»oduce'd 
so t h a t i f any doubt arose^to the constmcy of the e.m.f. of the 
b a t t e r y , the corderrer could be completely discharged through G without 
i n any way i n t e r f e r i n g w i t h the adjustment of the bars. 

The ordinary procedure was to charge C, allow the whole 
charge to pass through G v/ith Kg closed, pnd observe the d e f l e c t i o n 
( ) produced, t h i s being a measure of the t o t a l charge upon the 
condenser. Next C was again charged^ but before discharge the key Kg 
was opened and a resistance taken out of the box R. C was then 
connected i n series w i t h R, B B and G and the d e f l e c t i o n (e) noted 
when the bars were i^llowed to impimge. 6, then, was a measure of 
the charge passing through the contact and GQ - e a measure of the 
charge remaining upon the plates of the condenser. This HKH procedure 
v/as repeated f o r several values of the series resistances. 

Neglecting the inductance of the galvanometer, the 



formula f o r the discharge of the condenser might be .vritten 

q = q o ^ ^ * or Lege 1 - = 
where qo = t o t a l i^acharge 

q = charge remaining a f t e r discharge f o r a time 

R = resistance of c i r c u i t 

iff 

t = RC Logg qo 
q 

= RC Log- _ ^ 
® ec- e 

provided the r e l a t i o n between q and 6 was l i n e a r throughout. 

A graph wns p l o t t e d h n v i n g L o g . ^ as ordinatQ^and 10 as m f O U l ' U . J.ll» CliiV-l J.\J 

abscissae and from the slope of t h ^ t was ca l c u l a t e d . 
Excellent s t r a i g h t l i n e s were obtained i n p r a c t i c a l l y every case; 
exceptions being noted, hcv/ever, where the bars were not s u f f i c i e n t l y 
hardened at the ends i n which case t i t s e l f v/as not constant. The 
straightness of these lines showefl t h a t the e f f e c t of the inductance 
of the c i r c u i t was sm.all, but a more d e t a i l e d e l u d i d a t i o n of t h i s poiitsjj 
may be of i n t e r e s t and i s included before proceeding t o a d e t a i l e d 
d e s c r i p t i o n of the apparatus. 

EFFECT OF INDUCTANCE. 

The s o l u t i o n of theeqfiation representing the discharge of a 
condenser through a resistance and an inductance i n Series was f i r s t 
worked out by Lord Kelvinj^'^nd h i s s t r a i g h t f o r w a r d method i s used here. 



- - ^. -
Let q - charge upon f̂ -̂ e condenser at any i n s t a n t , 

" t = time m.easured from the beginning of the discharge. 
" R = t o t a l resistance of the c i r c u i t . 
" L = " inductance of the c i r c u i t . 
" C = Capacity of the dondenser. 

^ ^ * " § 1 * I = " 
the complete s o l u t i o n of which i s q = K ef^ + k' ê "̂̂  where k add 
k' are constants anri ^' are solutions of the equation 

r LTT 

sothat 

21 " » 2L 
For the. evaluation of K and we have, when t = 0, q = qQ • the 
i n i t i a l - charge of the condenser. 

K + K' ^ qo ( 2 ) 
Any small negative value of t represents an i n s t a n t before the 
beginning of sk discharge, so t h a t as t approaches zero the current 

remains zero. Thus when t = 0, dq « o 
dt 

.•. ^ K + ^^K' = 0 
or K + ^ = 0 ( 3 ) 

from (2) and (3) 
and = ^^pZ 

Let 
Then f"^^ = 



IS 
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i. K» _ d- R ar.d _K_ _ oL + R 

SO t h a t 

To t h e f i r s t o r d e r of s m a l l q u a n t i t i e s 

= CI where t' i s small 

The 
^ = d where i s small C (if/) -(^^'*^^t;l 

n q = |a ( 1 + 2<() I 2R ( 1 J%^i\t^)z ^ J - ^ 

I t w i l l be shov7n l a t e r t h a t L is of the order 0-4 x lO""^ henry^ 
so that, i f , as a t y p i c a l example, we take R = 1000 ohm.s and 
C = X 10"^ farad then cT is about 1-2 x 10"^. I n t h i s case 
. ^ ( 1 -cT ) t , the index of the second term, has a value 
— ( 2 - 5 X 1 0 ^ ) t . 
S u b s t i t u t i n g some of these values i n (5) we ob t a i n 
Q = qo (1-0024) J ( l - •0012)£ ( l ^ i ? C ^ 

^ -4 -3 
t u s u a l l y has a value between 10 and 10 second^ M that when 
R = 1000 the maximum value of the l a s t term i s f o r a l l p r a c t i c a ] y 
purposes i n f i n i t e s i m i a l . 
Then q = Qo (1-001) ( C'^^ )1"001 
For the- range of the experimental work the maximum e r r o r i s of 
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the order of one part i n one thousand so t h a t unless very great 
accuracy i s required the e f f e c t of the inductance may s a f e l y 
be neglected. 

tho. f Further,/the f a c t o r 1 +c/ has a d e f i n i t e absolute v a i , ^ 
f o r a given resistance and capacity, hut does vary w i t h the resistance 
so t h a t i f the e f f e c t of t h i s term were- important the l i n e s connect­
i n g l o g . eo and 1 would not be s t r a i g h t . 

6o-e R 
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• . TTIB AFPARiVrUS. 
IThe Galvanometer. 

A low resistance moving c o i l galvanometer was used throughout 
so t h n t the inductance of the c i r c u i t should be «s smiall as possible. 
Over the p o r t i o n of the scale used i n the experi.^ents i t was found 

CUIIU(UK 

that the ̂ ot>|jM!.tioju WMS S' r i c t l y p r o p o r t i o n a l to the charge passing, 
roreover, the damping was found to he bruly logaritlirrdc so th a t as 
only the r a t i o of two charges, not t h e i r a> solute v l u e , was required 
i t W f i s unnecessary to apply any c o r r e c t i o n to the o"̂  served d e f l e c t i o n s 

CAT.CULATION OF TF̂ , J : DUCT^I^ICE. 

A f t e r the completjon of a l l the experimental work descri^-ed h e r e a f t e r 
the galvc nometer was dismantled and the d i i ens ions of the c o i l were 
measured, tho'^gh w i t h no gre' t accur- cy. 
The inductance of « rectangular c o i l o f rectangular cross-section 

is given by the f c r m l a 
L = -0092 ( a + f^i)n^-^Lop.^O 2aa^ _ _a_ ^^^^^ + 

+ .004(a+ai)n2[2 . i + .447 

'.Vhere â ^ = length of c o i l 
a = breadth o f c o i l 
b = depth of c o i l , 
c = thickness of winding 
n = no. of t u r n s . 
g = y a + â ^̂  



a, b, and c were measured d i r e c t l y ; n was calculatec) from the r e s i s t ­
ance of the c o i l and the ro?istance per nietre^.auge 40 cooper w i r e , 
of which the c o i l appeared to consist. Ther-e i s some doubt about the 
V a l u e of n but as the e f f e c t of inductance i s cert-^ i n l y sm£ill, and 
probably quite n e g l i g i b l e , an accurate knowledge of the q u a n t i t i e s 
concerned is unnecessary, 

B-^ = c:-., a - O-l^m.b = O-V cm. o p 0-1 cm. 
n =4:100 turns . 

This gives L = 0-40ci x 10"^ henry. 

The general arrangement of the apparatus i s shown i n F i g . 3 which i s 
drawn approximately to scale and include^ pract i c a l l y 'ivevythlriQ except 
the keys, w i r i n g etc. of the various c i r c u i t s . 

The bars were slung from- stout brackets by mieans of eight 
cords ( fo u r to each bar) each about s i x f e e t long and so adjusted 
th a t each bar could move only p a r a l l e l t o i t s e l f i n a v e r t i c a l 
plane, while the tv/o bars were exactly i n l i n e when at re s t i n the 
equllibrjum. p o s i t i o n , and when i n t h a t p o s i t i o n remiained w i t h t h e i r 
shaped ends ( t o which reference w i l l be made l a t e r ) "just i n contact 
For th#^ purpose each cord was attached at i t s upper end t o a spindle 
which could be rota-*-ed by means of a vjovm wheel so t h a t a very deli^rate 
adjustment of the suspension was obtained. As the angle hetueen two 
cords ?>ttached to the same point on the bar was small ( about 25^^ a 
very s l i g h t a l t e r a t i o n in length of one of thecords produced a marked 
l a t e r a l displacement of the bar. 
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lilacn D a r was n r u i e d and tapped t o take two brass hooks t o which 

the suspension cords were attached, a layer of sealing wax over the hotos 
ensuring perfect i n s u l a t i o n of the bars. E l e c t r i c a l connection t o the 
bars was made by means of f i n e , co51dd, copper wires attached t o pins 
on the underside of the bars. 

Tt i s necessar:^r to know the relatl^'-e v e l o c i t y of the bars j u s t 
before c o l l i s i o n , and f o r ease i n 0}^rM.ng out the r e s u l t s i t must have 
been possible to use the sar-e v e l o c i t y repeatedly f o r d i f f e r e n t bars. 
Accordingly the l e f t hand bar was kept at re s t i n the e q u i l i b r i u m 
p o s i t i o n j u s t before the impact, while the r i g h t hand bar was withdrawn 
& measured distance, x, and released. The r e l a t i v e v e l o c i t y of 
aoproa^h, v, was then given by v = where T i s the tim.e of iili 

swing of the displaced bar. 
I t has already been mentioned th a t a s l i g h t a l t e r a t i o n 

i n ler^ghh of the suspension cords would hove produced a serious d i s t u r b ­
ance of the apparatus, so t h a t i t was necessarjr t o reduce t o a minimum 
the time snent on one series of observation, to avoid as f a r as possible 
the e f f e c t s o n t h e cords of changing temperature and humidity of the a i r . 
The Release device S and the t r a p T vvere designed w i t h t h i s end i n 
view, and w i l l be ^escribed i n some d e t a i l . 

THE KMEASS. 

An e l e v a t i o n of t h i s i s shown i n f i g . 3 . The bar iStas withdrawn 
by a thread passing over a l i g h t v/ooden p u l l e y and attached at i t s upp«» 
end t o a hook on the brass bar GG^the upper end o f which was constrained 
to move i n a v e r t i c a l l i n e by a p a i r of wooden glides AA' , and a 
wooden-block W attached to the upper end of the rod. The rod also pasaed 
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through a hole i n the yoke of the electrcn^agnet M and c a r r i e d at i t s 
lov/er end a lead weight so that when released i t f e l l r a p i d l y i n a v e r t 
i c a l l i n e . Two s t r i p s o f wood BR, shown cut av/a7/- f o r clearness,united 
the guides AA' and so form.ed a r i g i d frame^i^Ork; they also served t o 
support the electromagnet M which held the rod when the bar was d i s p l a 
ced. The r i g i d i t y of the magnet V. was f i n a l l y assured by s l o t t i n g 
the brass flange of the c o l l s i n t o the guides AA«. 

V/hen the elec t r o r agnet was energised and the rod GG had 
been p u l l e d i n t o p o s i t i o n by a cord attached to the hbok H, the 
armiature RR, which was a loose f i t on the rod, compressed the s p r i n g 
S and forced a c o l l a r C„ attached t o the rod, against the yoke of the 
magnet. Thus the displacement of the rod (I}G depended s o l e l y on the 
'adjustment of C| and r o t on the ^ ^ c t p o s i t i o n of the armature RR, 
This was necessary fes the surfaces of the armature and of the poles 
of the m.agnet were not accurately machined. A second c o l l a r C2 held 
RR in^posiJ:ion-Whe/^ f r e e ^ r o m t h ^ magnet///hi le a pin solde-ped t o Co 

prevented the shock from, d i s t u r b i n g the apparatus i n any way. 

"/ith t h i s arrangement i t was found th^^ t by p u l l i n g the cord 
attached to H ( which could be accomplished from the f r o n t of the 
•^ench ) the bar wos withdrawn i n t o exactly the same p o s i t i o n every 
time. The actual displacement of the bar, not of the rod GG, was 
o''\served by means of a t r a v e l l i n g microscope ( not shown i n f i g . 3 ) 
and was adjusted to i t s i 5 » K w e * ^ * R g i n i t i a l value simply by s l i d i n g the 
stand sup;)orting S along the bench. This stand was of very heavy 
jSG^nstruction and was loaded w i t h lead weights when i n p o s i t i o n . 
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During dome of the l a t e r experir-ents vi-vy s n a i l displacements ( abo*t 
0*2 cm.) were used and f o r these, when using short bars, i t was feared 
th a t the weight of the thread and the i n e r t i a of the p u l l e y might have 
an appreciable e f f e c t . To eliminate t h i s p o s s i b i l i t y the c a t a p u l t 
shown i n f i g . 4 . was designed. 

A cord T from the bottom hook of the rod G G ( f i g . 4 ) 
passed over the pulley and was attached to two s t r i p s of stretched 
rubber C,C fastened to the bench and t o the thread from the bar, B. 

i n 
This cord was of such length that w i t h the bar/the displaced p o s i t i o n 
the end attached to the e l a s t i c j u s t rested i n contact v/ith the p u l l e y . 
Thus the cord T was held t a u t by the e l a s t i c and when the bar GG 
( f i g . 3 ) was allowed to f a l l the energy required to r o t a t e the pulley 
and t o m.ove the cord was supplied by the e l a s t i c , the only drag on the 
bar being t h a t due t o the l i g h t thread attached to the p i n J ( f i g . 4 ) . 
The device was completely successful. 
THE TRAf. 

Before the impact the l e f t hand bar of Fig. 3, r e f e r r e d 
to h e r e a f t e r as the second bar, was hanging f r e e l y at r e s t . A f t e r the 
impact i t was necessary to r e t a i n i t i n a displaced p o s i t i o n , w i t h as 
l i t t l e s t r a i n on the suspension as possible, so t h a t only one discharge 
of the condenser could take place; although, i n case of accident, the 
key M could be released to i s o l a t e the galvanometer system. For tfc 
the next impact the second bar had t o be replaced i n i t s o r i g i n a l 
p o s i t i o n . At f i r s t these operations v/ere accom.plished by hand w i t h 
the a i d of a small mechanical t r a p but the time spent i n the r e a d j u s t ­
ment o f the bar was considerable and a s l i g h t draught before the 
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c o l i s i o n was a u f f l c i e n t tr> d i s t u r b the s^.cord ba r f\nprec5 a b l y . To 

overcome these inconveniences the t r a p T, shovvn i n some c i e t c i l i n 
f i g s . 5 and 6 v/as desjgned. 

This t r a p f u l f i l l e d two purposes, t o remove the bar fr o i i ^ Ihhe 

e q u i l i b r i u i r . p o s i t i o n a f t e r the c o l l i s i o n and t o b r i n g i t back t o r e s t 

i n t h e C q u i l i b r i u m p o s i t i o n before the next c o l l i s i o n . 

The p o r t i o n o f the t r a p used f o r r e s t o r i n g the bar t o i t s 

zero p o s i t i o n c o n s i s t e d of a wooden t r o u g h f i l l e d w i t h mercury and 

s u p p o r t i n g a brass franework c a r r y i n g a heavy brass b l o c k F f r e e t o 

t u r n about a h o r i z o n t a l axle P ( g i g . ^ ) S u f f i c i e n t mercury was placed 

i n the t r o u g h f o r the b l o c k t o r e t u r n s l o w l y a f t e r displacement t o fits 

o r i g i n a l p o s i t i o n , i t s riotio7i b e i n g her-.vily damped by the a c t i o n of 

the v a n e V, The p i n c a r r i e d by t h e second bp-r- j was p r o t e c t e d 

by a s h o r t ebonite tube and r e s t e d betvi/een the cheeks o f the upper 

p a r t of the brass b l o c k . F i n a l l y , the t r o u g h was so a d j u s t e d t h a t 

when hanging f r e e l y the p i n touched n e i t h e r cheek, i t s a c t u a l cleartmce 

being about •02 cm. on e i t h e r s i d e . A f t e r s u f f e r i n g a displacement 

the bar o s c i l l n t e d about i t s zero p o s i t i o n but i t s motion v/as very 

s t r o n g l y damped p.nd, owing t o the poor r e s i l j e n c e o f t h e e b o n i t e , i n 

a few seconds the p i n was completely f r e e from cont«?ct w i t h e i t h e r 

cheek. 
The a c t u a f trapping; of the bar a f t e r c o l l i s i o n was 

accomplished by means o f the s o f t i r o n armiature N, a t t a c h e d t o the 

b l o c k F, and an a u x i l i a r y e l e c t r o i :agent E ( F i g . 6 ) . I and I j 

represent iOiH- two s p r i n ^ ^ brass c o n t a c t s , I being supported by the 

e l e c t r o magnet i t s e l f w h i l e I ^ ^ was c a r r i e d by a brass b r a c k e t on t h e 

I b l o c k L. The remainder o f the c i r c u i t comprised the electromagnet 



E, a key K ap/l the > a t t e r y . The t./o c o n t a c t s , I ^nd I ^ ^ .//ere 
so a d j u s t e d t h a t the c i r c u i t was nopriially open, hut when the b l o c k F 
was d i s p l a c e d towards E, ^ the p i n J, I-j^ was f o r c e d i n t o c o n t a c t 
w i t h I a'rid the c i r c u i t c l o s e d , the key K being closed when u n d i s t u r b e d 
This process energised the magnet so t h a t the armature I T w s h e l d ngainst 
the poles ©n^ "t̂ Q̂ p i n J h e l d the second bn-p awny from i t s e q u i l i b r i u m 

p o s i t i o n . As the Mock F when d i s p l a c e d towards the magnet h e l d 
I 5?nd i n co n t a c t the m^onet remained energised u n t i l t'^e key K 

was opened when the armature was released ©o t h a t the c i r c u i t WPS 
broken once moi^ a t I I i • The b l o c k F was then f r e e t o r e s t o r e the 
bar t o i t s e q u i l i b r i u m p o s i t i o n , w h i l e the c i r c u i t con.ld ohly be 
completed by c l o s i n g the contacts I , I - j ^ . I t w i l l be seen t h a t once 
the apparatus had been ^^i^usted the on l y miani|w// e t i o n necessary Wr s 
the opening o f t h e key K a f t e r e-̂ .ch c o l l i s i o n . 

This t r a p had t h e o d d i t i o n a l advantage t h g t no l a t e r a l 
t h r u s t was exerte-^ on t h e p i n , so t h a t the piignment of the bars 
s u f f e r e d very l a t t l e d i s t r u b a n c e , w h i ] e the mercury absorbed the major 
p a r t of the energy of t h e c o l l i s i o n , b r i n g i n g the bar t o r e s t w i t h o u t 

undue v i o l e n c e . 

I n the f i n a l arrangement of the apparatus the t h r e e 
keys c o n t r o l l v ' g r e s p e c t i v e l y the release device, t h e condenser c i r c u i t 

and t h e t r a p were placed side by s i d e , at t h e f r o n t of the bench, and 

the cord used t o p u l l up the bar of the release device was f a s t e n e d 

beside these so t h o t t h e whole apparatus c o u l d be used as q u i c k l y as 
p o s s i b l e . A great improvement i n ease and accuracy of work r e s u l t e d 

from t h e in^ro(3iuction o f these pieces of apparatus. 



O B S I C R V A T I O K S . 

For each displacement o f the imp i n g i n g bar f i v e values o f the 

s e r i e s r e s i s t a n c e R^in the galv-nometer c i r c u i t , were u s u a l l y used , 

and f o r each r e s i s t a n c e f o u r Vr-^ues of the d e f l e c t i o n v;ero t a b u l a t e d , 

though t h i s numiber was increased v/here nny a p n r e c i a b l e discrepancy 

between the d e f l e c t i o n s was noted. I t was founri p o s s i b l e t o r e c o r d 

the d e f l e c t i o n s t o ̂  f r a c t i o n of - m i l l i m e t r e . The accuracy of the 

releo.se device was r e p e a t e d l y checked w i t h the t r a v e l l i n g miicroscope, 

but i t s behaviour was satisfactory/- t h r o u g h o u t . 

THE BAriS. 

PREFAl-lATIOi: CF TPHl BAII-EIIDS. 

;L7 

As the end I n vievj v/hen these experiments were begun v/as 
p r i m p r i l y a d e t e r m i n a t i o n o f the e f f e c t o f the rad i u s of c u r v a t u r e 
o f t h e b a l l - e n d on the d u r a t i o n o f co n t a c t the g r e a t e s t p o s s i b l e 
care was taken i n t h e g r i n d i n g t o ensure t h a t the b a l l - e n d s should be 
t r u l y s p h e r i c a l and of e x a c t l y the same r a d i u s f o r each bar of a p a i r . 
The processes i n v o l v e d may be of i n t e r e s t and are a c c o r d i n g l y describ^-d 

here • 
A gauge of the r e q u i r e d s i z e was f i r s t prepared ^n^. t h e 

end o f t h e bar, w h i l e s t i l l s o f t , was tu r n e d so j^s t o f i t t h i s e x a c t ­

l y . T h i s end was now pressed i n t o t h e sur f a c e o f a number o f lead 

blocks so as t o m.n ke a s e r i e s of shollow depress-ions of t h e s i z e of 

the b a l l - e n d s r e q u i r e d , these blocks being used l a t e r i n the g r i n d i n g 

of t h e ends . 

The bars were now th o r o u g h l y hardened by quenching i n wnter 

nnd were ground and p o l i s h e d w i t h the a i d o f the lead blocks a l r e a d y 



prepared so t h n t , again, the gauge f i t t e d p e r f e c t l y . A m i c r o s c o p i c a l 

examination o f the o p t i c a l images Ifiormed b y r e f l e c t i o n i n the end under 

i n s p e c t i o n was f i n a l l y made t o ensure t h a t no i r r e g u l - : r i t y was present 

around the r e g i o n o f c o n t a c t . 
B a l l ends of r a d i u s 2", 1", , -Vie", J", V e " , and I / I 6 " 

wers^ used. More f l n t - e n d e d bars than the f i r s t mentioned would have 

o f f e r e d s e r i o u s d i f f i c u l t i e s i n p r e p a r a t i o n as the 2" ends were found 

very l i a b l e t o s u f f e r considera>:^le d i s t o r t i o n or even f r a c t u r e d u r i n g 

the quenching. On t h e other hand the I / I 6 " ends, w h i l e e^sy t o g r i n d , 

w e r e s u b j e c t t o such intense stresses d u r i n g the c o l ] i s i o n s t h a t 

r e g r i n d i n g d u r i n g the course o f a set o f experim.ents was sometimes 

neces sary. 

.Tiere t h e r a d i u s of cu r v a t u r e o f the ends was le s s than 

5/16" ( the r a d i u s of the bar i t s e l f ) t h e end was coned down a t 30^ 

w i t h t h e a x i s i n e a c h Cose, the generators o f the cone bei n g 

approximately t a n g e n t i a l t o the b a l l - e n d . 

SCOPE OF T m FXP^.RIMiilNTS . 

RAFGE OF VELOCITIES USED. 
The time t*ken f o r l o n g i t u d i n a l waves t o t r a v e l over t w i c e 

the l e n g t h o f one o f the bars i s constant p̂ d̂ t h i s , f o r equal b a r s , 

gives the d u r a t i o n o f co n t a c t according t o the St/rVenant t h e o r j r . Thus, 

according t o t h i s t h e o r y there should b e no v a r i a t i o n o f dura-^tion o f 

co n t a c t w i t h v e l o c i t y o f approach. 

• On t h e o t h e r hand the Hertz t h e o r y i n d i c a t e s t h a t the 

d u r a t i o n o f ̂ o n t n c t , t , i s i n v e r s e l y p r o p o r t i o n a l t o the f i f t h r o o t 
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o f the r e l a t i v e v e l o c i t y of t h e c o l l i d i n g b o d i e s , j u s t ht^fo^-e impact. 

The o b s e r v a t i o n s of previous woi-kers ( ^ / ^ ' ) have confirmed exper­

i m e n t a l l y t h a t a v a r i a t i o n o f t w i t h v e l o c i t y does occur and i t has 

been found t h a t f o r bn rs v ; i t h rounded ends t i s p r o p o r t i o n a l t o the 

v e l o c i t y r a i s e d t o some pov/er which v a r i e s between --J and -

Thus the d u r a t i o n of c o n t a c t may increase a t the o u t s i d e by 25% when 

the v e l o c i t y i s h a l v e d . 
I t was t h e r e f o r e considered d e s i r a b l e t o o b t a i n the g r e a t e s t 

used 
D o s s i b l e r a t i o between the extreme v e l o c i t i e s / a n d as an excessive 

v e l o c i t y ( g r e a t e r than pbout 30 cm. p e r sec.) I n v o l v e s enormous s t r e s s e 

over the s u r f a c e s i n c o n t a c t , an attempt was nv-xd.e t o design the appar­

a t u s t o d e a l w i t h v e l o c i t i e s between 3 cm/sec. and about 25 cm/sec. 

A c t u a l l y v e l o c i t i e s o u t s i d e t h i s range were used a t t i . es but i n general 

the observatDons were made w i t h i n these l i m i t s . A v e l o c i t y o f 2*7 

cm/sec. corresponded t o a disnlacement of the impinging bar of 1 cm., 

i . e . t o an -angular dis palacement of about 0.27^. The t o t a l v e r t i c a l 
-3 

displacement of the bar i n t h i s case v/as about 3 x 10 cm. so t h a t 

any change i n l e n g t h o f the suspension cords would hr.ve r u i n e d the 

experiment d u r i n g luhich i t o c c u r r e d . 

For t h i s reason the minimumi displocemient 4tt3?*Rg-wh4eh-i^ 

^eewpp^^ used i n most o f the experiments was 1*0 cm., and when, d u r i n g 

l a t e r vork, displ'^ cem.ents s m a l l e r than t h i s were used, s p e c i a l n r e c a u t i g r 

were t a k e n . 
EXT"F:I]DSD RAKGE. 

As i n d i c a t e d above, a f t e r the major p o r t i o n o f the work 

had been completed i t Wos decided t o work w i t h a g r e a t e r range o f 



v e l o c i t i e s , and f o r t h i s ijurpose some jtfslight iî O'Ux" j r • ions i n the 

appartus were i n t r o d u c e d . The t r a p as used f o r most o f the experir.ents 

was so arranged as t o a l l o w the bar t o swing u n c o n s t r a i n e d t h r o u g h 

a very s m a l l d i s t a n c e , but f o r di.splacements o f t h e imp i n g i n g bar o f the 

order of two m i l l i m e t r e s t h i s p r a c t i c e had t o be abandoned. Accordingly 

a s t o p was pL.ced so t h a t one side of t h e t r a p b l o c k (F) r e s t e d a g a i n s t 

i t nnd the p i n of the bar w-s held i n contact w i t h t h e cheek of the 

t r a p by a v e r y weak s p r i n g . Thus the bar, v h i l e no lon g e r f r e e , was 

ba?ought e x a c t l y t o t h e same p o s i t i o n a f t e r each impact. Experiments 

made f o r t h e purpose f a i l e d t o show any a l t e r a t i o n i n d u m ^ t i o n o f 

contact which coi^ld be a t t n j b u t e ' ' t o t h e new arrangement . Very care­

f u l a^'justm:ent of the electromagnet was necessary t o ensure t h a t the 

bar should be withdr.qvm p r o p e r l y by t h e t r a p and t h e impinging bar v;as 

adj u s t e d t o i t s s e t t i n g by hand before e^ch impact. 

To extend observations t o h i g h e r v e l o c i t i e s the t h r e a d 

from the r e l e a s e device wns detached from t h e b a r , ->nd was a t t a c h e d 

to a l i g h t m-:tal cap which f i t t e d l o o s e l y on t h e end o f the p i n below 

the b a r . The b a r was v/ithdrawn by hand .9nd h e l d i n p o s i t i o n by the 

cap on t h e t h r e a d . \'\'hen the release device was operated the c a t a p u l t 

ensured t h a t the thread WF̂ S completely slackened and the cap dropped 

o f f the o i n so t h ^ t the imp i n g i n g bar was swung down f r e e l y t o meet 

the s t a t i o n a r y bnr. This n r a c t i c e was necessarjr as the l e n g t h o f the 

framework o f the release device l i m i t e d the usaAl d5 snlacem.ent t o about 

•̂•̂  These s e r i e s of observations n a t u r a l l y t o o k l o n g e r t h a n / 

those u s u a l l y m̂  de anc3 proved very e x a c t i n g , the us u a l number of 

galvanometer d e f l e c t i o n s observed i n one s e r i e s b e i n g between two 



hundred and two hundred and f i f t y . 

LENGTHS OF THF. RAhS. 
To determine the e f f e c t o f t h e r a d i u s o f the b a l l end d)n the 

d u r a t i o n of c o n t a c t i t was decided t o use f i v e lengths o f e-ch bar 

f o r each b a l l end so t h a t nny outst^'nding e f f e c t due t o the end might 

be made e v i d e n t . I n p a r t i c u l a r i t was hoped t o o'btain som.e simple 

r e l a t i o n s h i p between the l e n g t h o f t h e b a r pnd the d u r a t i o n of c o n t a c t , 

oi such a type t h a t the e f f e c t due t o the b a l l end mig^t f^ppear as an 

a d d i t i o n t o t h e e f f e c t i v e l e n g t h o f the bar. I t w i l l be remiembered 

t h a t the r e s u l t s of Seanfs experiments could be expressed i n the form 

t = A + B l where A and B were constants independent o f the l e n g t h . 

Sears, however, worked w i t h only one r a d i u s of c u r v a t u r e of the ends 

of h i s bqrs so t h a t t h e r e i s l i t t l e r e a l evidence t o show t h a t even i n 

the case of soft-ended bars the effe-^-t o f the ^ a l l end i s m.erely t o 

increase t h e e f f e c t i v e l e n g t h . 

To preserve e x a c t l y t h e same end-condit:ons throughout each 

set of experiments the o r i g i n a l b ar was c u t down i n successive stat;es 

from 63*6 cm. t o 49*6 cmi, 35-6 cm., 17 cm., and f i n a l l y 8»5 cm. i n 

n e a r l y every case. The hardening o f the ends* prevented ahgt f u r t h e r 

r e d u c t i o n I n the l e n g t h o f the b a r s , and M I R B H wven w i t h 8*5 cm. bars 

some d i f f i c u l t y was found i n p r e s e r v i n g good alignment d u r i n g t h e 

experir-ents as, of course, i n the case of s h o r t b a r s , a v e r y s l i g h t 

a l t e r a t i o n i n l e n g t h of any one Suspension cor d would produce a 

r e l a t i v e l y g r e a t departure from the o r i g i n a l d i r e c t i o n of the r K i s . 
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An examination o f t h e r e s u l t s o f the observations mâ 'e on bars o f 
equal l e n g t h s w i l l be found i n another p o r t i o n of t h i s work but i t may 
be noted here t h a t n e i t h e r the Hertz theor^' nor the St-r Venant t h e o r y 
appeared t o account completely f o r the resu}.ts of those o b s e r v a t i o n s . 
I n the hone of o b t a i n i n g some r a t h e r more d e c i s i v e i n f o r m a t i o n a s e r i e s 
of experiments was perfoi^ned i n which the length s o f the i - p i n g i n g bars 
were n o t , i n g e n e r a l , equal. 

To begin w i t h , three bars were prepared o f lengths 100 cm., 63.6 cm. 
and 35«6 cm. r e s p e c t i v e l y , the radius o f the s p h e r i c a l end being -J" 
i h each esse. F i r s t , the 100 cm. bar and the 63»6 cm. bar were..used 
as a ftpair; next the 100 cm. bar and the 35.6 cm. bar were used i n the 
same w a j . A f t e r the completion o f these o b s r v a t i o n s the 100 c/im..bar 
was cut do vn t o 80 cm. nnd the process repeated, and so en , the bar o f 
o r i g i n a l l e n g t h lOD cm. being reduced s u c c e s s i v e l y t o 80 cm., 63.6 cm., 
49,6 cm.., XXL* 35.6 cm., 17 cm.., and f i n a l l y t o 8.5 cgi., the l e n g t h s o f 
the o t h e r t v ^ b^rs bem^nining u n a l t e r B d . 

EXPERii nT:T L D::T..ILS . 

The apparatus was designed f o r use w i t h bars o f equal l e n g t h s so 
t h a t some m o d i f i c a t i o n was necessary Hj^n these experiments. I n the 
work on equal bars the imp i n g i n g bar came dead t o r e s t a f t e r t h e c o l l ­
i s i o n , t h i s being one o f the c r i t e r i a o f good adjustment, but a f t e r t h e 
c A l l i s i o n | o f unequal bars b o t h bars continued t o m.ove. Thus the 
t r a p no l o n g e r f u n c t i o n e d t o cut out the e f f e c t of e x t r a c o l l i s i o n s , and 
where the lengths were v e r y d i s c r e p a n t a simple r e c h a n i c a l t r a p had t o t t -



- -
u s e d as I n the e ^ ^ r l i e s t experiments. To a l i o ; / the discharge t o take 
p l a c e o n l y d u r i n g the f i r s t impact the ii.orse key Iv' was released 
immediately a f t e r the sound of the c o l l i s i o n had been h e a r d , and the 
i m p i n g i n g bar v/as withdrawn as soon .̂q poss l b l e ^ because p s e r i e s o f 
blows on the bar h e l d by the t r a p might w e l l h^-ve s p o i l e d the ad:jjiust-

ment o f t h a t bar. 

The St,-1?enf^nt and the Hertz t h e o r i e s y i e l d f u ndnmentally 

d i f f e r e n t r e s u l t s f o r the c o e f f i c i e n t o f r e s t i t u t i o n o f unequal b a r s 

and f o r the pressure between t h e b a r s ; a c c o r d i n g l y o b s e r v a t i o n s o f t h e 

a r e a of c o n t a c t and o f the c o e f f i c i e n t o f r e s t i t u t i o n were begun. 
AREA CF CONTACT. 

vhen two s p h e r i c a l surfaces o f i d e n t i c a l c u r v a t u r e are pressed 

together bj^ f o r c e s a c t i n g '^long the Dine o f c e n t r e s , there i s formed 
e 

a plane surface where the sth^es are i n a c t u a l c o n t a c t . The area o f 

t h i s plane surface i s r e f e r r e d t o as the "Area o f Contact". 

This area must obviousl;/" increase as the pressure increases a nd 

i t i s extremely probable t h a t a simple power law connects the diameter 

of the c i r c l e of c o n t a c t and the steady pressure between the bodies. Thus 

a s e r i e s o f observations of the ra.das of the c i r c l e o f contact gives a t 

l e a s t q u a l i t a t i v e i n f o r m a t i o n on t h e mAximum pressure d u r i n g the c o n t a c t . 

To make these observations the method f i n a l l y adopted was t o 

mount t h e bars PS f o r the d e t e r m i n a t i o n of the d u r a t i o n of c o n t a c t , 

o m i t t i n g o n l y the w i r e leads t o the bars, and to withdrow one o f them. 

9 measured d i s t a n c e as u s u a l . The end of t h i s bar was then l i g h t l y 

smoked, u s i n g an o r d i n a r y wax t a p e r , and P s i n g l e impact allowed t o 

take p l a c e . 



yjhen the end o f e i t h e r bn r was examined . ; i t h a r i c r o s c o n e a 

double T>Tng was seen, c o n s i s t i n g o f an i n n e r c i r c l e which was taken 

t o be the c i r c l e of a c t u a l c o n t a c t , and an aniiulus whose w i d t h depended 

on the depth of the l a y e r of soot. Measurements made w i t h l a y e r s o f 

v a r i o u s thiclmess^s showed no v a r i n t i o ' i n the s ixe of the i n n e r c i r c l e , 

but a ve r y t h i n l a y e r was u s u a l l y employed <LS t h i s gave the c l e a r e s t 

image. The c e n t r a l patch had u s u a l l y a d i f f e r e n t c o l o u r from the o u t e r 

r i n g and from the untouched s u r f a c e , colours v e r y l i k e i n t e r f e r e n c e 

colours being v i s i b l e i n a l l o f the f i l m s . 

Attempts t o m.easure the area of con t a c t u s i n g l a y e r s of 

homogen-eous m a t e r i a l s , such ps wax, were u n s u c c e s s f u l , as the patch 

was p o o r l y marked and the boundary represented the l i m i t o f c o n t a c t 

between the s t e d l of the second bar and the wax l a y e r . Thus the area, 

i n d i c a t e d by the waac depended on the t h i c k n e s s o f the l a y e r , and no 

in n e r r i n g w^s v i s i b l e ^s was the case w i t h a l a y e r of so o t . 

As w i l l be seen from t h e i-hotographs the areas of co n t a c t were 

very good c i r c l e s ; t h e i r p e r f e c t i o n i s an i n d i c a t i o n o f the accuracy 

w i t h which the ends of the bars had been prepared. 

• RR'̂ -NGEriENT OF THE MICROSCOPE. 

A L e i t z microscope was used w i t h a photographic attachment, 

g i v i n g a r e s u l t a n t l i n e a r m a g n i f i c a t i o n o f 38*8 i n i t s s t a n d a r d 

adjustment. The adjustment ))ifor t h i s m a g n i f i c a t i o n was recorded and 

was repeated whenever observations on the area of co n t a c t were m.ade. 

To i l l u m i n a t e the end o f the bar o microscope cover glass was 

mounted i n a wi r e frame clamped t o the microscope stage i n such a 



manner t h a t a condensed boam. of l i g h t from a 100 c- ndle-po^er tun;^sten 

arc lamp was r e f l e c t e d plong the a x i s of the microscope. The bar i t s e l f 

was mounted t o l i e a l o n g the a x i s o f the r-icroscope so t h a t the pole 

of the spherncpil end l a y i n the plane o f the microscope stage. Thus the 

end o f the bar was p o w e r f u l l y i l l u m i i n a t e d nnd the convergence of the 

i n c i d e n t l i g h t was such t h a t even 'with a p o l i s h e d end 9 l a r g e patch o f 

l i g h t was v i s i b l e ( see photographs) 

Besides observatDons on the area of c o n t a c t , t h i s apparatus 

was used t o examine the ends of the bars r>fter f̂ -̂ e d e t e r m i n a t i o n s of 

the d u r a t i o n of c o n t a c t had been com.pleted. The r e s u l t s of these 

observations are discussed elsewhere. 

OBSERVATI^^IJS ON THE COEFFICI-IOT OF RESTITUTION. 

For the impact of equal bars both the St-»."enant th e o r y and the H e r t x 

theory i n d i c a t e the value u n i t y f o r the c o e f f i c i e n t o f r e s t i t u t i o n , the 

momentum o f t h e i m p i n g i n g bar b e i n g t r a n s m i t t e d across the j u n c t i o n 

w i t h o u t loss of energyl Thr.t t h i s i s v e r y n e a r l y t r u e i s shown 

by the f ^ c t t h a t a f t e r c o l l i s i o n the impinging bar rem.nired s t a t i o n a r y , 

provided t h a t the adjustments had been c a r r i e d out as d e s c r i b e d a t the 

beginning o f t h i s chapter. F i i r t h e r , when an impact had been allowed 

to take place w i t h o u t any r e s t r a i n t j f upon e i t h e r bar, one o f them be i n g 

a t r e s t i n i t s e q u i l i b r i u m posit'jon before the impact, the bars c o l l i d e d 

r e p e a t e d l y w i t h o u t n o t i c e a b l e l o s s o f energy. I t wns t h e r e f o r e c o n s i d e r e d 

unnecessary to measure the c o e f f i c i e n t of r e s t i t u t i o n f o r equal b a r s ; more 

p a l 7 t i c u l a r l y as such n mea.^urement would p r o v i d e no c r i t e r i o n of the 

a p p l i c a b i l i t y of the v a r i o u s t h e o r i e s . 



I n the case of unequal b a r s , ho.;ever, vvnlle the Hertz t h e o r y 

again i n d i c a t e s o v ^ i u e of u n i t y f o r the c o e f f i c i e n t of r e s t i t u t i o n , the 

S t V e n a n t t h e o r y gives the v- l u e of the same c o e f f i c i e n t as equal t o the 

r a t i o of the l e n g t h of the shorter* bar t o the l e n g t h of t h e l o n g e r . 

I t was not_iced im p r a c t i c e t h a t the sound produced by the c o l l i s i o n o f 

unequal bars was much more i n t e n s e thnn t h q t produced by the colU - i o n 

of bars of equal l e n g t h ; '-aso t h o t repeated c o l l i s i o n s of f r e e l y -

swinging bars v e r y soon d i m i n i s h e d the r e l a t i v e v e l o c i t y of the b a r s . 

I t appeared, then, t h a t the c o e f f i c i e n t of r e * t u t i o n had a m.easurable 

value and attempts v;ere made t o m.easure i t f o r v a r i o u s v e l o c i t i e s 

w i t h i n the range of those used f o r the o t h e r experiments. 

I t was found t h a t the c o e f f i c i e n t was measurable w i t h o u t 

serioijis d i f f i c u l t y o n l y vhen the lengths of the bars weBBvery 

d i s c r e p a n t . 
ISTHCD OF i STTHEL.TSHT . 

The bars were a d j u s t e d f o r the impact as u s u a l , except t h a t t h e 

second bar, i<(.e. t h e bar r e c e i v i n g the blow, was not r e s t r a i n e d b y 

the t r a p but allowed t o swing f r e e l y : a l t h o u g h , of course i t v/as 

reduced t o r e s t imm.ediately before the impact. Two microscopes were 

employed, one f o r each b ar. 
For each b ar the position at e q u i l i b r i u m o f a ref e r e n c e m a r k was 

determined, and the displacement of t h e f i r s t b a r adju s t e d t o a 

s u i t a b l e v a l u e . The microscope observing the second bar was the n 

moved t o a s u i t a b l e p o s i t i o n nn-̂  the impact a l l o w e d t o take p l a c e , 

when the p o s i t i o n of the reference m - r k a t the l i m i t of i t s s w i n g was 

noted. This was repeated ond the adjustment of t h e second microscope 
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a l t e r e d u n t i l the reference ma74: appeared to coi^^clde I n s t a n t a n e o u s l y 
w i t h the c r o s s w i r e s . 

-The v e l o c i t y / o f e i t h e r bar when passing the e q u i l i b r i u m 
positi'-^n i s g i v e n by v = 2 ^ , where T - ^he time of swing o f 
the bar nnd x = t h e maximum displacement of the bar. T was the 
sam.e f o r b o t h bars so t h a t t h e displacements observed by the microscopes 
were p r o p o r t i o n a l to the v e l o c i t i e s o f t h e two bars when p-r^ssing through 
the e q u i l i b r i u u i p o s i t i o n . 

To complete the ob s e r v a t i o n s the displacement of the f i r s t 
b a r a f t e r the impact was a l s o determined, s the c o e f f i c i e n t o f 
r e s t i t u t i o n i s the r a t i o of the r e l a t i v e v e l o c i t y of the bodies a f t e r 
the imnact t o t h a t before the impact. 
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OBHSCT eF THE FIRHT EXI^RIl'^EHTS. 

I t has been i n d i c a t e d i n the i n t r o d u c t i o n t h a t two d i f f e r e n t 

t h e o r i e s have been i n t r o d u c e d t o e x p l a i n the nature o f i i r p a c t ; the H e r t z 

theory i n w h i c h the l o c a l d i s t o r t i o n o f the bodies I n the r e g i o n of the 

area where the bodies are I n c o n t a c t i s considered t o govern the r e a c t i o m j 

between the impinging bodies, and the St.Venant t h e o r y i n which such 

l o c a l s t r a i n s are con5ddered t o be r e l a t i v e l y u n i m p o r t a n t , the p r o p a g a t i o n 

of l o n g i t u d i n a l waves int>^e body being the most im p o r t a n t f a c t o r . There 

can be l i t t l e doubt t h a t the Impact of spheres at low v e l o c i t i e s i s 

nea-^ly i n accordnnce w i t h t h e Hertz t h e o r y ( ' •) nnd t h a t t h e l o n . ^ u d i n a l 

im.pr-nt of v e r y long rods^at l e a s t at h i g h v e l o c i t ie ŝ  i s i n accordance 

w i t h the " t . tenant t h e o r y . 

The impact o f rods of moderate l e n g t h ( leas than 100 cm.) 

7 / i t h rounded ends had been cn re f u l l y i n v e s t i g a t e d by Sears and by 

Wagstaff, but t h e i r conclusions r e g a r d i n g the e f f e c t o f the rounded 

ends were not i n agreem.ent. These workers d i d not v a r y the c u r v a t u r e 

of the ends o f t h e i r bars d u r i n g the experiments to which r e f e r e n c e 

has been made. 

The f i r s t o b j e c t of the experiments d e s c r i b e d h e r e i n was 

to f i n d the e f f e c t of t h e r a d i u s of the b a l l end on the d u r a t i o n o f 

impact, i n the hope of d e t e r i c i n | i n j t b what e x t e n t the nature of- the 

impact was i n f l u e n d e d by the shape of the rods i n the immediate n e i g h ­

bourhood o f the area of c o n t n c t . 

RESULTS OF THE EXPEBIIuj^'NTS. 

The f i r s t set of experim^ents was made w i t h bars whose 

rounded ends had a r a d i u s of 1'* . At the end of the whole set i t was 



found t h a t a 3 ] i g h t f l a t t e n s nf: of the ends h'\d been nroduced, «u "thf* l 

i n consequence of which the r e s u l t s were r e j e c t e d , but the experin.ents 

proved u s e f u l i n t h a t they i n d i c a t e d how the apparatus could be improved^ 

and helped t o develop the technique necessary t o o b t a i n r e l i a b l e resu_1ta 

The r e s u l t s o f t h e next group of exeeriments on d u r a t i o n o f 

contact w i l l be found i n the accor.:)anying t a b l e . 



TABLE I . 
4/ 

RADIUS BALL END 2" = 5.08 cm. 

(cm. ) 
L o g . ( t X 10 ) T 

Ifec. ) 

A X L o g . ( t X 10") T 
( o r n ^ ( sec . ) 

1 . 
1.5 
2 
3 
4 
6 
8 
11 

Leng th 63.6 cm. 

.6695 

.64S1 

.6264 

.6058 

.5889 

.5731 

.5489 

.5301 

2.89, 

Length = 35 ,6 cm. 

1 .5373 
1.5 .5134 
2 .4931 
3 .4615 2.89 
4 .4371 ' 
6 .4092 
8 .3893 
11 .3629 

1 
1.5 
2 
3 
4 
6 
8 
11 

Length = 49.6 cm. 

.6160 

.5709 

.5668 

.5389 2.89, 

.5197 

.4894 

.4701 

.4557 

Leng th = 3.7.0 cm. 

1 .3948 
1.5 .3482 
2 .3250 
3 .2949 2 .87 
4 .2708 
6 .2335 
8 .2066 
11 .1843 

e 

Le-^^gth = 49 .6 Opn, Length = 17.0 cm. 

1" 
2 .5 
2 . 
3 
4 
6 
8 
11 

.6188 

.5957 

.5682 

.5345 

.5166 

.4888 

.4684 

.4534 

1 .3915 
1.5 .3527 
2 .3277 
3 o2956 
4 .2731 
6 .2318 
8 .2117 
11 .1881 

Length = 8.5 cm. 
1 .2749 
2 .2014 
4 .1324 
6 .0958 
8 .0656 
1 1 . .0328 

2 .87g 

2 .87^ 



RA.n[US OF BALL END 1" = 2.54 cm. 

X 
(cm. ) 

L o g . T 
( t X 10^) ( s e c . ) 

X L o g . ( t X 10^) 
(cm. ) 

T 
( s ec . ) 

Length = 63.6 cm. 

.7034 

.6400 

.6005 

.5758 

.5624 

.5445 

2.894 

Length 

1 
1.5 
2 
4 
6 
8 

17.0 cm. 

.3991 

.3653 

.3393 

.2802 

.2450 

.2225 

2*87 
9 

L e n g t h . = 63 .6 Cliv. 

1.5 .7467 
I .72 59 
U 5 .6921 
I .6619 
i .6176 
3 .5911 
3 .5736 
I I .5536 

2 .89^ 

1 
2 
4 
6 

Leng th = 8.5 cm. 

.2567 

.2078 

.1507 

.1169 

2 .874 

1 
1.5 
2 
4 
6 
8 
11 

Length = 49 .6 cm, 

.6052 

.5776 

.5624 

.5133 

.4969 
•4713. 
.4578 

Length - 8.5 cm. 

2.89 

1 
1.5 
2 
4 
6 
8 
11 

.2382 
2127 

.2050 

.1472 

.1097 

.0955 

.0662 

2 .87 8 

Length = 35.6 cm. Leng th - 8.5 cm. 

1 . 
1.5 
2 
4 
6 
8 
11 

• 5566 
.5271 
.5044 2 .89o 
.4546 
.4261 
.4047 
.37^9 

1 
2 
4 
6 
8 
11 

.2587 

.2166 

.1491 

.1182 

.0893 

.0687 

2.877 



4^ 

RADIUS OF BALL END Iff 
2 = 1.27 cm. 

X L o g ( t X 10 ) T 
( c m . ) ( sec . ) 

Length = 63.6 cm. 

1 
2 
4 
6 
8 
12 

i7346 
.6783 
.6411 
.6095 
.5911 
.5682 

2.89. 

X Log ( t X 10^) T 
( c m , ) ( s e c . ) 

1 
2 
4 
6 
8 
12 

Length = 17.0 cm. 

• 4611 
.4094 
.3446 2.88. 
.3106 
.2852 
.2514 

Length = 4 9 . 6 cm. 

1 .6839 
2 .6318 
4 .5833 2'. 88, 
6 .5498 
8 .5345 
12 .4980 

1 
2 
4 
6 
8 
12 

Leng th = 8.5 cm. 

.3548 

.2744 

.2002 2.87. 

.1651 

.0979 

.1102 

Leng th = 35.6 cm. 

1 
2 
4 
5.9 
8 
12 

.6126 

.6446 

.4924 

.4645 

.4463 

.4175 

2.88. 

Length = 8.5 cm. 

I .3274 
1.9 .2735 
4 .2061 
6 .1660 
8 .1373 
I I .1176 

2 .87 

^ Leng th = 17.0 cm. 

1 .4354 
2 .3817 
4 .3301 2.88, 
8 .2735 
12 .2384 



RADIUS OF BALL END 5 / l 6 " - > 7 9 3 5 C m . 

X 
(cm.) 

L o g . 
( t X 10^) 

T 
(Sec. ) 

X L o g . ( t X 10 ) T 
(cm. ) (sec . ) 

Leng th = 63 .6 cm. 

1 
1.5 
2 
3 
4 
6 
8 

.7521 

.7249 

.7038 

.6759 

.6578 

.6281 

.6027 

2 . 89 3̂  

Leng th J7 .0 cm. 

1 .5082 
1.5 .4498 
2 .4368 
3 .3940 2 . 8a 
4 .3665 
6 .3336 
8 .3087 

Length = 49 .6 cm. 

1 
1.5 
2 
3 
4 
6 
8 
11 

.7075 

.6705 

.6515 

.6274 

.6083 

.5798 

.5554 

.5289 

2.88. 

1 
1.5 
2 
3 
4 
6 
8 

Length = 8.5 cm 

.3758 

.3400 

.3166 

.2691 

.2445 

.2127 

.1802 

Length = 35.6 cm. 

1 
1.5 
2 
3 
4 
6 
8 
11 

.6246 

.5938 

.5728 

.5402 

..5189 

.4897 

.4751 

.4455 

2.88 8 



RADIUS OF BALLL END i-"= 0.635 cm. 

X L o g . ( t X lo"^) T 
(cm. ) ( sec . ) 

Length = 63 .6 cm. 
1 .77f^P 
1.5 .7*48 
2 .7305 2 .89 
4 .6716 
6 • .63*70 
11 .5832 

Leng th = 49 .6 cm. 

1 .7200 
1.5 .6860 
2 .6589 
4 .6071 2 .89^ 
6 .5787 
8 .5589 
11 .5319 

Length = 35 .6 cm. 

1 .6295 
1.5 .5945 
2 .5802 2.89 
4 .5257 1 
6 .4998 
8 .4807 
11 . 457« 

Leng th = 17 cm. 

1 .5319 
1-5 .5014 
2 .4697 2 RR 
4 .4037 ^-"^^2 
6 .3695 
8 .3419 

.3130 

8.5 cm, bars damaged i n c u t t i n g 



.RADIUS OF BAIL END 1/8" = 0 . 3 1 7 5 , 

46 

X 
( cm.) 

0.5 
1 
1.5 
2 
4 
6 
11 

L o g . ( t X 10^) T 
( s e c . ) 

Leng th = 63 .6 cm. 

.9348 

.8631 

.8377 

.8169 2.89 

.7668 ^ 

.7315 

.6793 

X r.-ogi^( t X 104) 
(cm.) 

T 
( s e c . ) 

l e n g t h - 17«tfcr!i, 

1 .5802 
1.5 .5453 
2 .5235 
4 .4599 
6 .4248 
8 .4005 
11 .3687 

2.88, 

Length = 49.6 cm. 

1 .7727 
1.5 .7438 
2 .7160 
4 .6635 2.88 
6 .6431 
7.5 .6271 
11 ..S965 

8 

Length = 8.5 

1 .4379 
1.5 .4043 
2 .3787 
4 .3133 
6 .2951 
8 .2627 
11 .2286 

c .m 

2 .87g 

Length = 35.6 cm. Leng th = 8.5 cm 

1 
1.5 
2 
4 
6 
8 
11 

6966 
6630 
6408 
5892 
5541 
5396 
5205 

2.89-

1. 
2 
4 
6 
8 

.4445 

.3827 

.3158 

.3038 

.2650 

2 .87g 



RADIUS CF HAUL END I / I 6 " = 0.1587 cra._ 

F i r s t s e t of b a r s . 

U7 

X 
(cm.) 

1 
2 . 1 
3 
4 
1.5 
1 
6 

L o g . ( t X 10^) T 
( s e c . ) 

Length = 63 .6 cm. 

.8724 

.8079 

.7774 

.7538 

.8394 

.7165 

2.894 

X L o g . ( t X 10- ) T 
(cm.) ( s e c . ) 

1 

2 
3 
4 
6 
8 

L e n g t h , = 17 cm. 

i6149 
. 5770 
.5514 
.5140 
.4879 
.4541 
.4303 

2 .87e 

4 
8 
10 
12 

1 
1.5 
2 
3 
4 

8 

1 
1.5 
2 
3 
4 
6 
8 

Leng th = 63 .6 cm. 

.7515 

.6893 

.6626 2.883 

.6546 

Leng th = 49«6*/pij reground ) . 

.8394 

.8052 

.7805 

.7444 2 . 8 9 , 

.7220 

.6824 

.6583 

Leng th 35.6 cm. (Heground) 

.7580 

.7177 

.6959 

.6644 2.884 

.6401 

.6054 

.5812 

Leng th = 8.5 cq;i 

1 .4796 
1.5 .4439 
2 .4210 
3 .3849 
4 .3592 
6 .3274 
8 .3057 

2 .87 
o 



TABLE I I 

Radius o f 
B a l l 'Emd 

(cm, ) 

5.08 

2 .54 

1.27 

1935 

Length o f 
B a r . 
(cm. ) 

63 .6 
49 .6 
35 .6 
17.0 

63.6 
49 .6 
35 .6 
17.0 

8.5 

63.6 
49 .6 
35.6 
17.0 

8.5 

63.6 
49 .6 
35 .6 
17.0 

8.5 

1 
" y 
7 . 5 1 
6.22 
5.89 
5.06 

7.33 
6.72 
5.97 
5.10 
5.28 

6.87 
5 .91 
5.64 
5.12 
4 .90 

6.30 
6.24 
5 .77 
4.99 
4.65 

Radius o f 
B a l l End. 

(cm. ) 

.635 

.3175 

Length -1 
o f B n r . ^ 1 

(cm. ) r 

63 .6 5.88 
49 .6 5.56 
35.6 6 .18 
17.0 4.72 

63.6 5.68 
49 .6 5.99 
35.6 5.68 
17.0 4 .99 

8.5 4 .67 

Radius o f 
B a l l r.nd 

(cm. ) 

5.08 
2.54 
1.27 

.7935 

.635 

.3175 
MEAN. 

I n t e r c e p t on 
- }_ a x i s 

y 
4.26 
4.42 
4 .58 
4.34 
4.29 
4.43 
4 .39 



Before d i s c u s s i n g the e x p e r i m e n t a l r e d u l t s embodjed I n the (6bregoing 

t a b l e s 5t i s necess^^ry t o e x p l a i n the reason f o r the r e p e t i t i o n o f some 

of the e x p e r l r e n t s . 

I n g e n e r a l , as may be seen f r o m the d e t a i l e d e x p e r i m e n t a l 

r e a d i n g s , v e r y c o n s i s t e n t agreement wa?̂  o b t a i n e d among d i f f e r e n t 

observetio>^s but on some occas ions , n o t a b l y on windy days when dus t fi-i^ 

the a t n o s d i e r e was l i a b l e t o s e t t l e around the r e g i o n o f c o n t a c t , miJiJh 

more d i s c r e p a n t readings were o b t 9 i n e d ; when t h i s had o c c u r r e d t h e 

obse rva t ions i n q u e s t i o n were r epea t ed . I n suchjcpses the second se t 

of r ead ings ( u s u a l l y the more c o n s i s t e n t s e t ) w^ s used anr3 the formier 

set r e j e c t e d . 

Very o c c a s i o n a l l y the suspension cords were s u b j e c t t o 

d i s t u r b a n c e and poor^ alignm.ent o f the bars rendered a s e r i e s o f obse rv ­

a t ions d i f f i c u l t t o c a r r y c u t . I n t h i s case sun lementary o b s e r v a t i o n s 

were made t o v e r i f y the r e s u l t s and b o t h sets o f observ?)t ions were u sed . 

Observa t ions w h i c h , f o r one o f t h e reasons o u t l i n e d above, 

had been r e j e c t e d are d i s t i n g u i s h e d by the l e t t e r R i n tb-e above t a b l e 

RESULTS. OF THE EXP ••nil ::i;i:T.S . 

(1) DURATION OF COFl.'ACT AND VELOuIW OF APPROACH. 

I n agpeem.ent v / j t h t he r e s u l t s o f an e a r l j e r worke r ( '^ ) 

i t was found th^.t the r e l a t i o n s h i p between t h e d u r a t i o n o f c o n t a c t , t , 

and the v e l o c i t y o f approach, v , cou ld i n a l l cases be expressed i n 

the form., 
t = A v r (1 ) 

where A nnd jj^yaive c o n s t a n t independentR o f the velocity:((J o f approach 



( 1 ) may be w r i t t e n 

L o g . t = Log A + jf^locK.v 

so t h a t the r e l a t i o n s h i p between l o g . t and l o g . v 

i s l i n e a r . Throughout the experimients the suspension cords were o f 

v e r y n e a r l y the same l e n g t h , as shown by the t ime o f s v ing o f the 

v a r i o u s b a r s , so t h a t the l o g . x , l o g . t r e l a t i o n s h i p was p l o t t e d , 

where x i s t h e d isp lacement o f the i m p i n g i n g b a r . These curves are 

t o be found i n "Auxi l i a ry : - M a t t e r , S e c t i o n B" . I t w i l l be seen t h a t i n 

eve ry case a s t r a i g h t l i n e has been o b t a i n e d and i n some cases i t has 

been p o s s i b l e t o p l o t two independent se ts o f res'^ings on one diagram.. 

( i i ) DURATION OF Cr-^ACT AND L^il'GTH OF BAR. 

Both the St.-•^''enant and the Hertzljf t h e o r i e s i n d i c a t e 

t h a t the d u r a t i ' ^ n o f contact" increases v^i th the l eng ths o f the bars 

and t h i s was indeed found t o be the case , b u t the a c t u a l r e l a t i o n s h i p 

was no t i n complete agreement w i t h e i t h e r t h e o r y . 

The curves c o n n e c t i n g t and £ , the l e n g t h o f 

the b a r , v/ere n o t s t r a i g h t , i>3 p r e d i c t e d by t he S t .Venan t theor;^'; n o r , 

however, w^s the l i n e a r r o l a t i c n s h i p between Log t and Log t , p r e d i c t e d 

by the He r t z t h e o r y , obeyed. ( See f i g s . 7 ^ 7^ 8 ) . 

I t was, ho-/ever, found t h a t w i t h one e x c e p t i o n the 

r e l a t i o n s h i p betv/een - ^ and i , where i s the q u a n t i t y d e f i n e d 

i n the p r e v i o u s s e c t i o n , was l i n e a r over t h e whole range o f the 

exper iments and , t h a t t he l i m i t i n g va lue o f as Zap proaohed zero 

wa3 the same i n every case , independent o f the r a d i u s o f the b a l l end . 

The e x c e p t i o r a l case r e f e r r e d t o w a s t h a t o f the 

bars f o r w h i c h the r a d i u s o f the b a l l end was i " . U n f o r t u n a t e l y , 



n o t h i n g unusua l was apparent i n the galvanometer r-.v ' i nc j s , which //ere 

c o n s i s t e n t , t o i n d i c a t e t h a t a r e p e t i t i o n o f any o f the ex: -er i r ients was 

necessary bu t i t ^s p robab le t h a t the ad jus tment o f t h e bars had changed 

c o n t i n u o u s l y t h roughou t tbe exper iment on the 35»6 cm. b a r s , perhaps by 

the g r adua l inc rease i n l e n g t h o f one o f the suspens ion c o r d s . The 

reasons f o r s u s p e c t i n g t h i s are t h a t such a change o f ad ju s tmen t was 

n o t i c e d i ^ the case o f the more po in t ed bars ( where the e f f e c t on the 

d u r a t i o n o f c o n t a c t was more n o t i c e a b l e ) , and tbah the va lues o f f ^ p 

a l l bars less than 63*6 cm. i n l e n g t h were found f o r each p a r t i c u l a r 

l eng th t o have not v e r y d i f f e r e n t magnltiades. The va lue f o r the 35*6 

cm. bars o f end r a d i u s \ ^ was w e l l o u t s i d e the expected range . 

Unpub l i shed exper iments by ' V a g s t a f f , the r e s u l t s o f w h i c h are 

include'^ i n a separa te t a b l e , inc rease the p r o b a b i l i t y o f the t r u t h 

o f t h i s e x p l a n a t i o n , i n t h a t t h e y i n d i c a t e a l i n e a r r e l a t i o n s h i p between 

- - ^ and / f o r ba r s o f J « end r a d i u s . Fur the rmore t he v a l u e s o f 

o M a i n e d "by the r-uthor f o r l e n g t h s o t h e r t h a n 55*6 cm. are i n 

reasonable agreement w i t h these r e s u l t s . (Table I V ) . 

The curve f o r these ba rs has been d r a r a , n e g l e c t i n g t he p o i n t 

f o r t he y^.S cm. b a r s , and i t w i l l be seen t h a t t he r^ms-.ining t h r e e 

p o i n t s l i e on a s t r a i g h t l i n e . I t was doub ly u n f o r t u n a t e t h a t these 

p a r t i c u l a r ba r s should have toeen damaged i n t h e f i n a l c u t t i n g down 

as an a d d i t i o n a l p o i n t f o r 8"5 cm. v o u l d have been u s e f u l . 

BABS OF ^/l6w end r a d i u s . 

D u r i n g t h e course o f t h e exper iments t h e b a l l ends o f most o f 

t he ba r s had remained un touched , b u t the most l O i n t e d b a r s , f o r which 



the r a d i u s o f the b a l l - e n d was I / I 6 " , s u f f e r e d deformra t jcn d u r i n g the 

f i r s t s e r i e s . T h i s was suspected f rom the galvanometer read ings and 

a second va lue o f the d u r a t i o n o f c o n t a c t f o r a d i sp lacement o f 1 cm^ 

was o b t a i n e d a f t e r the most severe imnact i n t he s e r i e s had t a k e n p l a c e . 

I t was f o u n d t h a t the t ime had m a t e r i a l l y a l t e r e d , and subse^ uent 

e x a j j l n a t i o n showed t h a t a s l i g h t f l a t s had been produced on the ends 

o f the b a r s . 

A c c o r d i n g l y the ends o f t h e bars were reground b e f o r e 

proceeding w i t h the e per i : r ' en ts , bu t q g a i n f l a t t e n i n g o c c u r r e d . I t 

was not u n t i l t he bars had been c u t Gown below 35.6 cm. i n l e n g t h t h a t 

the ends wi ths tood, the s bressWinvo] ved i n the c o l l i s i o n . Th i s was 

on ly t o have been expected because as the momentum t r a n s m i t t e d decreased 

w i t h the l e n g t h o f the bars so a lso d i d the t i ^ e o f irapnct decrease , 

though t h e » l a t t e r changed less r a p i d l y than t h e f o r m e r , so t h a t t h e r e 

was a s l i g h t r e d u c t i o n i n mean pressure as the bars were cu t dov/n. 

This p o i n t was f u r t h e r i n v e s t i g a t e d by mieans o f photom.icrographs, arid 

a d i s c u s s i o n o f the r e s u l t s i s g i v e n u '̂̂ '̂ '̂ r the anp'-^opriate hen - i n g . 

I t has been p o i n t e d out i n Chapter I I t h a t f o r these bars a v e r y 

s l i g h t . ml sad Jus tment or- change In l e n g t h o f the suspension cords woi i ld 

have been s u f f i c i e n t t o s p o i l t he accuracy o f the r e s u l t s . 

For these reasons a l t h o u g h s t r a i g h t l i n e s wene o b t a i n e d 

f o r t he L o g . t . Log x , curves l i t t l e r e l i a n c e c o u l d be p laced upon 

the va lue o f y ^ the m.ore so as a v e r y smaU. a l t e r a t i o n i n t was 

s u f f i c i e n t to a f f e c t the s lope v e r y s e r i o u s l y . 

At a l a t e r date an ea rnes t e f f o r t wa5: made t o o b t r i n 

a r e l i a b l e s e r i e s o f values o f y f o r new bars o f end r a d i u s I / I 6 " , 

but i t was found im.possible w i t h the e x i s t i n g apparatus t o o b t a i n any 
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c o n s i s t e n t - a n d • r - p o a t a i ^ l e - - v a l u e 3 ' o f . The r->snlt.J o f these 

exper i r .en! 3 are t o be found i n Table I I I . 



X . 

(cm. ) . 

8.8 

1.0 

1.3 

2 .0 
-

2 .5 

3.0 

0 .8 

TABLE I I I > 

RADIUS OF BALL END, l / l 6 " 

l e n g t h , 63 .6 cm. 

L o g i o ( t X 10^) 

•9398 

•8912 

•8468 

•8152 

• 7960 

•7874 

•9302 

"1588 cm. 

X '^'^^'10 ^^^^ 

1.0 

1.2 

1.5 

1.8 

2 .2 

2 . 8 

.8873 

• 8658 

• 8525 

•8346 

•8226 

• 8055 

1.0 

2 .0 

2 .5 

1.0 -

1.3 

1.7 

2 .0 

2 . 8 . . 

8912 

8500 

8155 

•8693 

•8461 

• 8244 

•8201 

•7950 

1.0 

1.2 

1.5 

1.8 

2 .2 

2 . 8 

.9193 

• 9073 

.8760 

.8585 

.8314 

.82 84 



LENGTH 49*6 cm. 

X 
(cm) 

1 

1.3 

1.8 

2 .3 

2 .9 

3 .7 

Log^^ (t X 10 ) 

•8557 

•8452 

•8181 

•8042 

• 7762 

•7455 

X L o g . i t X 10^) 

1 

1.3 

1-8 

2 .3 

2^9 

3 r7 

•8670 

•8456 

•8171 

•7955 

.7760 

.7491 

1.0 

1.3 

1^8 

2 .3 

2 .9 

LENGTH 

X 
( cm. ) 

1 . 

1.4 

2 .0 

2 . 6 

3 . « 

•8369 

•8139 

• 7901 

•7708 

.7538 

.7333 
# 

= 35*6 cm. 

Log.-Lo(^ X 10^) 

•7793 

.7513 

.7252 

.6969 

.6706 

1 

1.3 

1^8 

2 .3 

2 .9 

X 

( cm. ) 

1^0 

1.4 

1.8 

2 .5 

3.9 

•8451 

•8350 

•8100 

.7881 
$ 

•72)52 

Log.iLQ (t X lo" )̂ 

.7813 

.7402 

.7177 

.6977 

.6742 

.^5634 



Lonf;tl:i = 17-Q cin. 

X 

( cm. ) 
•Lor.^^^it i< 10 ) X 

( c m . ) 
Lo6.^^(t X 10|) 

1. .6793 l . O .6751 

l . r ^ .6409 1.5 .6413 

2.2 2.0 .6178 

3.0 . ^630 3.0 . 5752 

4.0 . 5349 4.0 . 5469 

. ^OVR 5.5 

1.0 

1 .5 

2.0 

3.0 

.5115 

.6565 

.6245 

.6011 

.5626 

4.0 .5423 

X 
( era. ) 

8*5 cm• 

L O P ; . ^ Q ( t X 10 ) X 
(cm. ) 

^•^g*io( 

1.0 .5528 l . O .4^40 

1.5 . 5161 1.5 .44 82 

2.0 .4865 3 .O .3817 

3.0 .4431 5.0 .3405 

1.0 .5 528 

1.F5 . 5193 

2.0 .4 812 

3.0 .4475 

4 . 0 
• 

. 4 0 6 8 

.3595 

4 

T i m e o f S w i n g = 2 . 8 9 sec. tlareugliout 



TABLE I V . 

P7 

X (cm. ) 
T 

Log.;LQ(t X lo"^) Sec 

Hadius of B a l l Ends = 

Length o f Bars 35.6 cm. 

1 
4 
6 
8 

10 
12 

.4526 

.3389 

.3074 

.2861 
. .2695 

.2510 

2" 

2.425 

X (err..) Log^^( t x 10^) T. Sec. 

Rndius o f Bn-i 1 Ends i " 

length of Bars 63*tf 

1 .7230 
t .6312 
6 .6016 2 .439 
8 .5774 

10 .5645 
12 .5517 

Length/of Bars 17.0 cm 

1 
4 
6 
8 

10 
12 

.3000 

.150o 

.1111 

.0887 

.0674 

.0543 

2.424 

] 
4 
6 
8 

10 
12 

Length of Bars . 49.6 cm. 

.6548 

.5609 

.5307 

.5102 

.4913 

.4747 

2 . 4 2 7 

Radius of B a l l l^nds l " 

Length o f Bars 35.6 cm. 

1 
4 
6 
8 

10 
12 

.4877 

.3877 

.3424 

.3259 

.3142 

.2976 

Length o f Bars . 17.0 cm, 

1 
4 
6 
8. 

10 
12 

.3087 

.1953 

.1654 

.1289 

.1086 

.1016 

2.420 

2.41, 

1 
4 
6 
8 

10 
12 

1 
4 
6 
8 

10 
12 

Length of Bars. 35.6 cm. 

.5915 

.4738 

.4461 2.42 

.4251 

.4074 

.3923 

Length of B?3rs. 17.0 cm. 

.3072 

.1581 

.1208 

.1053 

.0852 

.0718 

2.42 



(cm.) (seQ.) 

Radius of B a l l Ends i " 

l eng th of Bars . 17.0 cm. 

4 .1650 
6 .1226 2.42^ 
8 .0978 

12 .0625 

Radius of B a l l Length of Bars - i 
3nd (cm). (cm.) T 

5.08 

635 

35.6 5.40 
17.0 4 .61 

2.54 35.6 5.68 
17.0 5.01 

63.6 6.10 
49.6 5.94 
35.6 5.56 
17.0 5.18 

L i m i t i n g value of y f o r bars of end-radius 

,635 cm. ) - 4^79 
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I t w i l l ^ b a seen-f-rom-th0 table- t K ^ t ooly mor^erate VQloo i t i e s -

had been use so th^ t -no do o r i r ^ t i cn of the end •• might o c . u r . On thC 

whole i t was thought tha t the r f^su l t s o f tbe f i r s t experiments were 

the more r e l i a b l e , c h i e f l y because the 'eather cond i t ions had been 

p a r t i c u l a r l y good d u r i n g these experiments and the suspension cord.s 

had requi red ver^/ l i t t l e readjustment when a f r e s h bar had been 

suspended. These re.^ults have therefore been used i n the various 

cur\''es reproduced in other parts of t h i s work except where i t l a s 

^een d e f i n i t e l y s p e c i f i e d tha t a l l the r e su l t s f o r I / I 6 " bars have 

been used. 

L i : ' r r i i : G VALUE OF 
1 

The ¥Klues of - y f o r the various bars used i n these 

experiments are set f o r t h i n t ab le I I together w i t h the i n t e r c e p t 

of t h e - ^ , curves on the axis 9 . (F igs . 9 to 14 ) . I t w i l l 

be s-^en that the v^^lues o f the in te rcep ts are sensibly equal . An 

examiination of the curves from v/bich the v-. lues of y "̂̂ '̂"̂ ^ been 

deduced (Aux i l i a r r r sec t ion B) w i l l show tha t a smal l a l t e r a t i o n i n 

t e f f e c t s a considerable change i n y so t ha t a small d e v i a t i o n f rom 

exact e q u t l i t y of the in te rcep t s 5s t o be expected; t^e a c t u a l r e s u l t s 
1 n 

po in t d e f i n i t e l y t o a l i r - i t i n g value o f Y between -Tr3 - and - 4 - ^ ^ 

The ST f rn i f ic rmce of t h i s r e s u l t i s mor^ f u l l y discussed i n 

the chanter devoted t o t b e o r e t l c a l considerat ions but i t may be noted 

t h a t - t h e j^^ertz theory of Imp-^et vn/ru Id be expected t o f inply t o 

i n which the gravest period of l o n g i t u d i n a l v i b r a t i o n s i s smal l 

i n com.pa r i sen v/i th thfc t o t a l dura t ion of contar^.t. This c o n d i t i o n 

i s , o f course, ^^pproached as -/decreases, the Y^eriod o f the gravest 

l o n g i t u d i n a l o s c i l l a t i o n involved being p r o p o r t i o n a l to the l e n g t h 

her>e 

cases 
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of the b?= r̂s. 

Nolv tho St^Vernr^t i:,"h-̂ rr>̂  corresponds to • value of y equal 

to zero , i . e . ^ ^ ^ Co ^ ^^^^g ^ f i n i t e vp.lne of - ^ probably 

ind ica tes the existence of an e f f e c t dependent unon the geometr ica l 

condi t ions i n the. neighbourhood of the poin t of contpict w h i l e the 

constancy of the l i m i t i n p : v^lue of y as f approaches zero seems to 

point t o t?ie existence of fin " end -e f f ec t " governe-i by cons/dderations 

akin to those of the Hertz theory , but not ex;-.ctly i d e n t i c a l w i t h those 

coniSide r a t ions i n t h a t the newer index i s r o t - i but ?^bout - . i ^ 

A f u r t h e r po in t rem.ains to be noted. The poin ts on the 

- - /curves f o r 63.6 cm. bars ^ i d not , a^a r u l e , l i e very close to 

the l i n e and, i f i f ^ c t , althou£:h the slopes o f these l i n e s bore no 

annarent r e l a t i o n s h i p to the radius o f the b a l l - e n d , the vq]ues o f 

- J f o r the longest bars were found to increase as the radius of the 

b a l l - e n d increased ( ? 5 g . l 5 ) . 



£1 

t - 1 curves . 

I n nrreer .ent w i t h e r . r l i e r exixriments/'^()n bars o f end radius 4" 

i t was found tha t the t - 1 r e l a t i o s h i p was i n no case l i n e a r , and 

f u r t h e r t h a t the curves f o r the var ious sets o f bars were not a l l o f 

the same shape. 

I t was thought i n the f i r s t place t h a t the d u r a t i o n o f contact 

might be exoressed by the formula 
t = A]^ + Bji 

where A^ and B^ are constants . A^ depending on the cond i t ions near 

the ends of the bars and B-ĵ  upon the v e l o c i t y of sound i n the bars 

and independent o f the end c o n d i t i o n s . The d i r e c t meaning o f t h i s 

r e l a t i o n s h i p vvould have been that the dura t ion of contact was equal 

to the time taken f o r a l o n g i t u d i n a l wave to t r a v e l up and down the 

bar , together w i t h an e f f e c t depending on tho geometr ical charac ter 

of the imp 'ng ing Surfaces . To t e s t t h i s the r educ t ion i n t due 

to c u t t i n g down the bars was measured f o r d i f f e r e n t v e l o c i t i e s o f 

annroach and f o r a l l the bars used. 1 ^ no case was a constant t i m e -

d i f f e r e n c e observed. Thus i f the iron^ot hari been o f t h i s r s l a t t v Q l y 

siir.Dle type the " end -e f f ec t " A^, irust have va r i ed w i t h the v e l o c i t y , 

the rad ius o f the h a l l end, and the l e n g t h o f the bars , and could 

have been i n no re .oec t equiva lent t o a simple a d d i t i o n to the l e n g t h 

of the ba r s . 

Th 
nis i s i n rnsrhed cont ras t w i t h the r e s u l t s obtained by 

Se.rs who found t ha t f o r bars o f l " end-radius the d u r a t i o n o f contac t 

was g iven by a f o r m l a o f the type quoted above: fur thern.ore he was 

. b l e to ca l cu l a t e accura te ly f rom h is r e s u l t the v e l o c i t y of sound 



in - the - s t e t l he u-st3d.- I t ' - i s - to Ire'note-' ^0 ever tha t i n S e a i V s " " 

experi^rents the endr: of tbe bars were not h-^ r'dv:ined; and i t i s shown 

l a t e r t b a t t h i s d i f f e r e n c e i n character ±s o f the gre f i t es t imiportance 

and i s s u f f i c i e n t to exp la in the apparent discrepancies i n the r e s u l t s . 

EFFECT OF TK!-.: BALL-KND. 

The experiments on bars o f d i f f e r e n t lengths had already shown t h a t 

no v e r y simple i n t e r p r e t a t i o n o f the end -e f f eo t was to be expected, 

and the re^-^ults obtained f o r bars of d i f f e r e n t e n d - r a d i i revealed 

f u r t h e r the complexi ty o f the problemi. 

Consider once more the equation 

t = A + B£. 

For bars o f d i f f e r e n t e n d - r a d i i , but o f the s-me leng th 4 , and of 

the same ^section we should have 

t i = A i + B^l, 

= A2 + B-^li , 

where the s u f f i x e s r e f e r to the flifferent bars ; so t h a t 

t g - t ^ = A^. 

Thus the v a r i a t i o n of t 2 - t-^ w i t h the circumstances o f the c o l l i s i o n 

should show tow f a r the q u a n t i t i e s A-j_ and A^ can be t r ea ted as constants 

I t w i l l be seen f rom TaMe V t h a t the "end-effect** va r i es w i t h 

the l eng th of the ba r s , and w i t h the v e l o c i t y o f approach, w h i l e the 

only o the r v a r i a b l e i n the experiments i s the end-radius i t s e l f . No 

u s e f u l purpose would have been served i n f o l l o w i n g these cons idera t ions 

f u r t h e r as the graphs connecting t g '^nd t]_ and the l e n g t h o f the b a r s , 

or the displacement , x , were not^a simple t y p e , and i t was r e a l i s e d 

tha t the oroblem was of a more complex na tu re . 



TABLE V . 

*1 = Dura t ion of Contact f o r bars of 5/16" end radius 
du ra t i on of contact f o r bars of 2" end rad ius 

= Dura t ion of Contact f o r bars o f 1/16^ end radius 
du ra t i on of contact f o r bars of 5/l67end radius 

Displacment, x = 4 cm. Length = 35-6 cm. 

Length 
(cm.. ) 

t ^ d O - ^ s e c . ) t gdO-^sec . ) 
D i s p l ^ . X 

(cm. ) 
t ^ (lO""^ s ec ) . 

63.6 .67 1.13 
1 

-

2.21 
49.6 .76 1.21 

1.5 2.05 
35.6 .5? 1.06 

2 1.94 
17.0 .46 .75 

3 1.85 " 
8.5 .40 .53 

4 1.81 

B 
8 

X • o o 
1.55 
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• I n Fig". 16 the "e r fec t ' c f the radius o f the ' b a l l ' end 

( r ) on the du ra t ion of contact is shown gra] bica] l y , f o r a v e l o c i t y 

of a nroach o f 17-4 cm. per s e c , i , e . a displacement of B cm. The 

curves f o r o ther v e l o c i t i e s of approach are very s i m i l a r so they are 

not reproduced here . I t w i l l be seen tha t the b a l l end, instead o f 

i n t roduc ing a small c o r r e c t i o n dependent on the r ad ius , in f luences 

very m a t e r i a l l y the nature of the impact. 

The importance and com.olexity o f the end e f f e c t are 

sim.ilar t o vv̂ -iat would be expected f rom a systemi behnving accord.ing 

to the Hertz tbeo ry , which would i n d i c a t e tha t the d u r a t i o n of contact 
- 1 

is p r o p o r t i o n a l to r ^ . U n f o r t u n a t e l y measurements and exper imental 

r e l a t i o n s h i p s in v o l v i n g the radius of the b a l l - e n d were not suscept ib le 

of ou i t e the same accuracy as those i n v o l v i n g only the l eng th of the 

bars , p a r t i c u l a r l y v;here the more poin ted bars v/ere concerned, so t h a t 

the log t - l og r gra rhs provl^^ed no u s e f u l evidence, the poin ts 

being r a the r too -ca t t e re^ to ind ica te whether or not a sim.ple power 

r e l a t i o n s h i p h e l d between t and r . These curves were not considered 

to be of s u f f i c i e n t i n t e r e s t to wai-rant r ep roduc t i on . 

DISCUSSION. 

The r e su l t s of the fo-egoing experiments appear to adm.it 

of no simple exnlanr. t ion . The n o n - l i n e a r r e l a t i o n s h i p between t and 

t , the l i n e a r r e l ^ . t i ^n sh ip between log t and log v and the 

absence of anty constant "end-of . ect" due to the curvature o f the ends 

of the rods we ye s u f f i c i e n t to show tha t a theory o f the St . -Venant 

tyoe was u n l i k e l y to o f f e r any adequate explanat ion of the r e s u l t s , 

i l e the existence o f the r e l a t i o n s h i p expressed by t = AvY 
;Vhi 
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appeared to o f f e r d e f i n i t e sup .or t f o r an explana t ion on tbe l i ne s of 

the Hertz theory , the v a r i a t i o n o f r | w i t h i , and 5n p a r t i c u l a r the 

apparent existence o f a l i m i t i n g v . l u e o f y approached . e r o , 

not equal to -VB^ were somewv>at d j s t u r n i n g . N^oreover- the non­

l i n e a r rel- t? .onsbip between log t and log £ pointer^ to an i n f l uence 

not taken account of i n the He i t z theory ; probably an e f f e c t due to 

l o n g i t u d i n a l v i b r f i t i o n s . 

I n the here of as ce r t ro 'n ing the extent t o which these 

l o n g i t u d i n a l v i b r a t i o n s might be l i k e l y to a f f e c t the d u r a t i o n of 

contac t , experim.ents were made upon the c o l l i s i o n o f bars of unequal 

l engths . From the po in t of vie;/ of the Hertx theory such bars cou'd 

be considered s imply as tv/o Vodies o f d i f f e r e n t masses, the c o l l i d i n g 

surfaces having the same curva tu res . On the other hand according to 

St^iVenant , the d u r a t i o n of contact should be dependent on the l eng th 

of the longer bar o n l y , be ing equal to the tim.e taken by a l o n g i t u d i n a l 

disturbance to t^-avel twice the l eng th of tha t b a r . 

Consider now i n the l i g h t of the St .-Venant theory a bar 

of l eng th s r y , 35.6 cm. impinging upon a longer ba r , the length o f v/hicl-

i s reduced i n succes<^ive stages t o nbout 10 cm. 'Vhile the i - p i n g i n g 

bar (35.6 cm.) i s the shor te r the dm-ation of contact should -̂ ^ary w i t h 

the l eng th o f the s t a t i o n a r y ba r , but \vhen the i - .p inging b^ r i s the 

longer the dura t ion o f contact should be constant because the l eng th 

of the impi-'-ging bar i s i t s e l f constant . On the other hand the 

Hertz theory would, i n these circumstances, p r e d i c t a contir_uous 

decrease of t as the l eng th of the bar s u f f e r i n g c o l l i s i o n i s 

allowed to decre 
, , 3 0 , t depending upr the masses of both bars and 
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not uoon th^ l eng th of e i t h e r . 

Thus the i n f l u e n c e o f the ]on i k u d i n a l v i b r ^ hions should be 

to produce a. tendency to d i s c o n t i n u i t y i n the t - £ curve at the 

Doint a t which the two bars become equal i n l e n g t h . 

EXPEKIL^^NTS QIN] THE COLLISION OF ULiEQUA L B A R S . 

(1) Durat ion of Contact. 

Three bars were prepared o f lengths 100 cm., 63.6 cm.., and 

35.6 cm r e s p e c t i v e l y , of s i l v e r s t e ^ l o f c i r c u l a r c ross - sec t ion , rar ' ius 

The end-radius of each was ^" snd the end of each bar v/os 

hardened, gro^jnd and pol ished as de'-cribed i n Chapter I I . 

Fourteen sets of r e su l t s were ob t - i ned by c u t t i r r , the 100 cm. 

bar down i n seven successive stares to a l eng th of 8.^ cm.., two ser ies 

of o'^servrjtions being taken at each stage, one f o r c o l l i s i o n s w i t h the 

bar of l e n g t h 63.6 cm., and_ the other f o r c o l l i d o n s vf i tb the 35.6 cm. 

bar . F i n a l l y one of the 8.5 cm. bars o f end radius used i n the 

or i .qi^ .s l set of experi rents was t T.ken and an extended ser ies of observ­

at ions was maVe, using t h i s bar r,nd the 8.^ cm. bar obtained by c u t t i n g 

do-vm the bar o f or ip- ina l l eng th 100 cm. I n t a b l e V I the r e s u l t s o f 

t > i s group o f experiments â -e set f o r t h as befor-e. 

(a) t and v . 
As i n the f i r s t set o f experiments the graph showing the 

4 

r e l a t i o n s h i p between Log ( t x 10 ) and l o g x was p l o t t e d i n every 

caee. I t was not iced f rom the f i r s t t ha t the points cbtr-iired d i d 

l i e so accurn te ly on a s t r a i r h t l i n e as before but i s w s thought 

tha t the discrepancy, being s m a l l , was due to experiment-] e r r o r . 

A f t e r severa l ser ies of experiments had been taken, ho;vever, i t was 
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Radius of Ba l l -End . t " = 1 . 2 7 cm. 

Length cf I : p ingingBa- 6 3 . 6 cm. 

X 
(cm.) 

Log.jQ(t X 1 0 ^ ) T X L o g ^ ( t X 1 0 ^ ) T 
(sec.) (cm.) (sec . ) 

1 
1.5 
2 
3 
5 
8 
1 0 

Length of 2nd Bar,100cm. 
. 7 5 3 8 
. 7 3 1 6 
. 7 2 0 1 
. 7 0 3 8 
. 6 8 0 7 
. 6 5 9 8 
. 6 5 2 5 

2 . 8 8 4 

1 
1 .5 
2 
4 
8 
1 1 

1 
1.5 
2 
4 
6 
8 
11 

1 
1.5 
2 
4 
8 
11 

1 
1.5 
2 
4 
8 
11 

Length o f Second Bar, 80 cm. 

. 7 5 1 1 

. 7 2 2 5 

. 7 0 4 4 

. 6 6 1 0 2 .88r; 

. 6 3 5 5 

. 6 2 0 0 

. 6 0 3 7 

Length of Secr.nd Bar, 6 3 . 6 cm 

. 7 1 1 4 

.6864 

. 6 6 8 5 

. 6 1 9 5 2 . 8 8 Q 

. 5 7 6 1 

. 5533 

Length o f Second Bar, 4 9 . 6 cm. 

1 
1.5 
2 

8 
11 

. 7 0 7 0 

. 6 5 6 0 

. 6 3 9 8 

. 5 9 5 4 

. 5 5 3 2 

.535 '7 

2.89. 

1 
1.5 
2 
4 
8 
1 1 

1 
1.5 
2 
4 
8 
1 1 

Lenj-'tV" o f Sedond "Har 35.6cm. 
.6454 
.6141 
.6001 
.5607 2.89, 
.5224 
.5055 

Length of Second Bar 17.0 cm, 

. 5 5 4 0 

. 5 3 3 8 

. 5 1 0 6 

. 4 6 2 8 

. 4 2 1 8 

. 3 9 7 5 

^.89, 

Length o f Second Bar , 17.(;cm. 

. 5 6 3 2 
. 5 3 3 8 
. 5 1 1 8 
. 4 7 2 6 
. 4 3 2 3 
. 4 0 9 3 

2 . 8 9 

T-ength of Second Bar = 8 . 5 cm, 
. 4 6 9 0 
. 4 3 8 5 
. 4 0 6 3 
. 3 4 5 7 
. 2 8 7 8 
. 2 6 1 2 

2 . 8 7 
o 



RADIUS CF BALL EOT i " = 1^27_ cjn 

68^ 

Len-jth Q'f ImpinRing Bar^ 35.6 cm 

X 
(cm.) 

L o g . ^ ( t X 10^) T X Log;^o(t X 10 ) 
( sec . ) (cm.) 

T 
(sec. ) 

Length o f Second Bar, 100 cm. 

1 
1.5 
2 
4 
8 
11 

.6825 

.6605 

.6477 

.6182 

.5855 

.5578 

2.88g 

1 
2 
3 
5 
7 

Length o f Second Bar, 63.6 cm. 

.6300 

.5857 

.5569 

.5328 

.5160 

2 . 8 8 

Length of Seccnd Bar, 80 cm̂  Lensth of Second Bar, 49.6 cm 

1.5 
2 
4 
6 
8 
11 

.6681 

.6398 

.6266 

.5913 

.5648 

.552 3 

.532 8 

2.88 

Length of Second Bar, 63.6 cm 

1 
1.5 
2 
4 
8 
11 

.6419 

.6112 

.5911 

.5459 

.5103 

.4914 

2 . 8 8 4 

1 
1.5 
2 
4 
8 
11 

1 
1.5 
2 
4 
8 
11 

.6229 

.5909 

.5675 

.5201 

.4760 

.4581 

Length tif Second ^ar , 35.6 cfTt, 

.5750 

.5480 
.52 58 

.4787 

.4303 

.4057 
2.89^ 
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LENGTH OF IVPITv^GH:G BAR, 35.6 cm. 

X Log^j^ ( t X 10^) 
(cm. ) 

T 
(sec . ) 

1 
1.5 
2 
4 
8 
11 

"Length of Sedond Par. 17.0 cm, 
.5064 
.4698 
.4459 
.3903 2 . 8 9 3 
.3396 
.3193 

Length of Second Bar, 8 .5 cm 

X Log3_Q( t X 10^) 
(cm. ) 

T 
(sec. ) 

0.2 
0.3 
0.4 
0.6 
{H.O 
R.O 

10.0 
20.0 
30.0 

Extended Ser ies . 
Length of Second i^ar. 8 .5 cm. 

.5779 

.5185 

.5160 

.4720 

.4186 

.2819 

.2378 

.1892 

.1667 

2.87o 

.4247 

.3 861 

.3622 

.3045 

.2516 

.83 16 

2.874 

Above. Short Bar Impinging 
Below. I.ong Bar iL ip ing ing . 

0.2 .5316 
0.3 .5047 
0.4 .4692 
0.6 .4373 
1.0 .3964 2.894 
1.5 .3610 
2 .3387 
4 .2852 
8 .2374 
11 .2127 

20 .1759 
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SERIES below obtained by us ing o ld 8.5 cm.bar w i t h 

^" end r ad ius . 

Length o f bars. 8.5 cm. each 

X L o g i o ( t X 10^) T 
(cm.) ( sec . ) 

0.5 .4380 
1.0 .3574 
2.0 .2881 

4.0 .2061 

^.0 .1381 2.88 

16.0 .0758 

30.08 .0155 

50.0 1.9751 

1 
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seen thn^. the dia ci>epancies we re-r^f- the- same nature^ in-evei-y-cas^ and 
t ha t the log t , l o ^ . x re l - . t i onship was d e f i r i t o l y no-r-Jinear. 

I f , however, any appreciable amount of energy had remained i r 

the bars i n the form of long l t i iud ina 1 o s c i l l a t i o n s the c o e f f i c i e n t of 

r e s t i t u t i o n would have been less than u n i t y ; i n f a c t the St^Venant 

theory p red ic t s tha t t h i s c o e f f i c i e n t should be equal t o the r a t i o 

o f the length of the shor te r to t h a t o f the longer bar . Thus the 

displacement x mip;ht not have been p ropo r t i ona l to the mean of the 

r e l a t i v e v e l o c i t i e s o f the bars on approach and on separatio7i, so tha t 

the app-^rently n o n - l i n e a r r e l a t i o n s h i p between l o g t and log v 

might have been due to the poor resilience of the ba r s ; wh i l e had t h i s 

m.ean v e l o c i t y been used a l i n e a r r e l a t i o n s h i p might have been ev iden t . 

Accordingly observations o f the value of the c o e f f i c i e n t o f r e s t i t u t i on 

were made w i t h a viev/ to e l u c i d a t i n g t h i s p o i n t . (TableVlUjC ) . 

Furthermore, o f course, the r e su l t s o f these observations would i nd i ca t e 

the p r o p o r t i o n of the energy of the bars remaining as l o n g i t u d i n a l 

csciK] l a t i o n s : the e a r l i e r experim:ents i nd ica t ed t ha t f o r the type of 

s tress invo lved i n these experiments the e l a s t i c i t y of the s t e e l 

might be regarded as p r - c t i c a l l y p e r f e c t . 

I h m.ay be noted at the outse t t h a t the r educ t ion In r e l a t i v e 

v e l o c i t y due to imperfec t r o s i l i e n c e was found to be much too smal l 

to account f o r the curv.-^tures of the l o g . % - l o g . x curves i n any on#^ 

case; as i t w i l l be remembered tha t the du ra t ion of contact v a r i e d 

only »lov/ly w i t h the v e l o c i t y of approach f o r equal bars and t h i s 

was s t i l l f o u n ' t rue o f the impact of unequal b a r s . 

Aj The smallness of the departure f rom l i n e a r i t y of these curves 

had at f i r s t been mistaken f o r exporimental e r r o r caused an examina-
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t i o n . o f - t h e whole of th^i e a r l i e r curve-s to be wa b no i n d i c a t i o n 
of any denarture from l i r e - r i t - - , ho^/ever s m a l l , Was found . Nevertheless 
inview of the importance att-^ched to these cur\''es and to the t h e o r e t i c a l 
importance of fhe constafife y deduced f rom theip^i t W o S f e l t necessary 
to make a comparison o f the c o l l i s i o n o f equal and o f unequal ba r s . 
Accordingly the apparatus and experimental procedure were mod i f i ed as 
descri^^ed in Chapfeer I I n n d an extended ser ies o f o"^^sfervatiors unon the 
re la t io '^sh ip between t and x was made f o r the in pact of bars o f lengths 
35.6 cm. and 8.5 cm.. I t should be pointed out tha t the c o r r e c t i o n f o r 
lack of r e s i l i e n c e would be toosmal l to be not iced on the diagram. (See 
a u x i l i a r y Sect ion C curve KoBl) even i f the v e l o c i t y of r'z^tro^gression 
were s u b s t i t u t e d f o r tha t o f approach, so tha t the Dog t - l og x curve 
i s reproduced d i r e c t l y . I t w i l l be seen t h n t the rel'-^tir-nship i s not 
l i n e a r . ( ? i e . 1 7 ) . 

To complete the comparison an extended ser ies of observat ions 

was made u^on a p p j r of 8."̂  cm. bars , as already noted^ but the 

exnerirrent?^-1 d i f f i c u l t i e s associated w i t h the use of short bars a t 

very ^1 -h or very low v e l o c i t i e s were such t ha t the points oTStained 

were too scattered-' to provjde a convincing r e s u l t , though no d e f i n i t e 

departure f rom the l i n e a r l o r t - log x r e l a t i o n s h i p was record.ed. 

A d e s c r i p t i o n of the resu l t s o f extended series of observations on 

equal b^.rs o f greater lengtvi i s given l a t e r . A move d e t a i l e d study 

was made of the curve of f i g . 25 and i t WJ^S found th - t the r e l a t i o n s h i p 

between t and v could be expressed, v/ i t>i in the l i m i t s of the 

experiment by the formula^ ^ 

^ x lu^ - 8 . P 7 ^ — t n l o ^ ^ rf(l\/"r^'^^O'^i 

when- t i s the du ra t i on o f contact i n secon ' s and v the mean of the 
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r e l ^ ^ - i v e veD-oc i t i e s . o f . t ^ o - b a r s - jus- t bo''o'-c; &nr:l . lus t art,Gr> t h e c o l l i s i o i j 

. The d a t a a v - l l r ^ h l e f o r t h e o t h o r ^^v^-••^ v/er^e n o t s u f f i c i e n t l y 

e x t e n s i v e t r a l l o w ^ o r i t o i i f d i c a t e v/^^eti e r such e n u n t i o n s were niore 

t h a n a f o r m a l r e p r e s e n t a t i o n o f t h e e x p e r i m e n t a l r- s u l t s . F u r t h e r m o r e 

i t d i d n o t aopea r t h a t t h e t h e o r e t j c a ] i m p o r t a n c e o f a s e r i e s o f e q u a ­

t i o n s eanh con tn^ 'n inn ; t h r e e i n d e n e n d o n t c o n s t a n t s v/as s u f f i c i e n t t o 

j u s t i f y a r e p e t i t i o n o f t h e e x p e r i m e n t a l w o r k . 

The above e q u a t i - n i s o f i n t e r e s t h o w e v e r , i n t h a t a 

s i rn-^lar e q u a t i o n has been f o u n d t o ho l r ) f o r t h e c o l l i s i o r o f s p h e r e s 

If 
o f c l a s t i c n o t e r i a l s . ( ) 

W i t h o u t r e f e r e n c e t o t h e extender! s e r i e s , h o w e v e r , i t was 

a l r e a d y e v i d e n t t h a t t h ^ d e p a r t u r - e f r o m a l aw o f t h e t y n e t = Av*^ 

was v e r y much l e s s i n t h e c^u^ o f b a r s o f the same l e n g t h t h a n f o r t h e 

i m p a c t o f b a r s o f d i f f e r e n t l e n g t h s - . I t v/ft? r o b e d , t o o , t h a t when 

t he b a r o f o r i g i n a l l e n g t h ICO cm. was c u t down to t h e same l e n g t h 

3 one o f t h e o t h e r fcars t h e a p p r o p r i a t e s e r i e s gave a p e r f e c t 

t r a i c h t l i r e f o r t he l o g t - l o r x c u r v e . How t h e e s t a b l i s h m e n t 

6 f t h e r e l a t i o n s h i p t = Av^^ had been r e g a r d e d r; s t h e most i m p o r t a n t 

pnd f u n d a m e n t a l consequence o f t he e a r l i e r w o r k ^ w h i l e t he r e g u l a r 

v a r i a t : ' - n o f / - v i t h t h e l e n g t h ha'-'̂  i n d i c a t e d t h a t t h i s law -o s se s sed 

more t h a n a s u . p e r f i c i a l m e a n i n g ; so t h a t a d e p a r t u r e f r o m t h i s law 

i n t h e case o f u n e q u a l b a r s wa.":: o? so i i^ i n t e r e s t . 

The e x p e r i m e n t s t o d e t e r m i n e t h e c o e f f i c i e n t o f r e s t i t u ­

t i o n w h i c h a --e d i s c u s s e d l a t e r , had i n d i c a t e d t h a t t h e d e p a r t u r e 

f r o m a d im.p le power Taw c o n n e c t i n g t and v was a - s o c i a t e d w i t h 

i m p e r f e c t r e s i l i e n c e , hence i t a ope a re d a t l e a s t pos^^ ib le t h a t t h i s 

l aw h e l d good O'-]y where no l o s s o f e n e r g y o c c u r r e d d u r i n g i m p a c t . 
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M o r e o r e r - i t - h a s ' a l T e a d y h^Bn obsarved" t h a t / s e n i-s o b t a i r e d a l i n e a r 

r e l a i r n s h i p b e t w e e n t a n i i f o r the i r r i r a c t "bars o f e q u a l l e n g t h , 

t he ends o f w h i c h were n o t harclener^, so t h a t i t aopears p r o h a h l e t h a t 

h a r d - e n d e d b a r s f a l l i n t o a s e p a r a t e c l a - s . As soon as the o'' s e r v a t i r ns 

on u n e q u n l b a r s were c o m o l e t e d an exoe r i i i . e n t a l i n v e s t ir;a i: i on o f t h ^ s 

h y p o t h e s i s wns t h e r e f o r e i a d e . 

jiJt and / 

As was p o i n t e d ou t b e f o r e , a c c o r d I n f r t o S t ^ V e n a n t , a 

d i s c o n t i n u i t y was t o be e x p e c t e d i n t h e t - / c u r v e s a t t h e p o i n t 

where t h e l e n g t h s o f a O o i r o f b a r s we-.-e e q u a l . No such d i s c o n t i n u i t y 

was o b s e r v e d . I n f i g s . 18 and 19 t h e r e l a t i o n s h i p b e t w e e n t and 

^ i a shown f o r b o t h s e t s o f b a r s , t h e t h r e e c u r v e s r e p r o d u c e d i n 

each d i a g r a m b e i n g f o r d i s ")1 a cements o f 2cm, 4 cm and 8 cm r e s p e c t i v e l y . 

The c u r v e s f o r t h e o t h e r v e l o c i t i e s a re o f t h e sam.e shape b u t a re 

o m i t t e d f o r t h e sake o f c l e a r n e s s . 

A l t h o u g h t h e d i s c o n t i n u i t y w h i c h maght have been e x p e c t e d 

i s absen t y e t t h e c u r v e s have n o t t h e smoothness and u n i f o r m , g r a d a t i o n 

o f c u r v a t u r e ŵ^ i c h a t h e o r y o f t h e fTertz t y p e w o u l d seem t o i n d i c a t e , 

so t h a t a^a i r . the -e i s no e v i d e n c e t o f a v o u r t h e a d o p t i o n o f e i t h e r 

t h e o r y . 

The r e s u l t s ma-̂ ^ "̂ e c o n s i d e r e d i r a somewhat d i f f e r e n t 

l i f f h t The re i s a v a i l a b l e a knowledge o f t he d u r a t i o n o f c o n t a c t o f 

b a r s o f v a r i o u s l e n g t h - , w i t h a b a r o f l e n g t h (p^ 6 3 . 6 c m . , and 

( b ) 3 5 . 6 cm; t h a t i s t o s « y t h a t t h e e f f e c t o f a r V i i n g 2 B . 0 cm t o t^-e 

3 5 . 6 cm. b - r can be d e t e r m i n e d , so f a r as t h e v a l u e o f t i s c o n c e r n e d . 
I f t h e e f f e c t o f t h i s change were s im.p ly t o a l l o w a l o n g i t u d i n a l 
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i 4 s t u r i ^ a n c e tP t r a v e l - 2 e . O cm. f t . r t h e r - , -then t h e flifference• i n t 

p r o d u c e d b y a l l o v i ^ - p a 6 ^ . ^ cr; , b a r i r s t e a d o f a .'^S.B cm. b a r tr imxd 

on any o t h e r b a r sv^ould be c o n s t a n t : i n d e p e n d e n t o f the v e l o c i t y o f 

a p p r o a c h and o f t h e l e n g t h of t he o t h e r b a r c h o s e n . 

I n T9>^le V I I i s shovm t h e r e s u l t o f sub^t r . -^ 'Ct in^ t h e 

v a l u e o f t f o r t he ba r o f l e n g t h 6 3 . 6 cm. f o m t h a t f o r t h e b a r o f 

l e n g t h 3 5 . 6 c m . , when these b a r s had been a l l o w e d t o i p i n g e u p o n 

t h e same b a r w i t h t h e same v e l o c i t y o f a p p r o a c h . The d i s p l a c e m e n t 

used and t h e l e n g t h o f t h e b a r are b o t h s p e c i f i e d i n t h e t a b l e . 

I t w i l l be seen t h a t i n no p a r t o f t h e ta> . le i s t h e 

e f f e c t o f the " e n d - p i e c e " c o n s t a n t , and t h a t t he v a r i a t i - n s a re n o t 

o f t he t y p e a t ^ - r i b u t a ^ l e to e x p e r i m e n t a l e r r o r . 

ng€ 
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( 10"^ sec . ) 
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REDUCTION IN ' t ' DIF. TO CHANGE I N LENGTH OF 28 cm 

D i s o l a c e m e n t 
X (cm-. ) 1,0 1.5 2 . 0 4 . 0 8 .0 

l.lean f o r 
I I . 0 a l l v e l o c i t i e s 

L e n g t h o f 
Second Bar (cm,. ) 

100 .86 .82 . 8 1 — .74 — . 8 1 

80 .98 .92 .83 . 6 8 .60 . 6 1 . 7 7 

6 3 . 6 .76 . 77 .76 .65 .53 . 4 8 .66 

4 9 . 6 .90 . 6 3 .67 .63 . ^8 . 5 6 .66 

3 5 . 6 .63 . 5 8 .63 .63 .64 .66 .63 

1 7 . 0 .37 .57 .45 .45 .46 .42 . 45 

8 .5 .29 . 3 1 . 25 .20 .16 .12 .22 
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I^Kp^^. CQEFFICl-^.NT OF RESTITUTIOr^ 

T h i s c o e f f i c i e n t was m.easured o n l y i n a U n i t e d number o f cases as 

v a l u e s g r e a t e r t h a n 0 . 9 were d i f f i c u l t t o measure w i t h any a c c u r a c y . 

T i t t l e i m p o r t a n c e s h o n l d be a t t a c h e d t o t h e v a l u e s g i v e n f o r t h e p a i r 

o f b a r s o f l e n g t h s 80 cr . , and 3 5 . 6 cm. as t h e s e r e p r e s e n t t h e r e s u l t 

o f t h e f i r s t a t t e m p t t o m^easure t h i s c o e f f i c i e n t . P r a c t i c e was necessa iy 

t o ena>^le a c c u r a t e rea ' i n g s t o be o b t a i n e d . 

TABLE V I I I , 

r e p r e s e n t s l e n g t h o f l o n g e r b a r i n cm. 
" " s h o r t e r b a r i n cm., 
fi d d s p l a c e m e n t o f i m p i n g i n g b a r i n cm 

80 3 5 . 6 

6 3 . 6 IV 

3 5 . 6 17 

8 
4 

10 

8 

6 
4 
2 

9 

8 
7 

6 
4 
2 

e ^ , t 
^•h^0-Pved . c a l c u l - • 

a t e d ( S t . 
Vena n t ) 

91 
90 

.823 

.842 

.872 

.895 

.935 

.964 

.956 

.957 

.963 

.960 

. 960 

.445 6 3 . 6 8 .5 

267 

3 5 . 6 8 .5 

.478 

10 
8 
6 
6 

4 

2 

10 
8 
6 

4 

2 

o b s e r v e d . c a l c u l -
a t e d ( S t 
Venan t \ 

.754 
.777 
.782 
.783 

.813 

.865 

.900 

.906 

.915 

. 9 1 8 

. 925 

. 134 

.239 
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The v a l u e o f • e , - t h o u g h - - a p p r « « i a ^ l 7 r l e s ? t h a n u n i t y , w a s - I n 

no case e q u a l t o t > - r a t i o ^ / / ^ n o r f o r d i f f e r e n t n a i r s o f b a r s f o r t h e 

same MKSER d i s p l a c e m e n t was t a c o n s t a n t f r a c t i o n o f I n ever:^r 

case i t w i l l he obse rved t h a t t h e c o e f f i c i e n t o f r e s t i t u t i o n i n c r e a s e d 

as t h e v e l o c i t y o f a p n r o a c h d e c r e a s e d i n ngrapement w i t h t h e r e s u l t s 

o f t h e e x p e r i m e n t s o f Deodhar on the i m p a c t o f snheres m o v i n g w i t h 

low v e l o c i t i e s ( ) . T h i s v a r i a t u n o f £ w i t h v e l o c i t y i s o f 

i n t e r e s t as n s m a l l v n l u e o f Z corresr^onds w i t h a l a r g e amount o f 

e n e r g y r e t a - ' r e d h y t h e l-ars , o ro>)ahly i n t h e f o r m o f l o n g i t u d i n a l 

o ? c i l l a t i o n s . ( I t was n o t e d d u r i n g t h e e x p e r i m e n t s t h a t t h e so md 

p r o d u c e d h y t h e c o l l i s i o n o f u n e q u a l h a r s was i.'UCh more i n t e n s e t h a n 

t h a t n roHuced h y t h e im.pact o f e q u a l h a r s , t h e n o t e c o r r e s p o n d i n g t o 

t he p r o d u c t i o n o f I o n n i t u d i n a 1 o s c i l l a t i o n s b e i n g t h e o n l y one h e a r d ) 

The a p p r o a c h o f t h e c o e f f i c i e n t o f r e s t i t u t i o n t o t h e v a l u e 

u ^ i t y as t h e v e l o c i t y o f an|yroacT:i decr '^ased s u o p o r t e d t h e i d e a t h a t 

a t l ow v e l o c i t i e s t he miajor p o r t i o n o f t he e n e r g y t r a n s f e r r e d d u r i n g 

t he c o n t a c t e x i s t e d i n t h e f o r m o f s t r ^ - i n - e n e r g y i n t h e i m r r e d i a t e 

ne igh ' ^ou rhood o f t h e a r ea o f c o n t a c t ; w>^ile a t h i o h e r v e l o c i t i e s t h e 

g r e a t e r amount o f r o r e n t u m t r a n s f e r r e d t o g e t h e r l y i t h t he s h o r t e r t i m e 

o f c o n t a c t comMned t o encourage t h e p r o d u c t i o n o f l o n g i t u d i n a l 

o s c i r a t i o n s o f r e l a t i v e l y l a r g e a m p l i t u d e . I t i s t o he n o t e d t h a t 

t h e e n e r g y o f a s u f f i c i e n t l y v i o l e n t b l o w i s p r o b a b l y a l m o s t w h o l l y 

c o n v e r t e d i n t o l o n g i t u d i n a l o s c i l l a t i ^ n ^ , as t M ^ s - m e t h o H has been used 

l a r e ; e l y f o r t h e t e s t i n g o f e x p l o s i v e s and the v e l o c i t y o f s m a l l p r o . i e c t 

i l e s , b y H o n k l n s o n and o t h e r s [ ' ) . 

These e x p e r i m e n t s an t h e c o e f f i c i e n t o f r e s t i t u t i o n 

were s u f f i c i e n t t o i n d i c a t e t h a t t h e d e f o i n m a t i o n o f a s m a l l r e g i o n o f 
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t h e - ends o f - t h o - b a r s w a s - n o t t v . ^ o n l y - t y n e • o f - e l a s t i c r e a c i . i o r 
i n v o l v e d and t h a t p r o b a b l y an a p p r e c i a b l e amount o f e n e r g y was 
c o n v e r t e d I n t o l o n g i t u d i n a l o s c i l l a t i o n s d u r i r j ? t h e i m p a c t . 

IJo s i m p l e r e l a t i o n s h i p b e t w e e n tVie q u a n t i t i e s i n v o l v e d , 

• Ĉ  ^ /^ ^^ '^ ^ "̂'̂ -̂  d i s covere-"^, n o r d i d t h e r e appea r t o be any 

s i m p l e c o n n e c t i o n be tween t h e f r a c t - . i o n o f t h e e n e r g y l o s t i n t h e i m p a c t 

/ - ^ ^ ) and t h e v e l o c i t v o f a n p r o a c h . 

^(/Y)rHE AR'.A OF CON "̂'-̂ ^CT. 

A f t e r t he c o m p l e t i o n o f the f i r s t g r ' - un o f e x p e r i m e n t s on t h e 

d u r a t i n o f c o n t a c t o f b a r s o f e q u a l l e n g t h , a s e r i e s o f p h o t o m i c : 

g r a p h i c abse-vat:? ons on t h e s t a t e o f t he p o l i s h e d ends o f t h e b a n 

W"S made, w i t h a v i e w t o i n v e s t i g a t i n g t h e e f f e c t s o f t h e eno rmous , 

t h o u g h t r a n s i e n t , p r e s s u r e s on t h e h a r d e n e d s t e e l o f w h i c h t h e r o u n d e d 

ends c o n s i s t e d . T h i s P r o c e e d i n g was i n s p i r e d b y t h e d i f f i c u l t i e s 

a t t e n d i n g t h e use o f t h e none p o i n t e d b a r a , as t h e i r r e g u l a r i t i e s 

i n t h e r e a d i n g s t a k e n v/i t h t h e s h o r t e r b a r s r . i g h t W e l l have been . 

due t o damiage s u f f e r e d b y t h e p o l i s h e d s u r f a c e s . The r e s u l t ? o f 

t h e s e e x p e r i m e n t s a r e d i s c u s s e d e l s e w h e r e , b u t f o r t h e p r e s e n t i t may 

be n o t e d t h a t no e x c e p t i o n a l d i f f i c u l t y w- s e x p e r i e n c e d when u s i n g smal 

m a g n i f i c a t i o n s so t h a t a m^ethod was seen t o be a v a i l a > ' l e f o r d e t e r m i n ­

i n g t h e a r e a o f c o n t a c t i n any g i v e n c o l l i s i o n . 

A l t h o u g h t h e f i r s t e x p e r i i e n t s on t h e a r e a o f c o n t a c t were 

r f o r m i e d on t h e b a r s r e m a i n i n g f r o r t h e f i r s t g roup o f e x p e r i m e n t s 

^ c o n s i d e r a t i o n o f t h e s e r e s u l t s i s d e f e r r d ; t h e ta^ l e f o " l o w i n g 

g i v e s t h e r e s e a t s o f t h e e x p e r i m e n t s o n b a r s o f u n e q u a l l e n g t h s . 

The d e t a i l e d o b s e r v a t i o n s o f t h e d i a m e t e r s o f t h e p a t c h 

r e p r e s e n t i n g t h e a r ea o f c o n t a c t a r e g i v e n because t h e s e g i v e an 

pe 
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i n d i c a t i o n o f the a c c u r a c y a t t a i n e d i n t h i s t y p e j ) f e x p e r i m e n t and 
of t h e p e r f e c t i o n o f t h e ends o f t h e b a r s . 

Of t h e s e r e s u l t s onlY ^ "^^^ f i r s t s e t fl^ra^ (^3.6 cm & 100 

cm "bars) were d e t e r m i n e d n h o t o ^ r r a n h i o a l l y ; t h e r e m a i n d e r h a v i n g "been 

measured d i r e c t l y on a g r 6 t o d g l a s s s c r e e n . "^or t h e n h o t o g r a n h i c 

o b s e r v a t i o n s t h e c i r c l e b e s t f i t t i n g t he ima.ge on t he n l a t e V7a s c h o s e n ; 

the mean d la . rao ter ^ i v e n i s t h e d i a m e t e r o f t h i s c i r c l e d i v i d e d by t h e 

Q n g n i f i c a t i o n u s e d (38 .8) , 



TAB!- . I X . 

L e n g t h o f ^a r s (cm) D i s o l a c e - Obs. D i a m e t e r o f C i r c l e o f C o n t a c t . 
( 1 ) (o) men t ( cm) ( c m / 3 8 . 8 ) 

^ M ^ (9) (7,) (A) : e a n . 

6 3 . 6 100 1 
9. 

1.14 1.14 1.14 1.14 
(cm XIO- -^ ) 

2 . 9 4 
3 . 8 9 

3 1.82 1.84 1 .91 1.87 4 . 7 9 

4 5 . 4 6 

6 2 . 2 4 2 . 2 R 2 . 2 5 2 . 3 0 5 .82 

6 6 .06 

7 2 . 4 4 2 . 4 4 2 . 4 2 2 .4a 6 . 2 6 

8 6 .49 

10 2 . 8 7 2 . 8 6 2 . 8 6 2 . 8 8 7 . 4 0 

6 3 . 6 80 2 1.67 1 . 6 1 1 . 6 1 1 . 6 1 4 . 1 7 

4 2 . 0 8 1.96 1.99 2 . 0 0 5 . 1 8 

6 2 . 2 7 2 . 2 7 2 . 2 7 2 . 2 7 5 .85 

8 2 . 5 8 2 . 6 0 2 . 5 8 2 . 6 1 6 . 6 7 

6 3 . 6 6 3 . 6 2 L53 1.64 1.64 1.57 4 . 1 0 

4 2.06 2 . 0 5 2 . 0 2 2 . 0 2 5 . 2 6 

6 2 . 2 8 2 . 3 0 2 . 2 9 2 . 3 3 5 .93 

B 2 . 5 4 2 . 5 5 2 . 5 5 2 . 5 5 6 . 5 7 

6 3 . 6 4 9 . 6 2 1 . 6 1 1.60 1.59 1.60 4 . 1 2 

4 2 . 0 5 2 . 0 7 2 . 0 7 2 . 0 7 5 . 3 3 

6 2 . 4 3 2 . 4 0 2 . 3 6 2 . 3 5 6 . 1 6 

8 2 . 6 2 2 . 5 5 2 . 5 3 2 . 5 3 6 . 6 0 



TABIE I X (con t i n u e d ) 

L e n g t b 
Bars 

( 1 ) 

" ^ i s p l a c e -
• (cm.. ) r e n t ( cm.. ) 

Observed Oiame 
(cm/; '38.8) 

( 1 ) ( 2 ) 

t e r o f C o n t a c t . 

( 3 ) ( 4 ) 
-2 

(cm X 10 ) 

6 3 . 6 3^5.6 2 1 .68 1.64 1.67 1.59 4 . 2 5 

4 2 . 0 7 1.92 a . 9 2 2 . 0 0 5 . 1 0 

6 2 . 1 8 2 . 1 8 2 . 2 1 2 . 2 0 5 . 6 4 

8 2 . 5 4 2 .58 2 . 5 8 2 . 5 4 6 . 6 0 

6 3 . 6 17 O b s e r v a t i o n s i n a d . " e © r t e n t l y o m i t t e d . 

6 3 . 6 P.F 2 1 .24 1.29 1.28 1 .28 3 . 3 0 

4 1.67 1.67 1.65 1.65 4 . 2 8 

6 1.89 1.95 1 . 9 1 1.87 4 . 9 2 

8 2 . 1 9 2 . 1 5 2 . 1 8 2 . 1 9 • r.. 62 

3 5 . 6 100 2 1 .44 1 . 4 1 1 . 4 1 1.42 3 . 6 6 

4 2 . 0 2 1.93 1.99 1.89 5 .05 

6 2 . 0 8 2 . 1 6 2 . 1 2 2 . 1 4 5 . 49 

2 . 4 6 2 . 4 8 2 . 4 8 2 . 4 8 6 .39 

3 5 . 6 80 2 1 .47 1.46 1 .46 1.46 3 . 7 6 

4 2 . 0 8 2 . 0 6 2 . 1 1 5 . 3 6 

• 6 2 . 3 9 2 .28 2 . 3 1 2 . 3 2 6 . 0 1 

8 2 . 5 9 2 . 5 7 2 . 5 9 2 . 4 8 6 . 6 0 

3 5 . 6 6 3 . 6 2 1.59 1.58 1.57 1 .57 4 . 0 7 

4 2 . 0 6 2 . 0 7 2 . 0 5 2 . 0 6 5 . 3 1 

6 2 . 3 2 2 . 3 4 2 . 4 1 2 . 4 0 6 . 1 1 

8 2 . 4 9 2 . 6 0 2 . 5 8 2.5FS 6 .60 



TABLE I X i ( c e n t n nueri) <5J 
i 

Length o f T)ic,ni.') 
B^rs ( cm. ) ir:en ( 

c e -
c r . ) 

O^s'-'pved Di.T m e t e r 
( c m / 3 8 . 8 ) 

( 1 ) ( 2 ) 

o f C o n t a c t . 

( 3 ) ( 4 ) 

- ' lA i i . 

(cr, -X 1 0 " ^ ) 

3 5 . 6 ^^9.6 2 1 . 1 . ^1 1 . 5 9 1 . 5 9 1.55 4 . 0 2 

4 I .88 1 . 9 5 1.94 1.92 4 . 9 5 

6 2 . 2 0 2 . 2 6 2 . 2 6 2 . 2 0 5 . 7 5 

8 2 . R 7 2 . 5 3 2 . 5 3 2 . 5 3 6 . 5 5 

3 5 . 6 3 5 . 6 2 1.49 1.49 1 . 5 0 1 . 4 7 3 . 8 4 

4 1.88 1 . 8 2 1.80 1 . 9 0 4 . 7 7 

6 2 . 2 3 2 . 1 3 2 . 1 3 2 . 1 3 5 . R 4 

8 2 . 4 9 2 . 5 5 2 . 4 6 2 . 5 8 6 . 4 9 

3 5 . 6 17- 2 1 . 4 9 1 . 4 6 1.44 1.49 3 . 7 9 

4 1 . 7 1 1 . 7 5 1 . 6 8 1 . 6 8 . 4 . 4 1 

6 2 . 0 0 2 . 0 3 2 . 1 0 1 . 9 8 5 . 2 1 

8 2 . 3 1 2 . 3 1 2 . 2 1 2 . 2 2 5 . 8 2 

3 ^ . 6 8 . ^ 1 0 . 9 9 1 . 0 2 0 . 9 8 1 . 0 2 2 . 5 8 

2 ] . 2 0 1 . 2 9 1 . 2 4 1 . 2 4 3 . 2 0 

4 1 . 7 2 1.52 1 . 6 4 1 . 7 2 4 . 3 3 

6 1 . 7 9 1.84 1 . 8 7 1 . 8 7 4, ' ;4 

P 1 . 9 2 1 . 9 2 1 . 9 1 1 . 9 3 4 ; 9 4 
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EFFECT OF V5E0CITY" . 

The a r ea o f conta .c t was f o u n d i n e v e r y case t o i n c r e a s e w i t h 

the v e l o c i t y o f a p p r o a c h i n v e r y much t h e sane way -s t he d u r a t i o n o f 

c c n t a c t ' d e c r e a s e d , the L o s . D - l o g x c u r v e being; a s t r a i g h t l i n e ; 

where D r e p r e s e n t s t he d i a m e t e r o f the c i r c l e o f c o n t a c t and x t h e 

d i s p l a c e m e n t o f t h e i n p i n g i n r ^ b a r . I t i s co-^ '5idered unnecesi^.ary t o 

reproduce t h e s e c u r v e s as the r e l a t i o n s h i p b e t w e e n t and D \ s 

e x p l a i n e d more f u l l y l a t e r ; a l s o i t was n o t p o s s i b l e t o measure D w i t h 

the sam.e a c c u r a c y as t so t h a t t h e f o u r p o i n t s d e t e r m i n e d d i d n o t 

serve t o p l a c e t h e c u r v e v e r y ' a c c u r a t e l y . I t i s shown i n C h a n t e r I V 

t h a t t h e s i o p e o f t h e L o g D - l o g x c u r v e s h o u l d v a r y more s l o w l y w i t h 

the c i r c u m s t a n c e s o f i m p a c t t h a n t h a t o f t h e l o g t - l o g x c u r v e , 

I t was f o u n d t h a t t h e r e s u l t s c o u l d a l w a y s be e x o r e s s e d by 

^ - C X ^ Bac-gfr- where ^ was a b o u t 0 . 4 . 

I t was t o have been expec t ed t h a t D w o u l d d a n g e more r a p i d l y 

than t w i t h t h e v e l o c i t y o f a p p r o a c h because as t h e v e l o c i t y I n c r e a s e d 

the amount o f m.on^ntun t r a n s f e r r e d i n c r e a s e d w h i l e t h e d u r a t i o n o f 

3ontac t dec reased , t h e s e two f a c t o r s c o m b i n i n g t o i n c r e a s e t he mean 

Dresrure d u r i n g t he c o n t a c t . 

EFFECT OF LENGTH "OF BARS. 

A n e x a . m i n a t i o n o f t h e r e s u l t s w i l l show t h a t f o r e i t h e r 

of t he b a r s whose i e n g t h was > e p t cons ta .n t t h e v a l u e o f D d i d n o t 

ch-nge u n i f o r m l y w i t h t h e l e n g t h ( / ) o f t h e o t h e r b a r . The d i a m e t e r 

of the c i r c l e o f c o n t a c t changed v e r y s l o w l y w i t h / ( s e e f i g s . 20 & 2 l ) , 

be ing xBEB^f t a t s m a l l e s t v/here t he l e n g t h s o f t h e t w o b a r s d i f f e r e d m6s t 

c o n s i d e r a b l y . I n f a c t t h e shapes o f t h e D - ^ c u r v e s a r e v e r y s i n i l a ^ 

to t h o s e o f t h e t - ^ c u r v e s , b u t wherens t h e t - £ c u r v e s a r e ftnclir^d 



t o t h e a x i s of £ t h e D - £ c u r v e s a r e anProxir-iately h o r i z o n t a l , t h e 

v a l u e of D h o v i n g a vague s o r t of maximum when t he l e n g t h s of t he two 

b a r s a r e t h e same. 

I t i s i n t e r e s t l n , : ^ t o n o t i c e t h a t f o r d l s n l a c e m e n t s of 2 era -nd 6 cm 

p r a c t i c a l l y a l l the f e a t u r e s of t h e t - ^ c u r v e s are r e p r o d u c e d , 

p a r t i c u l a r l y f o r t he •/ 63.6 cm b a r , i n c l u d i n g the change i n s i^n of 

c u r v a t u r e of t h e l i n e between ^ = 40 cm and ^ = 80 cm, 

I The r e s u l t s of t h e s e e x n e r i m e n t s , t h o u g h n o t p n n a r e n t l y a d m i t t i n g 

of any easy q u a n t i t a . t i v e e x n l a n a t i o n were y e t s u f - ^ i c i e n t l y s t i m u l a t i n g 

t o encourage an i n v e s t i g a t i o n of t h e same t y p e f o r the case of t h e 

impa.ct of b a r s of t h e same l e n g t h . A c c o r d i n g l y two more p a i r s of b a r s 

were "prepared ; t h e r r d i u s of t he bp 11 end b e i n g i n each c a s e , and t he 

l e n g t h s of a l l t he b a r s 63.6 cm as i n t he f i r s t s e t of e x p e r i m e n t s , 

One^ai^ of b a r s h a d t h e ends harc^.ened as u s u a l , b u t t h e b a l l ends o f 

the o t h e r b-^rs s u f f e r e d no h .^ rden ing t r e a t m . e n t w h a t e v e r . The exa.c t 

e icper iments p e r f o r m e d on t h e s e b a r s and t h e i r r e s u l t s a re d e s c r i b e d i n 

the n e x t s e c t i o n . 

BARS OF EQUAL LETOTH. 

(1) B a r s w i t h H a r d E n d s . 

The b a r s were i n e v e r y r e s p e c t s i m i l a r to t hosep rep -^ red f o r t h e 

e a r l i e r e x n e r i m e n t s , b u t t he w o r k p e r f o r m e d us in r^ t h e nev/ b^^rs was much 

more e x t e n s i v e i n r r n ^ e and the r e s u l t s were more d e c i s i v e t h a n b e f o r e 

O b s e r v a t i o n s b o t h on t h e d u r a t i o n of c o n t a c t nndon t h e a r e a of 

conta.ct were p e r f o r m e d . As p r e s u l t of t h e n h o t o r n ! o r o g r a p h i c o b s e r v a t i c ^ i 

o f t he da/^age doHB to t h e f i r s t b a r s used^du-inp^ t h e a d j u s t m e n t of t h e 

a p p p r a t u s ^ t h e ends of t h e new b a r s were p r o t e c t e d by a c o v e r i n g o f 
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a l u m i a i u m f o i l d u r i n g a d j u s t m e n t and were o n l y exposed f o r t h e a c t u a l 
c o l l i s i o n s . The w i t h d r a w a l s used i n t h e d e t - ^ r m i n a t i o n s o f t h e d u r a t i o n 
o f c o n t a c t v a r i e d f r o m 0 . 2 t o 20 cm. La t h e f i r s t e x p e r i m e n t s , b u t 
l a t e r i t was f o u n d a d v i s a b l e t o r e s t r i c t t h e maximum displ^Acement 
t o 1 1 cm. I t w i l l be n o t i c e d t h a t t h e r a t i o o f t h e maximum t o t h e 
m i n i m u n v e l o c i t y was t h e r e f o r e 55 1 whereas in t h e f i r s t g r o u p o f 
e x p e r i m e n t s t h e u s u ' ^ i r n t l o h a d been o n l y 1 1 t o 1 . 
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TABL?> X . 

RADIUS OF BALI T̂ .̂ D s - 1.27 cm. 

X 
( c m . ) 

X 1 0 ^ ) T 
( s e c . ) 

0.2 
0 .3 
0.4 
0 . 6 
1.0 
1.5 
2 . 0 
3 .0 
4 .0 
6 .0 
8 .0 

L e n g t h 6 3 . 6 
.8355 
.8082 
.7987 
.7634 
.7303 
. 7 0 3 1 
.6845 
.6 522 
.6336 
.6004 
.574 8 

Cm 

L e n g t h = 4 9 . 6 C^, 

0 . 2 
0 . 3 
0 . 4 
0 . 6 
K ) . 
1.5 
2 . 0 
3 .0 
i . o 
6.C 
8.0 

.7814 

.7515 

.7320 

.7085 

.6587 

.62 89 

.6109 

.5850 

. 5 6 5 1 

.5353 

.5126 

L e n g t h = 3 5 . 6 Otn, 

0 . 2 
0 .3 
0 .4 
0 . 6 
1 . 0 
I . 5 
2 . 0 
3 .0 
4 . 0 
6 .0 
8 .0 
I I . 0 

. 7332 

. 6978 

.6685 

.6414 
.5995 

. 562 3 

.5467 

.4860 

.4636 

.4482 

. 4 1 8 8 

2 . 8 9 1 

2 . 8 9 

2 . 8 8 . 

X L o g i o ( ^ ^ 
( c m . ) . 

L e n g t h = 3 5 . 6 cm, 

0 . 2 .7430 
0 . 3 . 7135 
0 . 4 . 6 8 7 1 . 
0 . 6 .6555 
1.0 .6117 

2 . 0 .5589 
gx^ 
4 . 0 .5072 
6 .0 .4780 
8 .0 .4610 

L e n g t h - 1 7 . 0 cm.. 

0 . 2 .6047 
0 . 3 .5566 
0 . 4 . 5 4 4 1 
0 . 6 . 5 0 6 1 
1.0 .4572 
1.5 . 4 2 1 1 
2 . 0 .4053 
3 .0 .3695 
4 . 0 .3446 
6 .0 .3113 
8 .0 . 2 8 6 1 
1 1 . 0 .2649 

T 
( s e c . ) 

2 . 8 8 ^ 



rtLqilON OF CONTACT. EFFECT OF VEWCITY OF .=.'?ROACH. 

The mos t i r / n o r t a n t r e s u l t o f t h i s s e t o f e x p e r i m . ^ n t s vms a most 
y 

m v i n c i n ^ v e r i f i c a t i o n o f t h e v a , l i d i t y o f t h e ex -n re s s ion t = A v ' fo^ -

le r e l a t i o n s h i n be tween t '^nd v . The c u r v e s c o n n e c t i n g lof^ t SAI^ 

)g X were p e r f ' ^ c t l y l i n e a r t h r o u g h o u t - n d where r - ^ n e t i t i o n was c o n s i d . . 

.-ed necessar j^ ( f o r t h e 35 . '^ cm b. - rs ) t h e two l i n e s were a l m o s t e x a c t l y 

i r a l l e l , t h o u g h n o t q u i t e c o i n c i d e n t . ( F i g . ) F u r t h e r m o r e t h e 

alues o f y o b t a i n e d f r o m t h e s e e x t e n d e d s e r i e s o f o b s e r v a t i o n s were 

n comple te agreement w i t h t h o s e o b t a i n e d e a r l i e r ( F i g . 1 1 ) so t h a t t h e 

f u n d a m e n t a l p o r t i o n s o f t h i s w o r k were r e g a r d e d v / i t h renevved c o n f i d e n c e . 

The r e s u l t s o f t h e o b s e r v a t i o n s on t h e a r e a o f c o n t a c t v ^ ^ i l l be 

o n s i d e r e d l a t e r ; f o r t h e p r e s e n t t h e c o n t r a s t betv/een t h e b e h a v i o u r 

f b a r s w i t h h a r d e n e d ends and t h e b a r s w i t h u n t o u c h e d ends ( e x c e p t f o r 

haping ) w i l l be c o n s i d e r e d . These b a r s , whose end? had n o t been h a r d -

ned, a re r e f e r r e d t o as " s o f t " - e n d e d . 

iSOFT-mPED BARS. 

Excep t f o r t h e f a c t t h a t t h e u n t o u c h e d s t e B l w o u l d n o t t a k e so h i g h 

p o l i s h as t h e h a r d e n e d s t e i l t h e o n l y d i s t i n c t i o n betv/en t h e s e b a r s 

nd t h o s e o f t h e e x p e r i m e n t s d e s c r i b e d above was t h a t no h e a t t r e a t m e n t 

ad been a p p l i e d t o t h e ends . I t was f o u n d d i f f i c u l t t o g r i n d t h e s o f t 

t e e l . t h e g r i n d i n g powder t e a r i n g l a r g e f l a k e s o u t . o f t h e s i i r f a c e u n l e s s 

special p r e c a u t i o n s were t k e n . A t t h e end o f each s e r i e s t h e b a l l ends 

rere f o u n d t o have s u f f e r e d a p p r e c i a b l e d e f o r m a t i o n ( see p h o t o g r a p h s . 

F i g s . 23 and 2 4 ) . so t h a t r e - g r i n d i n g was n e c e s s a r j b e f o r e b e g i n n i n g 

he n e x t s e r i e s . I n v i e w o f t h i s , t n d because i t was n e c e s s a r y t o r e p e a t 

eadings a f t e r t h e b a r s had been s l i g h t l y f l a t t e n e d t h e amount o f l a b o u r 
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i n v o l v e d was c o n s i d e r a b l e . 

Whereas i n t h e p r e v i o u s e x p e r i m e n t s i t h a d been i'lece^^sxv/ s i L i p l y 

t o t a k e one o b s e r v a t i o n f o r each v e l o c i t y o f ^ j p r ^ - c h ; f o r ':he s o f t -

ended b a r s a d i f f e r e n t p r o c e d u r e w .s neces s -v r / . A w i t h d r i / v a l 1 cm. 

was f i r s t u sed and a se '^ies o f g a l v aometer r ' )adi , - igs t a k e n . The 

d e f l e c t i o n s u f f e r e d a g r a d u a l d e c r ^ . t ' e as t h e ends o f t h e b a r s \vere 

f l a t t e n e d , w h i l e t h e r e s i l i e n c e , w h i c h had been p o o r d u r i n g t h e d e f o r m ­

a t i o n , became p r a c t i c i l l y p e r f e c t . VlTien t h i s had happened a s e r i e s o f 

r e a d i n g s w?.s t a k e n as u s u a l . The p r o c e s s v/as r e p e a t e d f o r v a r i o u s 

d i s p l a c e m e n t s t ip t o , and i n c l u d i i i ^ ^ . 11cm. V.Tien t h e f l a t b e n i a g was 

comple te f o r t h i s , t h e maximum d i s p l a c e m e n t , an e x t e n ^ d s e r i e s o f 

o b s e r v a t i o n s was begun as f a r t h e h a r d - e n d e d b ^ r s , t h e same r a n g e o f 

v e l o c i t i e s b e i n g u s e d . 



TABLE X I 

9Q 

SOFT-ENDED BARS. 

R a d i u s o f B a l l End 1.27 cm. 

X 
f cm. 

^ L o £ 3 ^ Q ( t x l 0 4 ) t x l O ^ T . 
i^sac.) (sec.) ( c m . ) 

t x l O ^ 
( s e c . ) 

L e n g t h 6^.6 cm. L e n g t h 49 .6 cm. 

1.0 • 7033 5.051 1.0 .6560 4.325 

2 . 0 .6345 4.510 2.0 .5953 3.939 

4 . 0 .5718 3.731 4.0 .5^15 3.479 

8.0 .5285 3.377 8.0 .4877 3.074 

11.0 .5128 3.257 11.0 .4586 2.875 

0.2 .7459 5.571 0 . 2 .7034 5.052 

0.3 .7251 5.310 0-3 .6766 .749 

0 . 4 .7078 5.102 2.392 0 . 4 .6607 4.578 

0.6 .6765 4.747 0.6 .6506 4.272 

1.0 .6391 4.356 1.0 .6011 3.991 

2.0 .5896 3.887 2.0 .5536 3.578 

3.0 .5671 5.691 3.0 .5253 3.352 

4 . 0 .5508 3.555 4 . 0 .5074 3.217 

6.0 .5359 3.435 6.0 .4853 3.057 

8.0 .5239 3.341 8.0 .4707 2.^56 

T 
X S e d 

2.89, 



T a b l e X{D ( c o n t i m i e d ) 
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m) 
Log-j^Q(t X 104) t X 10^ 

( s e c . ) 
s 

( s e c . ) 
^ X L o g i o ( t X 104) 

( c m . ) 
t X 10^ 
( s e c . ) 

T 
( s ec 

L e n g t h . cm. L e n g t h 17.0 cm. 

.0 .6054 4.015 1.0 .4531 2.839 
•.0 .5540 • 3.420 2.0 .3821 2.411 

:.0 • 479? 5.015 4.0 .3241 2.109 

.0 .4169 2.611 8.0 .2636 1.835 
.1.0 .5852 2.428 11.0 .2276 1.689 

1.2 .6954 4.960 0,2 .5^81 3.452 

.6471 •-'.437 0.3 .5123 3-255 " 
1.4 • 6155 4.126 2.883 0.4 .4888 3.082 2 .88^ 

,.6 .5800 3.802 0.6 .4534 2.841 

..0 • 5579 3.450 1.0 . 4040 2.535 

..5 .5084 3.224 2.0 .3483 2.230 

:.o .4915 3.101 3.0 .3245 2.111 

i.O .4669 2.930 4.0 .2993 1.992 

:.0 .4504 2.821 6.0 .2667 1.848 

i.O .4239 2.654 8.0 . 2412 1.743 

1.0 .4050 2.541 



A r a 5 n t h e c u r v e s .showjne; t h e r e l a t i c r s h I p be tween l o g t hnd 

l o g X vere p l o t t e d , i n c l u H i n g t he p o i n t s f o r t h^ se v a l u e s o f t 

o b t a i n e d b e f o r e the n o s t v i o l e n t c o l l D s i - ^ n hnri occun7-ori. The r e l a t i o n ­

s h i p was f a r f r o r r l i n e a r , f o r b o t h so t s o f v a l u e s o f t , (FiJj. 25 ) , 

anrl i t ' v i 11 be seen t b a t t he r u r v e s were n o t o f a ven^ a i m p l e t y p e . 

Thus t he most f u n d a m e n t a l rel-^'11 n n s h i p e x p r e s s i n g t h e b e h a v i ^ n r o f a l l 

the h ' ^ rd -ended b a r s n f e q u a l l e n g t h d i d n o t a p p l y at a l l t o s o f t - e n d e d 

b a r s . The I m p o r t a n c e o f t he sh'-^^e o f t h e ends i n d < i t e r m i n i n g t h e 

a b s o l u t e v a l u e o f t i s shown v e r y o l f m y l y by t h e cliscrep'-^ncy b e t '/ecn 

t he v a l u e s o f t b e f o r e an-i a f t e r t h e most v i o l e n t i m p a c t , t h e s l i g h t 

f l a t t e n i n g ; o f t h e ends h a v i n g r u o h t h e same e f f e c t as an I n c r e a s e d 

r a d i u s o f c u r v r t u r e . R e f e r e n c e t o t h e t a b l e s w i l l show t h e m a g n i t u d e 

o f the i n f l u e n c e o f h a r d e n i n g t h e ends on the ah s o l u t e v a l u e o f t h e 

d u r a t i o n o f c o n t a c t . 

SFF^CT OF r ^ I ' G T H . 

A n o t h e r marke ' l d i s t i n c t i o n between t h e b e h a v i o u r o f h a r d - e n d e d 

bars an'^ o f s '^^t-en^ed bars wps f o u n d 1n t h e shaoe o f t he t - / c u r v e s . 

For t ^ e b a r s o f l e n g t h p , r e « t e r t h a n a b o u t 30 cm. t h e t - / r e l a t i o n s h i p 

was l i n e a r f o r a ] l b u t t h e s r i a l l e s t v e l o c n t i e s ( x <Cl 0 . 6 c m . ) w h i l e 

t h e slnp*^; o f t h e s t r a l :^ht n o r t i o n o f each c u r v e wa v e r y n e a r l y t h e 

same, and r a v e a f a i r v?) l ue f o r the v e l o c i t y o f sound i n t h e s t e ^ l . ( F i g . 

2 6 ) . The a ' ^ so lu t e v a l u e s o f t f o r t he s m a l l e s t v e l o c i t i e s were prob­

a b l y n o t d e t e r r - i n e d . v i t h s u f f i c i e r ^ t e x a c t n e s s f o r t h e e f f e c t o f t h e 

l e n g t h o f t h e b a r s t o be d e m o n s t r a t e d e e^-t i v e l y . I n t h e d i a g r a m t h e 

cu rves f o r d1 spla^'.em.ents o f 0 . 6 cm. and o v e r a r e shown. 

F o r h a r d - e n d e d b a r s t h e r e l a t i o n s h i p be tween t and v was 

o f a s i m p l e t y p e xvhnle t h ^ t b e t v e e n t and i wns p a r t i c u l a r l y c o r n p l e x : 



f o r s o f t - e n d e d b a r s t h e r e v e r s e was t r u e . Thus t h e c o l l i s i o n s o f 

h a r d - e n d e d and o f s o f t - e n d e d b a r s are issssfiiKHfe^^-:* f u n d a m e n t a l l y 

d i f f e r e n t i n t y p e so t h a t t h e v a r y i n g r e s u l t s o b s e r v e d by d i f f e r e n t 

w o r k e r s were o n l y t o be e x p e c t "^d. 

I t may be n o t e d t h a t i f t h e t - ^ c u r v e s a r e l i n e a r and 

p a r a l l e l i t can be shovm a l g e b r a i c - i l l y t h a t t h e l o g t - l o g x 

r e l a t i o n s h i p c a n n o t p o s s i b l y be l i n e a r ; a l s o t h a t i f l o g t i s a 

l i n e a r f u n c t i o n o f l o g x t h e t - ^ c u r v e s c a n o n l y be s t r a i g h t 

i f t h e y pass t h r o u g h t h e o r . g i n o r a r e p a r a l l e l t o t h e c— a x i s . 

Sea r s f o u n d t h e r e l a t i o n s h i p b e t een t and -t "to be l i n e a r 

over a g r ^ r ' t e r r a n g e t h a t i t h a t shown i n t h e above e x p e r i m e n t s , no s i g n 

[ o f c u r v a t u r e b e i n g a p p a r e n t even down t o a l e n g t h o f 14 cm. I t i s 

sugges t ed t h a t t h e b r e a k i n g down o f t h e r e l a t i . - ' n s h i p f o r s h o r t b a r s i n 

t he case o f t h e e x p e r i m e n t s d e s c r i b e d above n i g h t have b e e n due t o l a c k 

of c o m p l e t e i s o r o p i s m i n t h e s t e e l ; f o r some s l i g h t n o n - ^ ^ . f o r m i t y 

of s t r u c t u r e i s "-o be e x p e c t e d i n t h e car.e o f c o l d - d r a v v n s t e e l . 

The i m p o r t a n c e o f t h e c o n d t t i : o f '"he m e t a l I n t h i s r e s p e c t was amply 

d e m o n s t r a t e d by t h e e f f e c t o f h a r d e n i n g the r o u n d e d ends o f t h e b a r s . 

A p o i n t o f i n t e r e s t was b r o u g h t owt f r o m t h e 

v a l u e s o f t h e L n t - r c e p t s on t h e t - a x i s o b t a i n e d by p r o d u c i n g t h e 

s t r a i g h t p o r t i o n s o f ^he t - / c u r v e s . The r - ^ l a t i o n s h i p be t .veen l o g X 

^ and l o g where A* r e p r e s e n t s t h i s i n t e r c e p t , v;as n o t u n i f o r m l y 

l i n e a r , b u t appea red t o t e n d t o l i n e a r i t y f o r s m a l l v e l o c i t i e s . The 

v a l u e o f y o b t a i l ed f r o a t h i s l i n e a r p o r t i o n o f t h e c u r v e >'"/;.s K x ^ a ^ 

1 . Seers^'^gives r e a s o n s f o r t h i n k i n g t h a t t h e v a l u e o f y f o r 

6.90 
f l a t - e n d e d b a r s i m p i n g i n g a t v e r y s m a l l v e l o c i t i e s s h o u l d be 1 . 

7 
Thus t h e r e i s r e a s o n t o t h i ' k t h a t s o f t - e n d e d b a r s behave i n some 



r e s p e c t s as w o u l d b a r s w i t h p e r f e c t l y p l a n e e n d s . 

I i i f i F i g . 27 t h e t - L cu rv ' - s e x p r o s s i a g t h e r e s u l t s o f 

W a g s t a f f ' s e x p e r i . i e a ! s b r a s s b a r s a r e d r a v m . A l i ipar r e l a t i n s h i p 

seems t o be i n d i c a t e d -

SIZE OF FLAT. 

I I n o n l y one CAse, t h e i f ^ p a c t o f b a r s --f 49.6 i m l e n g t h f o r 

a d i sp l -^cea~n t o f 1 1 c r n . , was t h e f l a t t e n e d p o r t i o n o f t h o end s u f f i c i e n t ­

l y c l e a r l y marked f o r a measure .lent o f i t s diarnet ;^r t o be raade. 

I n a l l o t h e r cases th*^ edges o f t h e f l a - had become b l u r r e d by r - p e a t e d 

i m p a c t s , A f - e m p t s -.vere m.-ide, w i t h o u t s u c c e s s , t o d e t e r m i n e t h e s i z e 

of t h e f l a t b e f o r e t h e inost v i o l e n t i n p a c t had t a k e n p l a c e by t a k i n g 

i m p r - s s i i s o f t h ^ end o f t h e b a r . I t ";.;s n o t a n t i c i p a t e d t h a t t h i s 

would p r o v e p o s s i b l e , b u t i * - -/as ou'-. o f "he q u e s t i o n t o re-r-ove t h e b a r s 

f r o m t h e ap^. - r r - tus b e f o r e i ) r o c e e d i n g w i t h t h e r e s t o f t h e s e r i e s as a 

h o r i z o n t a l d i s p l a c e m e n t o f t h e ends o f a f r a c t i o n o f a ^ i ' l i m e t r e i n a 

d i r e c t i o n a t r i g h t a n g l e s t o t h e l e n g t h o f t h e b a r s ^'oul - h i v e caused t h e 

y c o r n e r s ^ o f "rhe f l . ^ t oned r t i o n s t o i m p i n g e . 

F o r a d i s p l .C'lmeno o f 11 cm. i r i d l e n g t h o f b a r s 49-6 cm. t h e 

d i ame te r o f t h e f l a t was 9.82 x 1 0 " ^ cm. 

AREA 07 CONTACT->-HARD-F^:D^D BARS. 

?^eas j . r ements o f t h e a rea -)f c o n t a c t Vv-ere raade f o r each s t a g e 

i n t h e c u t t i n g dovm o f t h e b a r s f o r d i s p l a c e m e n t s o f 1 , 2, 4, 6, and 8 cm: 

the r e s u l t s o f whic^: v i l l b<̂^ f o u n d I 1 t h e a c c o i n p a n y i i g t a b l e . 



95-

TAbLt: A l l . 

6^.6 1 9,78 35-^ 1 2.66 

6 6.06 . 6 5.49 
8 6.52 5 6.21 

40.6 1 2.71 17 1 ^-^'^ 
2 5.02 

2 
4 -̂ .87 
6 5-80 

6.<5 

/ 4.00 

6 4.74 
5.46 

pjp-q̂ T-nrri op VFLOCIT^ . 

The l o g D. Log r C''T\ . - • : i n - : r i t h i n t h e l i m i t s ^ f 

o f '-7 .̂ c-nt i^l e r r o r , D . shoi i . ig a f i . . l r l y r-. p l d i . c r - -v̂ - / i t h 

_ _ _ r ^ ' 7 ' . r x L L . 

L e n g t h o f E ^ r (c :n . ) 

6^.6 .416 

49.6 .^27 
. 402 

17.0 .408 



I t b r r - M . a r ^ r d t h : . t t h - \ - i - : - ' f 

. A ' - o i i i i r c t i . K 

whlc : - s h - ' i - t h t ? v a l u e o f - 1 ^r*^ t o r t h r u ^ cor^ •; ^ •...ds t o a v a l u e 

o f '^.-"00, b u t t b I v - r - . - : , - 1 ; - Y * -

l : : • v : l i : r ' ? of* ^ d e t - . - r . • :• j . " . r I .-K-nt- - l y j . i - ^ h t - • ^ • i ^ O : - t • ' " . ^ I f i e d 

f o r r r o^ t h ' ^ H r r t ; t h o y . i ' - ; / r ' b - ^ \Y,- n^;-*: :.' l u t i t 

must be r ^ d •*-h-t t h e t h l r i " f l ^ - : " ' 1 . l i ' f i h-.-.-. n^ ' t 

iiiucii s i r u l f i c a i c o . 

- - -

I t h i d . l r - : . - 6 y been p o i n t e d o u t tba'^. a vqj"V i ' - p l ' " ' ".•' r l . . t i o n 

o f t h e ^r."—r:r-.: d u r i n g i / ' ^ . 1>M -l-hr l ^ r r ' - ^b c f t h - i i n o t t o 

have b e r r i - . - . i f - ^ j ĉ .nd t h i s stal"'-'^lent i.^^ b o r n r o u t by t h e '=̂ 7.̂  e r i ^ j e n t 

a l r - . - v l - ^ . i r . A,-; ' ' l . n r r J - c n b i r s o f un':-_nal I r -n^ tb - r t h e 

r - / e:rrv L i l i i r i n :-hope t o t h e t - ^ curve : 

t h e c o n n e c t l .)ri b e t w e e n t h e q u a n t i t i e s conce rned b e i n g exprc-si^ed 

a p p r o x i m a t e l y by t x v.here x i s t h e d i s p ] c. cement o f t h e 

i m p i n g i n g b a r . 



Length 
(cm.) 

X 
( c m . ) 

Mean 
v a l . o f 

1 P2 
r t x ( c i u . ) 

•• - " — — 

X 
t x v- : ]ue 

.,_„„ 35^'/^ 

1 ^ 
T t x 

1 

2 I . s6 

• 3^.6 1 

2 

1.76 
1.72 

4 1.1^ 1.42 ^ .17 4 1.68 1.71 l.?5 

6 £ 1.70 

1.41 8 1.69 

49.6 1 

2 

1.61 

1.31 

17.0 1 

2 

2.27 

1.79 
4 I . 6 T 1.67 1.51 4 1.81 1.92 T.51 

1.64 6 1.85 

3 1.69 8 1.95 

I The l a s t c o l u m h i f Lnc l i i ded f o r cO ' : ixjc<rison v . i t h t h e f o l l o ' - i . i g r e s u l t s , 

Ihich a r e t : . o3 - f ' ^ r t h ' - f i r r t e x p e r i : : e r i t o on t h e s^c- o f c o n t a c t . As 

p e s e we e t h e r e s u l t s o f f i r s t H t ^ e m i t s t h e y -:re r o t c o n s i d e r e d t o be o f 

the same o r d e r o f a c c u r a c y as t h e f o r e g o i n g r e s u l t s , so t h a t t h r v a l u e o f 

g i v e r j o n l y t o t h e s.-̂ 'COi'̂ 1 s i 2 ;^ ' i f ^ o - n t H f i ^ - n r e . 
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TABLE XV.._ 

L e n g t h o f D i s n l - c e - Rad ius o f D t x 10^ dL- i ^ 
B a r s ( c - ) r;ient B - H End ( l O ' ^ crn) ( r c c . ) t x r 

X f e n ) (cm) . r . — 

S cm. 1 0.7? 2.0 2.^8 1.68 2.I2 

" 2 0.79 2.2 2.07 1.17 1.4g 

n 4 0.79 2.9 1.76 1.20 l . ? l 

rt 6 0̂ 79 5.6 1.63; 1.32 1.67 

ti 3.? 0.79 4.7 

n 6 5.08 7.8 1.27 7.96 1.5 
5 

n 6 1.27 4.7 1.47 2.?1 1.97 

f 6 0.79 5.6 I . ? ' ' 1.6^ « 

n 6 0.16 2.1 2.13 0.35 2.22 

s T h i s r e s u l t i s i n c l r d e d a s r c ^ r i d t i .me t o shov: t h e e f f e c t o f t h e r ^ - ^ i u s 

o f t h e b a l l e n d . 

The s i i ^ n i f i c ? n c e o f t h e s e r e s u l t s i s d i s c u s s e d i n Chapt i - I V . 

EFFFCTS OF THE COLLISIONS ON THE POLISHED ENDS. 

P h o t o g i c r o g r a p h s o f t h ' ' endo o f t h e b a r s used i n t h e f i r s t s e r i e s 

o f e x p e r i m e n t s a r e r e p r o d u c e d i n f i g s . 29 t o 58, a l l o f v . h i c h a r e 

mounted so t h a t h o r i z o n t ^ ^ l m a r k i n g s upon t h e ends o f t h e b a r s a p p e a r 

h o r i z o n t a l on t h e p h o t o g r a p h s . E x c e p t f o r f i g . 58 a l l o f t hem v;ere 

t a k e n f o r n ' f i c t i on o f 2 f i a 3 g ' f ? , ^ / ^ ' ' ^ ^ ^ / ^ ^ - ^ ' ^ Z 

The d i f f i c u l t i e s f e l t i n o b t a i n i n g c o n s i s t e n t g ^ l v n o m e t e r r - . d i r . g c ^ 

,when u s i n g b a r s o f 1/8*^^end r a d i u s a r e e x p l ? i n e d by hp d.^ni ge shov'n 

i n t h e pho ' o g r p h s . Thi.s vvas _ r o b b l y due t o c o r r o s i o n as t h e v^eather 



was v;es v e r y damp when t h e s e ba i s were u s e d , v;h1le d u r i n g t h e e x v e r i m e n t s ' 

a l l t r a c e o f g r e . s e v\ .s c ^ . r e f u l l y removed f r o m "hr^ b i l l ends t h o u g h ^b*' 

a t a l l o t h e r t i • --s t h e . o l i s h e d s u r f cc-s -e re t h o r o ' j g h l y o i l e d . The 

i r r e g . l : - r i t y i n s h j p e o f he . r / ch o f l i g h t i n the.se >-nd o t h e r ; h o ' o g r ' p h s 

was n o t due t o t h e ends o f f h ^ b a r s used b r / ' o '.he i m p ^ r f e c ' o p t i c 1 

system u s - d f o r i l l u m i n a t i o n . ; 

A p a r t f r o m m a r k i n g s ap. a r e n t l y due to c o r r o - - ' t h e j i ^ <] ^mage 

done t o t h e ends o f t h e b a r s Hppeurs t o have p roduced e f f e c t s o f tv:o t y p e s 

( i ) systems o f s c r a t c h e s , a p p r o x i ; : a t e ly v e r t i c a l and c o n s i d e r h i e i n numb 

e r , and 

( i i ) s e r i e s o f s m - r l l m ^ r k s , d o t s r a t h e r t h a n scr- < c h e s , s i t u a t e d upon 

approx i ' -na t e ly h o r l z o n t .1 l i n e s . 

( i ) y - ^ R T I C A \. 2CP; CPT_S , 

Thes^ ^ r e shown n o s t c l e a r l y u^ on t e X-hot.-gr"phs f t h e b a l l 

ends o f r ^ J I U S ?.08 cm t h o u g h t h e y " r ' s t i l l t o be dis"-. L : i £ , n - s h e d i n 

p r a c t i c a l l y e v e r y c s e . D u r i n g adjns+ '^eni- " r s u su l l y s-;v|;ag 

g e n t l y .nd f r o w i t h t h e i r | » o l ' s h e d (-nds i n c o n t e t and p a r t l y c l e a n e d , 

w h i l e t h e f i n a l c l e n ' - i^ / v-as u s u a l l y a c c o m p l i s h e d b f ^ f o r e f i n i s h i n g t h e 

adjust . -nent , so th-^t t o u c h i n g t h e b a r s s h o u l d n o t be l lovved t o a f f e c t t h i s 

l a s t s e t t i n g . Thus t h e c l e a n e d end sv.Ung i n c o n t a c t f o r a f ew m i n u t e s , 

as i t v/as p r a c t i c a l l y im_: .oss ib le t o keep t h e b a r s dear] -rt r - s t v v h l l e 

a l t e r i n g t h e s j i s n e n s i o n s , so t h a t t h e p o i n t o f c o i i t c t 'noved p and down 

the s u r f - C e s i n .n a p p r o x i m a t e l y v e r t l c r - l l i n e . B e f o r e t h e ad ju s ' -men t wa« 

q u i t e c o m p l e t e , hov/ever , t h e l i n e v;ould n o t have been v e r t i c a l . 

I t has been shown ( ) t h a t t h e r e i s a m e j s u r b l e 

a t t r a c t i ' - n , o r r i t h e r a d h e s i o n , b e t een s u r f aces t h a t a r e v e r y c l e a n . 
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out v . h i c h have n o t i n t e n s i v e l y d r i e d , and t h : . ./hen tv.o such s u r f ces move 
over A 

/one a n o ' h ^ r se r t c h e s i r e a p t t o be f o r m e d . ( f^. ) I t i s t o some 

sucfe e f f e c t t h a t t h e s e v e r t i c a l marks a r e i s c r i b e d , p a r t 1 c u - l - r l y as no 

t r a c e s o f them ( o r o f t h e ' d o t s ' r e f e r r e d t o ) a r e t o be f o u n d on t h e 

s u r f a c e s o f t h e unused b a r s , 

( i i ) P I T T I N G . 

The s e r i e s o f d o t s o r s m a l l p i t s alre-.-dy m e n t i o r e d a r e seen 

most c l e s r l y i n f i g s . 32 and 55 where s e v e r a l l i n e s o f t h e s e can be 

d i s c e r n e d . They appear t o be p r e s e n t i n many o f t h e o t h e r p h o t o g r a p h s , 

bu t i t was d i f f i c u l t t o r e p r o d u c e t h e s e marks p h o ' o g r a p h i c a l l y and t h e r e 

i s no d i r e c t e v i d e n c e t o shov/ t h a t t h e y were n o t t h e e f f e c t s o f c o r r o s i o n . 

However t h e arrangem.ent o f t h e s e p i t s i n h o r i z o n t . - 1 l i n e s , a c r o s s t h e 

area where t h e i p a c t s t o o k p l a c e , sugges t a s p e c u l a t i o . as t o t h e i r 

o r i g i n , w h i c h hov /ever , i s n o t p u t f o r w a r d as a r e a l l y sup o r t a b l e 

h y p o t h e s i s . 

I t has b e e n p o i n t e d o u t b y Shav- ( ; t h a t when t w o 

s p h e r i c a l b o d i e s a r e p r e s s e d t o g e t h e r . Mien nea r t h e b o u n d a r y o f t h e 

c i r c l e o f c o n t a c t where t h e m o l e c u l e s o f t h e s u r f a c e l a y e r a r e v e r y 

s l i g h t l y s e p a r a t e d , t h o s e w i t h i n a na r rov / a n n u l u s w i l l p r o b a b l y e x e r t 

an a p p r e c i a b l e a t t r a c t i o n upon one a n o t h e r . M o r e o v e r , i t may e a s i l y 

be shown b y genmetr-y t h a t t h e a r e a o f t h i s a n n u l u s i s c o n s t a n t . The 

area o f any p i e c e o f m e t a l v /h ich m i g h t be t o r n o u t , h o w e v e r , w o u l d be 

much g r e a t e r f o r a n a r r o w a n n u l u s t h a n f o r a c i r c l e , f o r a g i v e n a r e a 

of s u r f a c e , so t h a t i f r u p t u r e vere t o o c c u r i i seems r e a s o n a b l e t o 

expect t h a t i t v/ou.ld be most l i k e l y t o happen a t t h e c e n t r e o f t h e c i r c l e 

of c o n t a c t . ^ ^ u r t b e r t h e n a t u r e and amount o f t h e damage done o u l d n o t 
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depend upon t h e v i o l e n c e o f t h e i m p a c t . 

The f i r s t o f t h e s e c o n d i t i ^ n i s d(|tsjappear t o be f u l f i l l d by 

t h e marks i n q u e s t i o n because a s l i g h t change i n l - ^ n g t h o f one o f "he 

s u s p e n s i o n c o r d s w o u l d h^nve p r o d u c e d a h o r i z o n t a l t i - n s l a t i o n o f ' h e 

ends o f t h e b a r s ^ Vvhile t h e p i t s a r e as a r u l e s i t u a t e d upon a h o r i -

z o l i t a l l i n e . Of c o u r s e d i s p l a c e m e n t s i n a v e r t i c a l d i r e c t i o n w e r e 

n o t o u t o f ^he q u e s t i ^ - , b u t v.ere d i s t i n c t l y l e s s p r o b a b l e . 

OTHER PHOTOGRAPHS. 

F i g s . ^Qand 40 show t h e e f f e c t o f t h e i m p a c t s a l o n e upon t h e 

end o f one o f t h e b a r d - e n d e d b a r s used i n t h e e x t e n d e d s e r i e s , w h i c h 
d u r i n g a d j u s t m e n t 

was p r o t e c t e d f r o m s c r a t c h e s / b y means o f a cap o f a l u i m i n i u m f o i l . 

F i g . 38 shows t h e appearance o f t h e ends o f r , ' l i u s I/16" a f t e r b e i n g 

s u b j e c t e d t o t h e i n t e n s e s t r e s s e s o f c o l l i s i o n . I t v f i l l be seen 

t h a t t h e damage i s c o n f i n e d t o t h e p o r t i o n o f t h e end a c t u a l l y i n 

c o n t a c t w i t h t h e secoi id b a r . The r ^ m f i n i n g p h o t o - g r a p h s i l l u s t r a t e 

t h e me thod o f d ^ ^ t e r m i n i n g t h e a r e a o f c o n t a c t and i n d i c a t e t h e m a g n i ­

t ude o f t h e e f f e c t and t h e a c c u r a c y p o s s i b l e i n i t s measurement• 



CHAPTER I V , 

IMPACT. 

T h e o i e t i c a l D i s c u s s i o n . 
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VALIDITY OF TF̂ .- ELECTRICAL I^T^TF^D FOR I.- 'A^'URirO DUKATIOK 

OF CONTACT. 

By d u r a t i r n o f c o n t a c t i s meant t h e i n t e r v a l t h a t e l a p s e s 

a f t e r t h e f i r s t p h y s i c a l c o n t a c t b e t w e e n t h e ends of t h e b a r s b e f o r e 

t h e s u r f a c e s agf?ir. g e ; a r r t e f r o m s u c h c o n t a c t . I t has been p o i n t e d o u t 

( } t h r t the a o p a r e n t d u r a t i o n as measured b y t h e e l e c t r i c a l 

method i s n o t n e c e s s a r i l y e q u a l t o t h e d u r a t i o n as d c j f i n e d a b o v e . 

C o n s i d e r t w o b o d i e s , r . o v i n g w i t h a r e l a t i ^ 7 e v e l o c i t y v , a b o u t 

t o i m p i n g e J T/'openu consi<^ers t h e i m p a c t t o T̂ e d i v i d e d i n t o t l i r e e 

Dha =56 3 : -
( 1 ) t h e phase o f " p e n e t r a t i o n " , o f d u r - i t i o n T̂ ,̂ d u r i n f ^ w b i c h a: ' ' ter t h e 

f i r s t p h y s i c a l c o n t a c t o f the ends an ^ ' n d e n t a t i m o f t o t a l d p p t h 

h i s p r o d u c e d ( i . e . i n the absence o f v i b r a t i o n s t h e c e n t r e s o f 

g r a v i t y o f t h e b o d i e s approa-^.h b y an amount h ) : 

( 2 ) t h e phase o f " r e a c t i o n " , o f d u r a t i o n T 2 , d u r i n g w h i c h t h e b o d i e s 

t h r u s t one a n o t h e r pp-^r t t o end p h y s i c a l c o n t y c t and p r o d u c e a r e l a t i v e 

v e l o c i t ' ^ v ' ^ : 

( 3 ) • o t i o n a c r o s s a s u r f a c e l a y e r o f a i r , o f t h i c t o e s s A , b o t h an 

a p p r o a c h and separa t ion. T h i s 1-yer appears t o have a f i n i t e • 

r e s i s t a n c e so t h a t a c e r t o i n a mount o f c o n d u c t i o n t a k e s p l a c e w h i l e 

t h e s u r f a c e s a re n o t i n p ^ y s i c n l c o n t a c t ; t h u s the d u r a t i o n o f c o n t a c t , 

t as d e t e r m i n e d e l e c t r i c a l l y i s n o t t he d u r a t i o n o f c o n t a c t d e f i n e d 

a b o v e . : o r o p u a s c r i b e s t h e e x i s t e n c e o f t>^is Biast phase t o t h e a c t i o r 

o f s u r f a c e i r r e g u l a r i t i e s , v h i c h a c t as p o i n t s , and i n h i s own 

e x p e r i m e n t s f o u n d i t t o be t he most impor t - . . n t p a r t o f t h e a p p a r e n t 

d u r r i t i c n o f c o n t a c t . A l l t h e i m p i n g i n g s u r f a c e s used i n t h e e x p e r i -
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wents de--f c J ^ i b e d - i n - t h e l a s t - c h a p t e r were • v e r y h i g h l y p o l i s h e d , so t h a t 
the i m p o r t a n c e o f t h i s s u r f a c e l a y e r o f a i r s h o u l d be m l n m i m i s e d . I t 
i s , h o w e v e r , o f i m p o r t a n c e t o s n i i l y s e t h e r e s u l t s o f t h e s e e x p e r i m e n t s , 
t o d e t e r m i n e w h e t h e r o r n o t the a c t u a l d u r a t i o n o f c o n t a c t , i . e . 

+ T ^ , was measured . 

I t w i l l be i ] D u r o n i i t i n g t o f o l l o w ^ o r e a u ' s a'-c^ur e n t w i t h a 

v iew t o a p p l y i n g i t s r e s u l t s t o t h e case i n q u e s t i o n . C o n s i d e r t h e 

" t ^ i r d phase" o f an i : r . p c t . The t i m e t a k e n t o t r a v e r s e t h e I r - y e r 

o f a i r o f t h i c i - T i e s s A i s ^ 7 } ^ -'-A 

where V - v e l o c i t y o f a r p r a o c h , v-^ •= eV - v e l o c i t y o f s e n a r a t i o n , 

C zz c o e f f i c i e n t o f r e s t i t u t i o n . 

Now l e t 

t h e n r ^ 

Let T-T;-hT^-hT3 
( 2 ) 

Uow p u t 2 ^ - M'i^i'^T^) 

Then 

I f , as i s a l m o s t c e r t a i - l y t h e c a s e , t he l a y e r o f a i r has 

an a n n r e c i a b l e r e s i s t a n c e t h e d u r a t i o n o f c o n t a c t d e t e r m i n e d e l e c t r i c 

a l l y w i l l n o t be e q u a l t o T^ T2 + T.^ b u t may be p u t , 

I t = T i -f T 2 + n T3 

where n i s l e s s t h a n u n i t y . 



for 

"Now %be I q v e r o f i ekness--^ - i s t rP:-̂ ^er»F^ed-with r .ens^My 

cons tan t v e l o c i t y : thf; -resistances use^ i n nry ore s.^rias o f d e t s r m -

i n a t i o n s o f t n t d i f f e r e n t v e l o c i t i e s gre the same, and the s tafe o f the 

ends of the bars 5 3 cons tan t throi;igh-Out so t h a t n may be t r e a t e d 

as cons t an t f o r on p a i r o f b a r s . 

Thus Ji%rt = 2 y U i r + nX 

The i n t e r c e p t o f the curve Uyrt a^^^^inst V w i l l p ive the va]ue o f 

n A . I t i s to be not ice '^ t ha t i f n is ve ry s n a i l the v a l u e o f 

t i s s e n s i b l y T i « ^ T2, and i t i s the va lue o f nA r a t h e r tha:. 

o f A i t s e l f which i s i r p o r t r n t so f a r as the v a l i d i t y of the d e t e r m i n ­

a t ions i s concerned, 

iVoreau found w i t b i n the l i m i t s o f e x p e r i m e n t a l e r r o r , a 

l i n e a r r e l a t i o n s h i p betveen. cL\rt Mui v f o r sma H v e l o c i t i e s , b e f o r e 

permanent d e f o r m a t i o n had been n roduced . The curves ob t a ined f o r the 

exper iments descri"^ed i n t h e l a s t chan te r were i n no case l i n e a r , b u t 

weT'e s u f f i c i e n t to shov/ t h r t the value of n A was s m a l l , p r o b a b l y 
SI FX i " / 

z e r o . Two o f these curves are shown in f i g u r e s and f i g u r e -6^ 

f o r bars o f equal l e n g t h (65.H cm.) an"' figureA*2-€ri f o r bars o f l e n g t h 

63.6 cm. and 17 cm r e s p e c t i v e l y . Only those p o i n t s f o r v/hich an 

e x p e r i m e n t a l va lue o f ^ was o b t a i n a b l e have been i n c l u d e d . 

U n f o r t u n a t e l y i t v/as n o t p r a c t i c a b l e t o de termine (L f o r 

ve ry s m a l l r E i x t i x v e l o c i t i e s so tha t the e x p e r i m e n t a l curve f o r 

unequal bars s tops r a t h e r f a r from: the o r j g i n . Tlov/ever i t w i l l be 

see^ f r o m f i g J / ^ tha'- the " t h i r d phase" o f the i m p - c t may •̂ )e n e g l e c t e d 

f o r these expe r imen t s . 

Cons ider a g a i n the d i scha rge o f the con'^^enser t h r o u g h the 

j u n c t i o n o f the bars and v a r i o u s s e r i e s r e s i s t a n c e s . Th i s d i s cha rge 



may be coyiside-ned as tsk^^ng-plaoe i n three Bt&^e&i- •—• 

( i ) d i s c h a r g e thra^r^h a r e s i s t a n c e R r a t i i e T.5 

( i i ) discharn;e t h r o u g h a r -3 - is tance R f o r a t ime + T2 , 

( i i i ) d i s cha rge th rough a r e s i s t a n c e R + r f o r a t i m e T3 . 

where r i s the e f f e c t i v e r e s i s t a n c e o f the l a y e r o f a i r and R t h e 

r e s i s t a n c e i n the r a l v r r o r A e r c i r c u i t . 

Let C^^ r ep resen t t he I n i t a l charge o f the condenser. 

" charge a f t e r t he f i r s t o o r t i c n o f the d i s c h a r g e IT 

II 

n 

M second 

" t h i r d 

tl II 

tl tl 

M 
n 

Then 
^ p-\zr ) 

where C = c a p a c i t y o f condenser . 

so t h a t 

Thus 

Or 

Tus the g r a p h , Log^o . Qo 
60 - e 

aga a i n s t 10^ , used f o r de tor-mining 
- ^ R 

t ( c h a p . I I ) would no t have been l i n e a r un less e i t h e r A was n e g l i g i b l e 

The l a t t e r con t ingency i s i m p r o b a b l e , p a r t i c u l a r l y 

w4th h i g h l y p o l i s h e d s u r f a c e s ; i n f a c t the s m a l l e s t va lue o f r 

o r r s m a l l . 
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deduee i by Moreau-was 4 ,000 m. T h i s va lue v/ould n^^oduce-a comsid-

era>>le v^>riat2r>r^ o f 1 f o r the r-unge n'os t f r ' . ^quen t ly c o v e r e d , 

namely R = l o o o fitf to R = 10 ,000 u l . A much l a r g e r va lue o f 

r would leave 1 p r a c t i c a l l y c o n s t - n t s o t b a ^ . t>'e t ime 

d e t e i m i n a t i o n curve would not pass throup;h the o r i g i n . 

For these reasons i t i s concluded tha" the vn lue o f t 

g i v e n by the e l e c i - r - i c r l method fts used i n these experim:ents i s the 

t r u e d u r a t i o n o f con-^'^ct. 

^DI "1C \TIg-' 0F T^ffi ' \< TZ TH ]̂0 RY. 

The r e s u l t s o f a l l exper iments on impact do no t p o i n t 

d e c i » i v e l y e i t h e r t o t he Her t z theor^r or to the St^A/'enant theorj ' -

as c i^ ' i ^F : ^ s a t i s f a c t o r y e x p l a n a t i o n o f the v a r i o u s exper imienta i 

f a c t s a s soc i a t ed 7 / i th the impact o f bars w i t h rounded ends. The m:Ost 

s t r i k i n g r e s u l t , bov/ever, i s the v a l i d i t y o f the e q u a t i o n 

t = Av)" 

for* a l l hard-ended b a r s . Th i s e q u a t i o n imimiediately suggests the use 

o f a t h e o r y o f the type developed by H e r t z . 

I f , >^ovever, the inipact o f t he bars i s i n accordance 

w i t h such a t h e o r y , t he lenp-th o f the bars w i l l be o f i n p o r t a n c e 

on ly i n so f a r as i t e f f e c t s the m.ass. Tbus i n " / a g s t a f f x 

exper iments ( ) on bars o f the snme e n d - r a d i u s , but o f v a r i o u s 

r a d i i o f c r o s s - s e c t i o n , i f t vo p a i r s o f bars had nosp^essed, f o r the 

same v e l o c i t y o f approach , the same d u r a t i o n o f c o n t a c t ^ t h e masses 

o f the two p a i r s should bave been e q u a l . To t e s t t h i s , t he f o l l e w ^ 

ing*Hii procedure wr s adop ted . A d e f ' n i t e v e l o c i t y o f approach 

and a d u r a t i o n o f im.pf^ct ( w i t h i n the experimiental range ) were 



chosen and the lenp:th o f t h a t ha r which f o r t he c^^osen v e l o c i t y o f 

annro-Aoh ha-^ t h i s dun-'-^.ir> of c r n t ' t was f o u n d f o r each r a d i u s o f 

c ross s e c t i o n . 

The v e l o c i t y chosen was one com.mon t o a l l the e x p e r i m e n t s , and 

the va lues o f t f o r s e v e r a l len-gths were Vno.w, so t h a t i n t e r p o l a t i o n 

o f the c o r r e c t va lue o f S was not d i f f i c u l t . I f the masses o f a l l 

these h y p o t h e t i c a l bars had been the same the v-^lue o f Tra^£ would 

have been c o n s t a n t , i . e . t he r e l a t i o n s h i p betv/een a an^ would 

have been l i n e a r , the l i n e pas? i n r t h r o u g h the o r i g i n , a_ b e i n g the 

r a d i u s o f c r o s s - s e c t i o n o f the b a r . For t l a c k bars mioving w i t h low 

v e l o c i t i e s t h i s s ta tement was a p p r o x i m a t e l y j u s t i f i e d though f o r the 

v^ictiest v e l o c i t i e s the relationship was no l o n g e r l inea-p. These f a c t s 

ppe nought out more c l e a r l y i n f i J T S . - ^ 4 ^ 

The Pt^Venant theory/- would take no account o f t h e v a r i a t i o n 

of the r a d i u s o f c r o s s - s e c t i o n bu t v/^uld i n^ ' i c a t e t h a t the l i n e s shou ld 

be n a r a l l e l t o the a - a x i s . I t m^ight be expected t h a t t h i s 

c o n d i t i o n would be annroa(^hed as ^ i n c r e a s e d , i . e . as the o r i g i n was 

approa'^hed. An examina t ion o f the curves shows t h a t the l i n e a r 

r e l a t i o n s h i n does break down h e r e , the s lope decr-^asing as the o r i g i n 

i s approached. 

Thus a l t h o u g h the evidence appears s t r o n g l y i n f a v o u r o f a 

t h e o r y o f the P'ertz t y p e , y e t some i n f l u e n c e of l o n g i t u d i n a l v i b r a t i o n s 

seems t o make i t s e l f f e l t . Th i s i n f l u e n c e w i l l be s t u d i e d i n g r e a t e r 

d e t a i l l a t e r ; f o r the present somie m o d i f i c a t i o n s o f the ^ e r t z t h e o r y 

w i l l be c o n s i d e r e d and o t h e r p o s s i b i l i t i e s i n v e s t i g ^ « t e d . 

For the impact o f equal spheres l o r d ^-^aylei^h has shown 

th'At t he r a t i o o f the energy i n the fo rm o f v i b r a t i o r - S to the 
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t o t a l k i n e t i c energy b e f o r e impact should -̂>e ^ where v i s the 
^0 y 

r e l a t i v e v e l o c i t y of the snheres bofoi-e impant and V the v e l o c i t y 

o f sound i n the m a t e r i a l of the spheres. T h i s suggests t h a t l e s s 

energy than might heve been expected i s conve r t ed i n t o v i b r a t i o n . For 

bars o f equa l l e n g t h the per iod of the p:r-vest node o f v i b r a t i o n i s 

- . The i-nnortance o f these o s c i l l a t i o n s and the l i k e l i h o o d o f t h e i r 

ex i s t ence d u r i n g impact decrease as ^ decreases, so t h a t the l i m . i t -

i ng v a l u e o f y as jt approaches zero may reasonably be expected t o 

be c h a r a c t e r i s t i c of the impact o f s m a l l bodies w i t h s p h e r i c a l s u r f a c e s . 
•• t US' a, ^ o s c b l ( ) ba s sbcrwn t h a t f o r p l a s t i c soheres a v l u e 

of Y = - 1 15^ p r e d i c t e d , by the i n c l u s i o n o f an e x t r a t e rm i n the 

e q u a t i o n o f mot ion as used i n the developm.ent of the H e r t s f o r m u l a . 

A c c o r d i n g t o the Her tz t h e o r y , 

P = k2<̂ ^̂ ^ ( 4 ) 

where ^ represen ts t o t a l p ressure between t h e b o d i e s , kg i s c o n s t a n t 

and. r ep resen t s the t o t a l i n d e n t a t i o n a t any i n s t a n t ( such t h a t 

i f X d i s t a n c e between a p o i n t i n the f i r s t body and a p o i n t i n the 

second, a t the b e g i n n i n g o f the i m p a c t , then x - ^ i s t he d i s t a n c e 

between the p o i n t s a t t h e i n s t a n t i n q u e s t i o n ) . 

In s t ead o f e q u a t i n g t h i s p ressure to the r a t e o f change o f 

mom.entum o n l y , T 'oschl i n t r o d u c e s a t enn e x p r e s s i n g a f o r c e h a v i n g 

the na tu re o f a v i scous r e s i s t a n c e , which always opposes the r e l a t i v e 

mot ion o f the b o d i e s , thtf s 

where A i s a c o n s t a n t . 

Now t h i s second te rm ren resen t s the e f f e c t o f s i d e - t r a c k i n g a p o r t i o n 

of t he ene rgy , and produces a change i n the va lue o f y . A c c o r d i n g l y 
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a c o n s d i e r a h l e t i n e was devoted to at+-empts to account f o r t he v a r i a t i o n 

i n t h e vn lues o f y by u s i r f r equa t i r-ns r f t h i s t y p e , i n c l u d i n g e x t r a 

terms which might p o s s i b l y r ep resen t the e f f e c t s of l o n g i t u d i n a l 

v i b r a t i o n s . IJone o f these e f f o r t s was succes^^ful i n a c c o u n t i n g f o r the 

f a c t s , and apar t i^rom the d i f f i c u l t y of j u s t i f y i n g the i n c l u s i o n o f any 

ex t r a t e r m , i n gener'^l such ex t ra terms appeared t o n e c e s s i t a t e a l o s s 

of energy d u r i n g the impac t . 

I t was d i s t i n c t l y p o s s i b l e t h a t f o r t h e l a r g e s t r e s ses se t 

up d u r i - g impac t , which cou ld no t e a s i l y be i n v e s t i g a t e d by o r d i n a r y 

s t a t i c m.eans as t h e i r c o n t i n u e d ex i s t ence might permanent ly de fo rm the 

m a t e r i a l , the r e l n t i o n s h i p between F -nd q(' ^deduce^ by T^ertz, mdght 

no l onge r h o l d e x a c t l y . A c c o r d i n g l y i t was cons idered t h a t P migh t 

be p r o p o r t i o n a l to cC where ^ i s a cons tan t not equal t o 1 . 5 . 
/ ^ 

P = \i2 ^ ( 5 ) 

S u b s t i t u t i n g f o r P the r a t e o f change o f miomentum, 

where k =-^jv^x-4^,*-%'''^Ct-^*^^ and^ 

t i s m.easured f r o m the beg inn ing o f the impac t . 

This e q u a t i o n , on i n t e g r a t i o n , becomes 

f ^ ' ^ - r V ^ . ^ ^ ^ ' ( 6 ) 

where i r r : r e l a t i v e v e l o c i t y of t h e bodies 1 r.;me dia t e l y b e f o r e c o n t a c t . 

l e t <Li = m.sximum va lue o f ^ 
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Then when cL j^^ j <L^O 

and r ^ : r 4A-cL!"' ( 7 ) 

SO t h a t 

s u b s t i t i i t e X f o r 

( 8 ) --ijuri ijT^ 
Put t ing V = izJ- t h i s g ives 

t=z^fifML. h^ri^v-'Jij'^ { s ) 
. i 

kg cafi be reriucef? t o the f o r m 

where the i m p i n g i n g su r faces a r-e s rhoT^ica l , o f the same r a d i u s o f 

c u r v a t u r e , r , and of the s-̂ me m a t e r i a l . 

V = tVie v e l o c i t y o f sound i n the m a t e r i a l , 
y « the d e n s i t y ' of the mat?erial 
(T - F o i s s o n ' s r a t i o f n r the mate ^ - i a l . 

s u b s t i t u t i n g f o r k^ and c m.^/dje r i n g the case of eoual c y l i n ' - " ' r i c a l 

rods o f r a d i u s -7935 cm. ( ^ ^ mia te r i a l where 

CT = Y - 5.0 X lO**"̂  cm/sec. and ^ = 7.8-^ gm/cc the f o l l o w i n g 

*esult is o b t a i n e d : 

- i ^ ' = .945 X l o ' - ^ - ^ / r ^ where i= l e n g t h of e i t h e r b a r . 

Thus the f o r m u l a f o r the d u r a t i o n of c o n t n c t becanes 



l^K:Ll^>,yi^^rf>Ji'^-'^^,cii,s><0-"]'^ ( 1 0 ) 

An a t t empt was made to use t h i s t e s u l t t o c a l c u l a t e the d u r a t i o n 

of c o n t a c t , u s i n g the va lues o f Y g'^'^^n >'y e x p e r i m e n t . For t h i s 

purnose the f a c t o r "V^ was ca lcula ter^ f o r v a r i o u s va lues o f y where 

was equa l t o 

1^ so t h a t 

t^irirY £^T^Y ( 1 1 ) 

TABLE X V I . 

r 4 . 0 4 . 5 "^.0 ^ . ^ 6 .0 6 . 5 7 . 0 

4 . 7 3 3 . 3 2 g 2 .4P2 1.986 1.617 1 .387 

As w i l l be seen f r o m the a'Hove ta'Hle the v a l u e o f X ^ was found to v a r y 

r a p i d l y w i t h / so tha . t , owing to the change of y w i t h the l e n g t h of the 

ba r s , the v a r i a t i o n of t w i t h i ŵ^ s rTuch too g r e a t . l^oreover the 

abso lu te v a l u e o f t c a l c u l a t e d u s i n g e i t h e r the e x p e r i m e n t a l v a l u e 

of Y o r the l i m i t i n g va ^ue o f ^ as i—^ 0 was miUCh g r e a t e r t h a n 

the e x n e r l m e n t a l va lue ( See Table X X ) . 

A f u r t h e r di-^, cuss ion on the a p p l i c a t i o n of t h i s f o r m u l a 

i s g i v e n l a t e r . 

RELATinr.SniP n'^.T-'K-X ^ '--W y 

I f a f o r m u l a of the above type i s r e p r e s e n t a t i v e o f the 

n a t u r e o f impact (pos tpon ing f o r the moment c o n s i d e r a t i o n o f the 

d i s c r e p a n c i e s i n the abso lu t e va lues o f t ) then t\.vo p o s s i b i l i t i e s 
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presen t t h e r s e l v e s . Tbe v a r i a t ^ ' o n of y migh t be due t o a c o r r e s ­

ponding v a r i a t i o n o f t he index ^ wV^ich woulH tbus be a f u n c t i o n o f 

or^^' might be a t r u e const n t , the va lues o f Y be ing i n f l u e n c e d 

i n some w.qy by the p r o d u c t i o n o f l o n g i t u d i n a l o s c i l l a t i o n s . I f ^ i s 

independent o f the c i rcumstances of the impacts i t seems t h a t i t s h o u l d 

be r e l a t e d >f/ith some vr. lue o f y a l so independent of these c i r c u m s t a n c e s . 

Tine l i r - ' i t l n g v r l u e o f y As t approaches zero a-nears t o be independent 

of the r a d i u s ô ^ the b a l l end so t b a t ^ i s c a l c u l a t e d f r o m t h i s . 

Two l i n e s o f i n v e s t i g a t i o n present therr:selves h e r e , 

( 1 ) ^ d i r e c t i n v e s t i g a t i o n o f the r e l a t i o n s h i p between ^inoc^ , 

by s t a t t s f c i c a l m.e t l ' o d , an'' (2 ) an i r v e s t iga t-. ion of the r e l a t i o n s h i p 

between ai^ an^ v ( fo rmula Ll) ) f rom 'jvhich ^ mi^h t be c a l c u l a t e d . 

(1 ) Measurements o f the de 'ormation produced by p r e s s i n g 

a s t e ^ l sphere a g a i n s t a s t e e l b l o c k were r-ade by L n f a y ( 2^ ) who 

measu-^ed ^ 1 - ^ i r e c t l y by an i n t e r f e r o m . e t e r method. Log P was p l o t t e d 

aga ins t l o g oL^ g i v i n g the values of ^ expressed i n the accompanying 

t a ^ l e 

TABLE X V I I . 

R = r a d i u s o f s t e e l sch.ere i n cm. 

R 0 .5 1.0 2 .0 3 .0 6.0 I'^^.O 2 5 . 0 

1.640 1.644 1.636 1.684 1.628 1.972 2 .072 

The maximum va lue ^ f the r a d i u s of t h e b a l l end ^or any o f 

the ^--ars used f o r the exper iments desc r ibed i n Chap. I l l was 5.08 cm.. 

I n the above t a > l e i t w i l l be seen t h a t t he va lues o f ^ o b t a i n e d from. 

L a f a y » s r e s u l t s ane s e n s i h l y cons tan t o-wrer t h i s range. K e g l e c t i n g the 

va lues f o r R = 15 cm and R = 25 cm. t he mean va lue of ^ i s 

1.646, c o r r e s p o n d i n g t o a va lue ofY = - 1 A l t h o u g h v a r i e s 



o n l y s l o w l y w i t h y , t he re i s d e f i n i t e Evidence t h o t /$ ^ 1'60 a t 

l e a s t , i c h corresponds w i t h — X < ' 4 . 3 3 

L a f a y ' s r e s u l t s thus p r o v i d e d e f i r i t e evidence t h a t the law 

P cCoL'' r e q u i r e s s l i g h t m o d i f i c a t i o n even f o r s t a t i c c o n d i t i o n s , and 

supoort the v iew t h a t the l i m i t i n g va lue o f / does i n n i c a t e a d ive rgence 

f r o m t h e law o f s t a t i c compre'^sion f o r m u l a t e d by H e r t z . 

(2) ( a ) I f the equa t i cn P = ^ represents the r e l a t i o n s h i p betwee 

pressure and d isp lacement d u r i n g i mpact, t h e n conservations on t he 

v a r i a t ^ ' r n w i t h v e l o c i t y o f the diamieter , D , of the c i r c l e o f c o n t a c t 

a f f o r d an independent" means o f c a l c u l a t i n g ^ ( E q u a t i o n ( 7 ) ) . I f 

the vs lue o f ^ so c a l c u l a t e d i s cons tant and equal t o t h a t deduced f r o m 

the l i m i t i n g vn iue o f y , v a l u a b l e evidence i s a v a i l a b l e to suppor t t he 

h y p o t h e s i s t h a t the v a r i n t i o n y i s due t o the e f f e c t o f l o n g i t u d i n a l 

osc i n a t i o n s 

( b ) On the o ther hand, i f the vp lues o f ^ c a l c u l a t e d f r o m obse rv ­

a t i o n s on the area o f ccnt^ ic t are not indeoendent o f ^ bu t are i d e n t ­

i c a l w i t h the va lues (Seduced fromi the separate expe r im.enta l d e t e r m i n ­

a t i o n s o f ^ , i t seems t h a t the above e q u a t i o n may h o l d , but t h a t the 

change i n ^ deoends d i r e c t l y upon a co r r e spond ing change i n the pressure 

- displacemient l a w . 

( c ) I f t h e va lues o f ^ c a l c u l a t e d as b e f o r e appear t o be u n r e l a t e d 

w i t h the co r r e spond ing va lues o f ^ t hen tb e vn r i ? iL -on of ^ w i t h £ 

may be e x o l a i n e d by the i n t ro ' iu c t i ^n o f an a d d i t i o n a l term, i n the | B » 

pressu re -d i sp lacement equa t i ^>n, l e a d i n g t o a form s i m i i l a r t o t h a t 

cons idered by Foscb l . 

L I n plf^ce o f c a l c u l a t i n g ^ t he va lues o f ^ were c a l c u l a t e d f r o m 

the o b s e r v a t i o n s on D, a s s u r i n g the v a l i d i t y o f the e q u a t i o n F = k g ^ ^ 



U n f o r t u n a t e l y the d iameter D d i d not admit of such accura te measurement 

as t and tbe r e s u l t s o f the exper imen t s , wv,iie i n t e r ( j s t i n g , were- ret 

c o n c l u s i v e . 



( 7 ) may he w r i t t e n 

Thus f o r any one va lue of y , i ^ ^ . f o r any one p a i r o f bars ^ 

should v a r y as i r ' * " ^ ^u t JL^'C so thr'1. 

The values o f t h i s index ( ^ " "̂X^ ) c-iven i n t a b l e X I J T , f r o m 

which i t w i l l b e seen t h a t no r eguL^r v a r i a t i m of ( 4 / w i t h L i s 

e v iden t , though the re i s «n i n d i c a t i o n t h a t t he value o f t h i s index i s 

grenter t h a n 0 .400 , the mean v r l u e be ing 0 .413 , co r respond ing to 

y = - Tr~7 • T i t t l e reli?^.nce can be olaced on t h i s , ho'-evsr, aa the 

Log. D - l o p y cnrx'-os were r^.ot we 11--^e f i n e d , a lao because the change i n 

the index ^ g ^ ^^-^ s m a l l , f o r the rbserved change i n ^ . I t was 

r e a l i s e d t h a t l i t t l e c o u l d be exnecte''^ f r o m a f u r t h e r i n v e s t i g a t i o n of tla< 

area o f c o n t a c t on these l i n e s . 

Rp;iAT101vSFI; "^V^ i . l ' t and D. 

Us ing equa+- ions ( 9 ) 9 nd (12) the connec t ion between t and ?̂̂ ^ 

may be reduced t o the form. 

J., = t v (13) 

Also = 4 ^ ^ / wherp * r ' = rarUlus of b a l l end . 

so t h a t = r t tr ^ ^ 4 ^ = ^ ^ ) 

S u b s t i t u t i n g the value 2vx f o r and t a k i n g y = — 

(th»/^ reason f o r /vhich w i l l b e exp l a ined l a t e r ) the f o l l o w i n g r e l a t i o n s h i p 

is o b t a -1 ne d , f o r co p a r i 5:0 n w? t h e xpe r iment a 1 inKKkx re su 11 s , 

I 2 ^ ^ = l . R l 
r t x 
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I t may be note^^ t^^at the v a l u e o^ v a r i e - too s lo .v ly . v i t h Y (see 

equa t i n (13A) ) t o p r o v i d e a u s e f u l c r i t e r i o n of i t i e a d v i s a b i l i t y o f 

u s i n g the l i r i i i t i n g , on any o ther reasona>-le value of y . Comparison 

w i t h t a b l e w i l l show t h a t the v.-lue of f o r the s h o r t bars 

i s e x a c t l y t h a t nredicter^' whereas f o r l o n g e r bn rs there i s a d i s t i n c t 

f a l l i n g o f f . Th i s i s a sc r ibed to the i n f l u e n c e o f the l o n g i t u d i n a l 

v i ^ r ^ t i ' ^ n s , because the g e n e r a t i n of these i n v o l v e s the w i t h d r a w a l o f 

a c e r t a i n an.ount of energy f r o m the s t r a i n energy l o c a t e d i n t he ends 

of t he b a r s , ' ' i t h ^ cor respdnding re^-^uction i n the area of c o n t a c t . 

TaMe XV rrives somewhat l e s s r e i - l i a b l e va lues o f t h i s 

c o n s t a n t , b u t , agr i n , i t w i l l be seen t h a t exper iment and t h e o r y are 

i n reasonable agreem^ent. 

INF" U-KQ-y, QF LOKGl^IJDl^lAI. VIBn/ ,TI "KS . 

Consider th.e c o l l i s i o n of t /o bars o f imequal mass i n 

the l i g h t o f a t h e o r y of t h e He r t z t y x ; . The f u n c t i r n o f these masses 

is t o determine the r e l a t i o n s h i p between the pressure over the su r f ace ; 

i n c ^ n t i c t and the n e s n l t i n g a c c e l e r a t i o n , so t h a t the value o f t 

should denend upon the q u a n t i t y 2 m-ĵ  m^̂ x where m;̂^ and m2 are the 
m I mo 

masses o f t h e b o d i e s . On t h e o t h e r hand t he St^^Venant theory i n d i c a t e s 

t h a t the d u r a t i o n of c o n t a c t should depend d i r e c t l y upon the l e n g t h s 

of t he b a r s ; t h a t f o r r ^ r - f e c t l y f l a t - e n d e d bars i K t should depend 

upon t h • M n g t h o f the l o n g e r bn r o n l y . 

Owing to the i n f l u e n c e o f the roundO<1TQ ends i n i n c r e a s i n g 

the d u r a t i o n o f c o n t a c t the e f f e c t o f l o n g i t u d i n a l v i b r a t i o n s migh t 

w e l l depend upon the l e n g t h ^ o f the s h o r t e r , r a t h e r t h a n o f the l o n g e r 

b a r as the f i r s t e x t e n s i o n a l wave t o reach the j u n c t i o n might i n i t i a t e 
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the s e p a r a t i o n ; i n any case / . , -^j^J^ a re more l i k e l y 

t o have been the q u a n t i t i e s a f f e c t i n g t t han ^Jli} ; wha^ • 
II ( f , f L 
ll and ^2 are the l eng ths o f the b a r s . w / ^ \ 

A c c o r d i n g l y the curves connec t i ng t and the iftngth- (f̂ -

tho vQriQ>^lo bar ( Ij ̂  V have been p l o t t e d f o r b o t h se ts of ob»erv-
a t i o n s on bars o f unequal l e n g t h s , ( i \ - 63 .6 cm. and l-^ = 3 5 . 6 cnii 

and f o r bars o f t h e same l e n g t h ( F i g . I * ) . The va lues o f t he 

c o e f f i c i e n t o f r e s t i t u t i o n have shown t h a t some i n f l u e n c e due to these 

v i b r a t i o n s i s f e l t and these curves h e l p to i n d i c a t e the n a t u r e and 

o r d e r o f t he e f f e c t . i t w i l l be seen t h a t f o r (--y = 63 .6 era. t he 

e f f e c t i v e l e n g t h a lmost t h r o u ^ . o u t i s g r e a t e r than '^^'^^(1,-^^ » ' ^ ^ i l Q 

f o r i i = 35 .6 cm. the e f f e c t i v e l e n g t h i s g r e a t e r t han 5 /̂4/̂ ,̂ 

f o r the l a r g e r va lues of 
Thus the e f f e c t of l o n g i t u d i n a l v i b r a t i o n s on the d u r a t i o n 

of c o n t a c t depends no t on the l e n g t h o f the s h o r t e r b a r , but e i t h e r 

on the l e n g t h o f the l o n g e r b a r , o r on ((I'^^J/l , b o t h o f w h i c h are 

g r e a t e r than̂ /̂̂ ŷ ^̂ ^̂ ^̂ j excep t where / 1= £ 2 . 

The value o f t , however, f o r [ = 6 3 . 6 c m . , I ^ = 8.5 cm. 

X = 8 cm. , i s l e s s t han 2 -^i^^ so t h a t i t appears p robab le t h a t t h e 

mean length, (iifL)/x i s the i m p o r t a n t f a c t o r . F u r t h e r m o r e , t h e 

r e l a t i v e l y c lo se agreem.ent between the curves f o r e q u a l and f o r uneq­

u a l bars f o r s m a l l va lues o f / 2 suppor ts t h i s h y p o t h e s i s . 
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A l l l eng ths expressed i n cmt. 

100 

80 

63 .6 

49 .6 

35 .6 

17 

8.5 

= A 

77 .8 

70.9 

63.6 

55.6 

45 .6 

2 6 . 8 

15.0 

81 .8 

71 .8 

63.6 

66 .6 

49 .6 

40 .3 

3 6 . 1 

B - A 

4 .0 

0.9 

0.0 

1.0 

4 .0 

13.5 

2 1 . 1 

= A 

35 .6 100 52.6 

80 49 .3 

63 .6 45 .6 

49 .6 41 .5 

35 .6 35 .6 

17.0 23 .0 

8.5 13 .7 

= A = B 

57.8 

49 .6 

42 .6 

35 .6 

26.3 

2 2 . 1 

fi - A 

67 .8 15.2 

8.5 

4 . 0 

1 .1 

0 .0 

3 .3 

9 .4 

Values o f 

t x . 

Assuming as b e f o r e t h a t P = and t h a t = 

nd t h e o r e t i c a l va lue of _D; 
t x 

^hich i s g i v e n by 

r 
can be d e r i v e d , the e x p r e s s i o n f o r 

t v . J=-* 

vhere ^2 - 4 r $ and V = 2TTX , T b e i n g the t ime o f 
T 

v,ing o f the i m p i n g i n g ba r ( t aken t o be 2.89 s e c ) . I t w i l l be 

seen t h a t ^ depends upon / , a l t h o u g h the v a r i a t i o n w i t h / 
2 

a c t u a l l y f o u n d was s m a l l . 

^2 « 

For / = - i . D 
tx 

r= 
- . 1 

7 ' 

= 1.93 and f o r 

2 
= 1 .86, so t h a t o n l y a smal l v a r i a t i o n i n _D 

tx tx 



would be expected apa r t f r o m the i n f l u e n c e o f 1 n g i t u d i n a l o s c i l l a t i o i B 

Moreover f o r bars o f the s-ime l e n g t h - i was found t o inc rease 
/ ^ 2 w i t h v- so t h a t the v a r i a t i o n i n the experim^ental va lue o f 

tx 
was o p p o s i t e i n s ign t o t h a t due t o a v a r i a t i o n in ^ , i f ^ 

c o u l d a c t u a l l y be expressed as 1 - / . I t i s suggested t h a t the 

v a l u e o f ^ shou ld be c o n s i d e r - d c o n s t a n t , b e i n g d e r i v e d f r o m the 

l i m i t i n g va lue o f V as / - ^ o , and t h a t the v a r i a t i o n i n the 

e x p e r i m e n t a l va lue o f i s due to t he e x i s t e n c e o f energy i n the 
Tx 

f o r m o f l o n g i t u d i n a l o s c i l l a t i o n s d u r i n g the i m p a c t . T h i s i s 

borne ou t by the r e s u l t s of the exper iments on unequal bars (Table 



I 2 
( P r n ) 

TABLE • Mit. 

Values of D2 
i 5 r 

f o r . 
D' 

X = 2 cm. X = 4 cm. X = 6cm X = 8cm, t x . 

= 63.6 cm. 
100 1.44 1.52 1.30 1.15 1.35 

80 1.72 1.46 1.32 1.33 1.46 

63.6 1.80 1.66 1.49 1.43 1.60 

49.6 1.95 1.80 1.69 1.52 1.74 

35.5 2.27 1.79 1.59 1.64 1.82 

17.0 EG Observati^ ns. 
8.5. 2.14 2.07 2.03 2.04 

i . = 35.6 

100 1.51 1.54 1.27 1.33 1.44 

80 1.71 1.84 1.64 1.53 1.68 

63.6 2,13 2.01 1.85 1.68 1.92 

49.6 2.19 1.85 1.83 1.80 1.92 

35.6 2.20 1.89 1.82 1.95 1.97 

17.0 2.57 1.98 1.97 :i£4 2.12 

8.5 2.22 2.32 2.00 1.71 2.06 

" f x 
seen t h a t t h e r e i s sonie tendency f o r a decrease i n t h i s r a t i o as x 
i n c r e a s e s , i n d i c ^ ^ t i n g t h a t at h i g h e r v e l o c i t i e s a r e l a t i v e l y s m a l l e r 
amount o f energy i s spent i n producing deformations o f the ends o f 
the b a r s . These changes are h o t h t o he expected i f l o n g i t u d i n a l 



o s c i l l a t i o n s wo.ad h a t u r a l l y inci'^ase vvilh ::hG vlnl:.ac'^ rhe 

impact and w i t h t h e l e n g h o f eiLher bar-
T h i s tpndoncy f o r P- t o chr.ngp wii.h the v e l o c i t y o f -.-'pioro ch 

t x 
was not observed i n the case o f e-i-^ril bars and i t I s suggested t h a t 

i t may be a s s o c i a t e d v;ith 'h^ energy . i c t u - l l y los'. d u r i a g the c o l l -

i s i o n s , which d̂ .̂e >ls on 1 - t I t v ^ ^ i l l be r^'oerabered t h 

6 decreased as the v e l o c i t y incr-e-ised so tha"' -.t highe-- v e l o c i t l " ^ s 

one fnight expect a smaller p r o p o r t i o n o f the energy t o be spent 

i n p r o d u c i :g d e f o r - i a t i o n s o f the rounded end-



EFFECT OF^ LENGTH EQUAL BARS. 
Although t h e Log t - l o g x curves f o r equal bars \^err s t r a i g h t i t vvas 

r e a l i s e d t h a t i f i he c o r r e c t express* n f o r t h:id been o f the form 

t ^ A. v' 4- C, whppp C r-'.'pi'osent;'. a smalT coast nt d'̂ pp .';^nt on t h e 

l e n g t h ; i f C r e r - small only a s l i g h t curva^op'-^ o f the l i n e s on the 

jmt - l o g x d*. ; t ; r i - i s •vould probably have been j r o ' l ^ c e J . Thus i t see-ned 

p o s s i b l e t h a t t h ^ obs'̂ :*v*-d valup o f Y might not h'lvo been e x a c t l y 

c o r r e c t . To te s ' th-se -'oints the values o f x^ v/er- c i l c u l a ' ed f o r 
t 

each observed v-lTie o f Y i n the f i r s t group o f e-:periients and/.vas 

plo'jted -̂ • ist x ^ f o r each end-radius. Had the r e l a t i o n s h i p bet.vee n 

t and V been o f the type suggested above^ ther.e l i n e s '.o I d not have 

passed through t h e o r i g i i . A c t u a l l y a l l the l i n e s p l o t t e d d i d pass 

through the o r i g i n so tha'* i t was concl";ded t h a t t « Av was a 

t r u e e x p r e s s i o n o f the e . .pGri nen. : i l r ̂ ^sults. 

F u r t h e r , was p l o t t e d _ *. i s t x"^ ̂  - "d agaio?t x"^-^ 

to see i f any constant int^rc-"-;-: co -ld be obtaiaed f o r e i t h e r o f these 

values of y . ( I t was though' at the time o f these .nvesMgi.tions tha 

-^^v/as a good approximation ibo the l i m ' . t i a g value o f ̂ ) I n n e i t h e r 

case v/as a constant i n t e r c e p t on ei'rh-r t h e t a x i s DT the x*^ a x i s 

obtaiaed; i a f-..ct the li-'^es d i d not -^l" ̂ )ass on the sane side >f the 

o r i g i n . The curv - o'- r of a l l the sct:^- o f l i n e s y'^T'-^ too small t o 

serve as- a c r i t e r i a o f ""ae v a l i d i t y o f the va'^ioas assu-Tiptiohs. 

T h i s i7ie'::'orl o f ap^-'r^oach was 'rle'"' befox-e ::he r-sul'-.s o f the 

extended s^^ries had shovrh t h a t t h e l o g . t - l o g x r e l i t i r n s h i p 

was l i n e a r over a much wider range. No p o s i t i v e r e s a l t s were o b t a i n e d 

and t h e nethod was abandoned. 



ABSOLUTE. VAT.IJF.S OF t . 

I n Table XX are set f o r t h the r e s u l t s o f c a l c u l a t i : - s o f t h ^ 

durati'^n o f contact f o r x • 4 cm. b o t h f r o - . ':he St. Venan^ t h e o r y 

and from the m o d i f i e d Hertz t h e o r y , nsinz y = "^^^^ • This i s 

s l i g h t l y g r e a t e r t h a n the , • o f thr- l i T i l t i a g values 6OT 'C->O^ but 

i s used because the value - - j ^ y was found most s''-^is^actory f o r 

l a t e r developments. The v l i i c • V^r— , '•he t r u e 

l i m i t i n g v a l u e , ?Jid f o r - ^ are so:newhat hi^^her ailid so-^ewhat 

lower T'^sp-ctively than the values g i v e a i>i the t a b l e , ba': i n n e i t h e r 

case are they i n at a l l reas-^nable agree nen'-. I'-h experiment, 

t (Obs.) sojser-ved d " r a t l . o f c o a t a c t . 

t | ^ - d u r a t i ' j a of c o i i t a c t c a l c u l a t e d f r o : the St.Venant t h e o r y 

t ^ ^ d u r a t i o n D- contact c a l c u l a t e d fro-^i the m c d i f i e c H e r t z 
t h e o r y . 

TABLE XX 

6 5 . 17 .0 cm 

X « 4 cm. X 9 4 cm. 

r 
cm.) 

t n X 10^ 
( i ^ c . ) 

t (Obs.)xlO'^ 
(Sec.) 

t v X 10^ 
(sec.) 

r t 
(cm.) 

p X 10"̂  
( s e c ) 

t ( ^ b s . ) x 1^ 
(sec.) (sTc) 

5.03 7.66 5.88 2.54 5.08 ^ .59 i . o 7 0.68 

2.54 8.77 n 2 .54 5.25 1.91 

1.27 10.05 TT 1.27 2 . 2 1 TT 

.794 
tf .794 2.72 

.655 11.48 ^.7n n .655 C or 

TT . :^i8 7.37 TT 

.1$Q 15.00 5.^5 TT 0.C7 TT 



I t - i l l be seen t h a t t h e experiT^-^.:!. 1 v . l i - i . .w.. L ' Ua* 

b e t v e e i i r n - t o t h e o r ^ t l c 1 v-.lu-^'^, bu^ "-h ' na i ' . I i - r "1. • . ' ' e l v alue 

i s a*- .11 s a t L s f c t o r y . Thus t h f f : lon^:V wM _ 1 v i ' a ^ t i . s i s 

not t o aM t o b u t t o de':ract f r the danw-.tio'^ j f coat .e^ c^.lcul^'ed 

froin the !nodifled PIert_ t h - j j r y , so t h a ^ al'.houah ' h i s theory a^'xea-a 

t o g i v e 3 nora s a t i o f a c t o r y account - f r/n. -^ircu •'c^e impact 

than t h e Steven..nt th-.'-ory, n' . ^ i n p l - ^ f co"?"r''ati f o r t h e 

e f f e c t o f l e n ^ ' h iiaix u-. .̂. ...1 a. 

f o r the abaolu"' Â . l u e of t , tu^^-' har > i ^ h 

the C'̂''"'̂-'''-e> I t y o f a l l the v^l- ' l > '̂ x̂c'̂ .pt tha''. t^t^-^,- - t and v, 

end '"h-e d i s f i L - i i l a r i i t - r betw een the impact o f harc-ennea ana c f a o f t ^ 

enaed bars l e d t o an af'c'ippt t o solve the ^i-obleni on ' l u i t e ne' l i n e s . 

The bars were t r e a t e d a co-:ix:'pund v i b r a t i n g system, i n v;hich the 

l o - i g l t v a i r . a l vav^.. a'' t h :• S t ^ V-nant thaor^' . ' ̂  . ' . 

co.-stit"Jtc ane type o f fuijda ^w.iit £ 1 o a c i l l a ' - i - • l i e the comprv :i L - i :ai 

anv L- 1 - af t h ^ :.:c'. c'-w-'itw' .:w"hoa. The d.a•:Icpiaent 

of these ideaa i s given below. 



Con.v/'-r- tvv.' bars r^^-sting .̂ i t h the ^.'ole-- of ' L e l r roivnue.: endt-

i n contLCt and l e t a sudden d i s t u r l j . iMj- Lr : i . j . l i - r! l u i l f ' '. v-r jne 

of th.: f l i d s remote froi:: t h t i.oi<'t ...f c j i i t f c t . L o n g i t u d i n a l ^ waves 

w i l l be proojced v.h?.ch i n the absence o f the second u-r vould simply 

d i s t r i b u t e the e f f e c t j f 'he di:-'turb'thcr th^ou^bcut the mtasL o f t h e 

f i r s t b a r . I n the pr'".^-^iiur . f the r-cond bar JO'ir- ĥ'- e f f e c t o f 

the pulse- ^ i l ' be t r a i i . c i i ' ' rd ' i-.--.-.;- 11^ ,.i.rf..c? o f coril . . L't rand l o x i g i t -

u d i n a l v/rives v . ' i l l be grn*? i*-/"^-d i n thr- -cond bar. 

Consider ncv tli'r a r r l \ a l o f the l o n r i l udi.i.r.i pul:i'- or v : c i V e - f r o n t 

at the b a l l end of th^- : ^ i r t ba:-. p o r t i o n of th''- o.i.Un-b^TiCe 
t o 

i n zonei n e ' r / t h ^ p o i n t o f co'-l^:--r-t- > i l l be t n.^uit 1 ed t o the -r cond 

bar^ 1th r ^ l . t l v i y l i t t l e r--1 . r d a t i j Q ^ as a j l i ^ ^ h ^ .̂7'. L . . I H'^ bet- t e n 

i : i ^ ' I ' l i t l y close cont .ct t o allow a p u l s e ^ 

compressicn t o pa.ss. The s u r f , cr o f the rounded end remote from the 

area of c o n t a c t , ho-...--\ r . Is c t l c c i l l y f r e e from r r s t / r i a t , so t h a t 

the di^"-irrbancc i n lon-^i r-jio';.: f r o i i i th^- cei.ti-^ o f t h p bar v i l l be 

r e f l - - - r * b j i . - . i n t o the f i r s t bar, in v/hicii i t \ i l l t r a v e l t o and f r o , 

some i x r t i o n o f t-he energy ^ o i n t t o the second bar every time t h a t t h e 

pulse a r r i v e s at the J u n c t i o n . The r e s u l t o f these m u l t i p l e 

r e f l e c t i o n s v . ' i l l be t o dis'-J ibut.: the e f f e c t f the d i s t u r b a n c e t h r o u g h ­

out the volume o f the f i r : t boi so t h a t a ^.=ortion o f the impressed 

energy / i l l appe-:r simply as k i n e t i c energy^ v/hich w i l l be t r a . . ; : : l i t t e d 

t o the s'^conu bar by a r e l a t i v e l y slow i n d e n t a t i o n o f the end. 

The t r a n s m i s s i o n o f energy across the j u n c t i o n i s 'thus a s s o c i a t e d 

( w i t h t v o p e r i o d i c t i m e s ; the t i - ^ e taken f o r a l o n g i t u d i n a l w-we t o kxx 

t r a v e i s e the system, I . - . 2 _ i ^ ( or i f t h - l e n g t h s are 



/a7 

d i f f r - r e n t ) and the time o f compression and recovery o f tha b a l } end. 

I n a d d i t i n n t o t h i : , energy i s r f l r c t r r - - |- ̂ h- j u n c t i o n as v e i l as 

t r a n s m i t t e d so th-^t t h e sjrstem behaves i n many vr-^iiiectp as a eompound 

v i b r a t i n g system. A c o n s i d e r a t i .a. o f the bah \ 1 r o f a ; a i r o f 

bars i n which t h ^ b a l l - e n d s are replaced by t h i n c y l i n d e r s , c o a x i a l 

v-*th the ba-^-, wil'J f u r t h e r r e v e a l ^he nature --f the system. 

To ^ ^ r t i : r n t o the St-rVenant t h e o r y c o a - ^ i c e r the behavl u r 

of a bar o^ l e n g t h 2^ . The p e r i o d o f l o n g i t u d i n a l o s c i l l a t i o n s 

o f such a bar w i l l be 4 I . I f nov., t h i s bar be cut at the ce n t r e 
V 

and t h e tv.o bwlves allowed t o impinge^ according t o the St—Venant 
theory t h ^ d u r a t i o n o f contact w i l l be 2^1 . which ie h a l f t h e 

V 
pe r i o d o f f r e e o s c i l l a t i o n s o f the system. ThuL^ the d u r a t i o n o f 
contact f o r a systern v i t h a p e r i o d i c time o f fundaTent '1 o s c i l l a t i o n s , 

t , i s t or _ 1 ".•her'=̂  n i ^ ' the n a t u r a l freauency o f the system. 
2 2n 

I t i s suggested t h a t a s i m i l a r case i s presented by two b-ll-end'^^d 

bars i n c o n t a c t , but -^Iw.t t h e p e r i o d o f fr'--^ o - c i l l a t i ' - ^ n s i s not 

A£ but thp fundanpnt^'1 time of o s c i l l e ' i o n o f r comDound system 
V " 
c o n s i s t i n g o f t-ao p o r t i o n s , one w i t h a funda-vent" 1 p e r i o d o f __AI 

and the ot h e r w i t h a p e r i o d o f 2^V^ (i)^T''^ It i s necessary 

t o i^iagine t h a t a wave o f ext e n s i o n can pass over the j u n c t i o n , 

provoking e l a s t i c r e - c t i ^ n s o p p o s i t e i n sigri t o those due t o a v/ave o f 

compression, t o conce-jvp o f the a c t u a l mainten*ince o f the osci"!lati'.ins 

of the compound system. 

T h i s suggested explana-ion vo'-ld account f o t the complexity 
of t h e e x p e r i m e n t a l r e l a t i n n s h i x i ; f n r in s t a n c e an a l t o r a t i o n i n t h e 
l e n g t h o f a g i v e n p a i r o f bars would not only a l t e r the p e r i o d o f 
fundamental o s c i l l a t i o n o f each p o r t i o n o f the complex system; i t would 



a l s o e f f e c t the r e l ^ ' t i v e importance of th'. t t y p : - o f v i b r a t i o n , 

so t h a t the r e l a t i o n s h i p bet. eeii the p e r i o d o f tb ' coinpound bar end 1^ 

the l e n g t h would be most co"!i:)licated. S i m i l a r l y i n t-^o s e t o f bars 

• o f the same l e n g t h but o f d i f f e r e n t e n d - r i d i i "-he p-^riad of a c - r i a t i o n 

a s s o c i s t e d w i t h the b a l l e?id ould be d i f f r o - o i - t i tbic t ' c. ses, ^ms±A 

besides which the '''• e i g h t " attached t o t M : type o f o s c i l l ' v o n l d 

be d i f f e r e n t f o r the d i f f e r e i t b a r s , and v.ould vary v^ith the v e l o c i t y 

of appro:-ch. 

I t i s p o s s i b l e t o ded'jce the p e r i o d i c t i ' i e o f compound systems 

by d i r e c t i n t ^ ^ r a t i o : : o f the equations o f motion f o r ^ : a r t i c l e 3 i n 

t h e syste-^, t o g e t h e r w i t h the a p p l i c a t i o n o f the ''end-conditions" 

and the c o n d i t i ons h o l d i n g at the j u n c t i ^ ( ) . For t h i s p a r t i c u l a r 

syste-i hov.ever the c o n d i t i o n s were so complicated t h a t i t was decided 

t o use t h - i'thod o f "Aeons'lc^?l Impedance" which i s a c c o r d i n g l y 

described i some C e t n i l . 

FRFE VIBPATIONf .̂ -riD ACQUSTICA". T - ̂ ^CY. 

I f an r . l t e r n a t i n g e l e c t r o - i o t i v e force- o f v a r i a b l e frecpaency 

be appli'^d t o a sybte.T: compnsing i f x l u c t a n c e , r e s i s t a n c e and c a p a c i t y , 

then i f the resist-^nee i s not t o o ^r'^ .k pronounced resonance phenomena 

w i l l be observed. For a cert'-'in frequency of the a^'plied e.m.f. the im­

pedance o f the system v i l l be a minimum, i f the inductance and c a p a c i t y 

are i n s e r i e s , and i t i s known t h a t t h i s f r e luency i s t h a t o f f r e e 

o s c i l l a t i o n s i n the c i r c u i t . I f the r p s i s t a n c e o f the c i r c u i t i s 

n e g l i g i b l e i t can be said t h a t the frequency o f the a p p l i e d e.m..f 

c o i n c i d e s w i t h the n a t u r a l frequency of the c i r c u i t when the Jmpedance 

i s zero. F u r t h e r , the exx)ression f o r the imtiedance i i w o l v ^ s the 
p e r i o d i c time o f the i^ipressed e.m.f. so t h - t i f c-'i expres I f o r the 



impedance can be obtained the f r e e period^-- o f t h e c i r c u i t are e a s i l y 

c a l c u l a b l e . A q u a n t i t y analogous t o the impedance -̂ ^ c a l c u l a t e d 

f o r a c o u s t i c a l systems and provide? a siTii l a K^'thod o f d e t e r m i n i n g the 

n a t u r a l periods o f complex syst'^"..q. ( ' ) . 

The e l e c t r i c a ] i-ri^j'^'danc^ ( ) of rt c i r c n i t i s d - f i n e d b^ 

the r a t i o -2. where V_ and I ^ are the el'^cti-om<jt LVP forc:-^ o o 
l o 

and t h e c u r r e n t r e s p e c t i v e l y . t any i n s t a n t . I n the corresponding 

a c o u s t i c a l system the pressure (P) at a p o i n t cor -e'.^onds v i t h t h e 

e.m.f., and dx w i t h the c u r r e n t I Q , v.here X i s the volume 
d t 

o f a i r ent'-^ring t h e system. I n the o r i g i n a l work on t h i s s u b j e c t 

( ) an o s c i l l a t i n g system i s considered i a t o which a volume X o f 

a i r e n t e r s p e r i o d i c a l l y uiader an excess pressure P. The a c o u s t i c a l 

impedance i s d e f i n e d as P , which, i t w i l l be r e a l i s e d , i s 

out o f phase w i t h the cua..tity ) corresponding t o the e l e c t r i c a l 
d'^f i n i t i o n . 

To take the i-nost general case, consider a v i b r a t i a g p a a i ^ i o i * 

o f area S, i n t h e o r i f i c e o f an a c o u s t i c a l system, v.hiich c a r r i e s w i t h 

i t i n t o the system a v o l m e Sfof a i r at any i n s t a n t . Then the f o r c e 

a c t i n g on the p i s t o n - w i l l be 

SP a md^( - f K d J L j . / / (15) 
dt*- d t / 

where m r e p r e s e n t s t h ^ mass o f t h e p i s t o n and o f the a i r c a r r i e d w i t h 

i t , 

K i s a f a c t o r expressing the a c t i o n o f damping f o r c e s and 

^ i s the ' s t i f f n e s s * or r e s t o r i n g f o r c e i e r u n i t displacement. 

The corresponding e l e c t r i c a l equaticjn i s 



/3o 

where L - inductance o f c i r c u i t 

R r r e s i s t a n c e o f c i r c u i t . 

C 15 c a p a c i t y H 1 i n c i r c u i t 

E impressed e l e c t r o m o t i v e f o r c e . 

Let 2i be the a c o u s t i c a l impedance o f the system 

Then when the v i b r a t i o n s o f the • i s t o n are steady v/e pay put 

etc ' 

where repr'-sents the amplitude o f J 

p s 2Jr n and n ^ the frequency o f the o s c i l l a t i o n s . 

Now X 5= S f and '^i =^ ^ 

so t h a t P 7̂  - mp^ ipK - f / 

Ẑ^ ^ -mp2-^ iKp 

The r - a l p a r t o f t h i s expression may be described as the "Uncompensated 

s t i f f n e s s " o f t h e system, and corresponds approximately w i t h t h e 

reactace o f an e l e c t r i c a l c i r c u i t . Zi w i l l be a minimum vhen 

t h i s i s zero, i . e . v/hen^s mp^ and the frequency o f the o s c i l l a t i o n s 

w i l l be t h e n a t u r a l frf^quency of the c i r c u i t . 

"^"^ p ^ - n 
m 

For the corresponding e l e c t r i c a l c i r c u i t the impedance, i s g i v e n 

and resonance i s 
2 

a t t a i n e d v/hen 1_ - Lp^ p - _ 1 . 
Cp LG 
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An i n s p e c t i o n o f equati-ns (15) and ( l 6 ) w i l " show tha ̂  corresponds 

w i t h 1 and ra w i t h L so t h a t t h e d e f i n i t i o n o f ao : ' i c - 1 
c 

impedance g i v e n above leads t o the same r s u i t s £ls the more corr'-ct or 

more u s u a l d e f i n i t i o n . 

APPLICATION TO THE FREE PERIODS OF BARS ̂  OF COLUr^\S OF GAS ( ) 

For t h i s purpose i t w i l l be convenient t o •_. '(ipt the d e f i n i t i o n 

Z s_P f o r t h e a c o a r t i c - ' i n»roed'^nce^ i n s t r i c t corre spondence v - i t h 
dx/dt 

the e l e c t r i c a l d e f i n i t i o n . Consider nov; the impedance ( ) o f f - r e d 
t o a d i s t u r b a n c e impresspd on the gas i n a tube o f c r o s s - s e c t i o n vS. 

Z- • P — P aha re v i s the p a r t i c l e v e l o c i t y at the p o i n t 
^ ^ dx/dt Sv 

i n questi-m. Thus the^ i^ipedance p-r u n i t area i s given by P . 

I t i s t o be noted t h a t the impedance decreases as the area i n c r e a s e s , 

i n f a c t tha^ the inn^dances o f adjacent u n i t s o f area can be con.sidered 

to be i n ̂ a r a l l e l . The i'rpndance^ v a r i e s according t o the p o s i t i o n 

of t h e p o i n t considered j u s t as the e l e c t r i c a l impedance o f a complex 

c i r c u i t depends upon the p o i n t s o f applica"" ̂* on o f the e l e c t -om.otive 

f o r c e . 

Consider a bar or column o f gas of u n i f o r m cross s e c t i o n and 

denote one end, at whic?i the p e r i o d i c d i s t u r b a n c e i s impressed, by B 

and t h e o t h e r end by A: als o suppose t h a t r e f l e c t i o n a t A i s i m p e r f ­

ect so th-:-*- the ra' l o o f the p a r t i c l e v e l o c i t y at a p o i n t near A i n t h e 

wave b e f o r e r e f l e c t i o n t o the corresponding v e l o c i t y a f t e r r e f l ' ^ c t i x i s 

^ . Let the source at B be a p i s t o n movl/g v i t h v e l o c i t y V =s Y^i""^ 

and suppose t h a t the absopption o f the wave along t h e tube or bar i s 

n e g l i g i b l e exceiit a t A. 
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Also Consider the s a r f a c r o f t h e pi^^Lon t o be p e ^ f v o t i y r i ^ i d so 

' t l i ^ x l .Ixc. X c.il..vjLi^xi fc*otor o t I 3 i . -M. 

I'n-:̂  r ••'o.rdatio: '- JiLT re'i oy a IÂ . VO L r . - v e i l l - i;--. :̂ .ncê  / 

^ .111 J . C »ht;i.. %^ (SAT^ ̂  ,V.iVe-

l e n ^ t h l a .h'i m£*terl -l, o f he imprnssed obcilla'..i3 . '..hus n'=> vhole 

.rL :.Li3n t i u f f i red by a diS' .. :^-yj cn '.hich ^n n; . - i she ist:>n B, 

t r a v e l s :ha o-nd A, £nd j r.-: ., - n.: 3, w i l l u . ̂  v̂ ĥere ^ 

4.12 uh l ̂ a^.h c l ' ae col^omn, uoi i-.eJ as rh-^ d i s t a n c e bet. een s u r f a c 

at which r ••icc^lon ..k'̂ s pl^-ce \M*:hou.t chan.GC? of phase. The 

a a p l i t u j c o f zi.^. r n.un. i n t di'y v n.. ce, ho<. :v- , .•,111 be reduced t o 

J i a 1 :. - n l I v ^ l u e , Lha: rna v e l o c i t y Z a p^: c i c l o -

3 due l.o Lhfi ' n i r n i n g -./̂ âo alone i r r'-.^rnionted coraple..ely by a 

^•'j^ i'he pr--'S£ura e::,C' .n n poin/: A'I'J: /n. ..n t i c l o 

V iv-:.:y i s ^^i' Isf^K?^ here on ; no . Liajn 

and C V Locl*:'^ o f so xd Ini Ih.; n i u t t . 

Co-^^ider - O'̂  ^h; nr - n u i - . . po^..: vc -y c l o s e zo 

the pisr.o.! I n r; st-^t.^ ~ f ' t e m y o c i l l ' ir;n . he >:r ,s.. ..re due 

t o ?»11 th^^ r " ' :;rr."*n£ v-.vev- luui ne aaaed t o the pressure due d i r e 

l y Vo t h e m o t i j n o f t h - 1,: . _ cf/̂ Ck'cje . rx̂ ., p a r t l c l 

v e l o c i l y a t i j due the wctve - . 1 . . . a f t f u >ne ^ e f l ^ c t i n n at A 

^ 50 thai. Lhe pressure duo t o t h i s wave i s 

Qpc^\l I This wave I s aov; r.irflected a t B, .'-hlch bnhnvns a 

a c l o s o d -\n i', a f th---*: ao phase :!hnn,-̂ e i n produced by r,ho r e f l-^^Csion 

and, as a yoin"- ynry cloao t o B i s unde-r di^iCn::•^l n, oha prnssure 

due ':o the r e t u r n i n g v.-iv-' a f t rr vie r e f l a o t i - n ; , A and one r e f l e c t i o 

at 3 i s ' Th i s prassure mast again be added 

t o the pxG5SUio due d i r e c t l y t o the motion o f the p i s t o n . I t w i l l be 
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noted t h a t f o r t h e r e f l e c t e d wave t h e e f f e c t o f a closed end i s t o 

double the pressure excess, which becornea 2^^C »i> 6 i n i t s 

immediate neighbourhood. (This r e s u l t as noted by Hopkinson ( ^ ) 

f o r t h e r e f l e c t i o n o f e x t - m s i o n a l valves i n a v.-ire fast'-.led t o a heavy 

b l o c k ) 

The nev: r e f l e c t e d wave now t r a v e l s r p - a t e d l y t o and from 

A as b e f o r e so t h a t the -whole pressure i s given by the sum o^ a s e r i e s 

o f terms o f the form o f those considered above, the pressure due t o t h e 

yrave aft'-'r a second r ^ - f l e c t i o n at A and b e f o r e i t s second r e f l e c t i o n a t 

B being (^ fC. Vo & 

The t o t a l pressu e at B, Pg, i s g i v e n by 

I n t h e case o f the s t e e l bars r e f l e c t i o n o f the dis^airbance can o n l y 

take place at an open end, w h i l e the p e r f e c t r e s i l i e n c e observed i n 

the impact o f equal bars shows t h a t t h e r - - f l e e t i o n at these ends must 

be p r a c t i c a l l y p e r f e c t . Thus i f the s u b s t i t u t i o n J » - 1 be made 

the l e n g t h x becomes the t r u e l e n g t h o f the bar, so t h a t 

so t h a t s - i p c t a n kx 
a - t p c t a n kx 

where » impedance o f t h e colujnn a t the end B 
^ * area o f cross s e c t i o n o f the column. 
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I t w i l l be seen t h a t the impedance i s o f the nature o f a r^-actance, 

the s u b s t i t u t i o n o f - 1 f o r ̂  corresj; O'-d i. ̂ g to the assum^.tir^n 

of zero r e s i s t a n c e i n the e l e c t r i c a l analogy. 

CO?^OSITE BARS. 

I t i s now r e q u i r e d t o f i ^ ' d the composite bar e q u i v a l e n t i n c h a r a c t e r ­

i s t i c s , so f a r as l o n g i ' u d i "lal impulses ai-e concerned, t o a p a i r 

of bars w i t h t h e i r rounded ends i n cont c t . As has already been p o i n t e ( | 

out t h e t r a n s n i s s i o n o f a disturbance^ from one of the bars t o the o t h e r 

i s a s s o c i a t e d w i t h tro d i s t i n c t p e r i o d i c t i ' - i e s , so t h a t t h e f i r s t 

and second p o r t i o n s o f the composite bar must separa'ely be capable 

of l o n g i ' u d i n a l o s c i l l a t i o n s o f p e r i o d s 

I n the impact o f a p a i r o f bars the i n i t i a l pressure i s zero, i t 

r i s e s t o a maximun p o s i t i v e value and ^ a l l s t o zero a g a i n , t h i s process 

corresponding t o h a l f a complete o s c i l l a t i o n o f the a p p r o p r i a t e 

component o f the conposite bar. Thus the fundamental p e r i o d o f e i t h e r 

component would appeaa t o be t w i c e the d u r a t i o n of ^^te c o n t a c t 

c a l c u l a t e d f r o . : t h e theory a p p l i c a b l e t o t h a t companeiit. 

For the f i r s t p a r t o f the c a l c u l a t i o n i t i s on l y necessary 

t o assume t h a t the h y p o t h e t i c a l com.posite bar c o n s i s t s o f two p o r t i o n s 

of d i f f e r e n t fujidame . ^ a l f r e e i-caiods. Now a d i s t a ba^ic- a p p l i e d 

to the end o f one of the i a i r of r e a l bars i.ust a f f e c t immediately 

both modes o f beh^.vi .ur. I n other words a v i b r a t i o n impressed on one 

of t h e f r e e ends of the system i s impressed i n the same way on b o t h 

of t h e h y p o t h e t i c a l c o n s t i t u e n t s o f the compound bar. Furthermore 

the unaf'^ected end o f the system i s f r e e from r e s t r a i n t so t h a t t h e 

remote ends of the c o n s t i t u e n t s o f the compound toar are su b j e c t t o t h e 
same c o n d i t i ns. Thus the impedances r e p r e s e n t a t i v e o f the two p o r t i o n s . 



must be i n p a r p a l l ^ a . 

I t i 8 '"ons ide pe 1, t h e n , th-.t the f r e e p r l r ^ l s of the system 
c o n s i s t i n g o f t h e n c t u s l ba rs used, vvith t h e i r r'^nndj'^ ends i n 
c o n t a c t , a r e the same ns those ^ n system c o n s i s t i n g o f two bars tff 
the same m a t e r i a l ( which ^ r e capable s e p a r a t e l y o f d i f f e r e n t tim«s 
of o s c l l l a t i n n ) attached to one another r t t h e i r ends but separate 
at o t h e r p o i n t s . T h i s l e t t e r c o n d l t i r n i s eq u i v a l e n t t o a sta t e r - e i t t 
of the p h y s i c a l independence of waves. An nttempt w i l l be made 

to determ.ine the fundfimental f r e e p e r i o d of t h i s composite system 
hy s t u d y i n g the e f f e c t of a p p l y i n g an a l t e r n a t i n g pressure t o one 
of the j u n c t i o n s o f the ends o f t h e h y p o t h e t i c a l b a r s , the remainder 
of the system b e i n g f r e e fror' r e s t r a i n t . 

I t should be remembered t h a t the transm.ission of energy from on© 
r e a l bar t o the oth e r by the slow i n d e n t a t i o n of t h e ends i n v ^ l v ^ s 
a r e t a r d a t i o n not d i s s i m i l a r to t h a t which might be produced i n 
tr a v e r s i - ^ g a lon g >^ar; so t>^at i n the c a l c u l a t i c n o f the f r e e p e r i o d s 
the r e p r e s e n t a t i o n o f t h e a c t i o n o f the rounded ends by the i n c l u s i o n 
of an e x t r a h y p o t h e t i c a l b a r m.ay not be wit h o u t j u s t i f i c a t i o n . 

Let the im.pedHnce of t h e f i r s t component of t h e composite bar = Z-y 
" " " " second " " " " " = Zg 

" " "/HOTE BAR = Z I f f i 

-y- ^ ^ 

(18) 
For rear-nance Z = 0 

. ' . 1 = - 1 _ 

The impedances per u n i t area o f the f i r s t bar nnd the second b ar 

r e s p e c t i v e l y are given by ( equation ( 1 7 ) ) 
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^ 1 -^1 = - i ^ G t y n k x i 
^2 ^2 = - ±f>c t a n kXg 

where x^ -̂-nd Xg represent tV'e e f f e c t i v e lengtv.s of the f i r s t and 
second hypotv.eticp 1 bp rs r e r ^ n e c t i v e l y . 

and^'^nd 'U^se4: the e f f e c t j v e r-rnn o f cms ^ s e c t i o n o f the 
same har=^. 

The bars are considered to he of the same m a t e r i a l sc t h a t ^ and 
c are the snre i n bo t h e q u a t i r n s . 

^ 1 - -i^Q "tsn kX]^, Zg - - i / c t a n kxg 
^2 

Prom, equati-^n (18)^ f o r resonance^ 

1 t n n kx]_ = — 1 tan kX2 (19) 
Meaning of kx. 

k = 2Tr where ^ i s the wavelength of t h e impressed o s c i l l -
a t i o n , which i s now o f the same f t e que nc;̂'" as the f r e e o s c i l l a t i o n s 
of the system. 

l e t the freauency of the f r e e cs c i l l ? t i n p ,s c f the system, he n. 

The c = ¥^.KS 

k = 2Tr , ^ 
c 

Consider ntow any one of t h e compo^^ents of the b y p o t h c t i c a l 

system.. I t s l e n g t h , x, is such t h a t i t s fundamental f r e e p e r i o d 

i s i d e n t i c a l //1th one o f the t i m e s , t ̂ ^ass oc i a t e d w i t h the 

c o l l i s i o n of the r e r l v>ars. Nov; the j u n c t i o n of the h y p o t h e t i c a l 

b ars remote f r r r the scurce o f v i h r a t i ^ r a i s an "open end" 

and t h e p i s t o n c o n s t i t u t i n g the source o f f o r c e d o s c i l l a t i o n i s a 

" c l o s e d end" 

so t h a t ^ 



' ^ h e r e A i s t h e wavelengtT. i n t h e r r a t e r i o l ^ ' f v i v > r a t i v , n o f p e r i o d i c 
1 

t in^e t ^ , 

^ f t t t h e f r e q u e n c y o f t ^ l s r a t u r . - ) ! v ^ ' h r - t ^ i - n he n^^ 

Then x-j_ = c 
^ 1 

So t h a t k x ^ = _2Tr .n . c _m 

S i n : i l a r l y kXg rn where ng r e p r e s e n t s the f r e q u e n c y o f 
2x12 

o s c i l l a t i o n c o r r e s p o n c i i n t o t h e second p r ; r i o d i c t i m e -?s30cia ted 

v / i t h t h e c o l l i s i o n . 

E q u a t i o n ( I P ) may now he w r i t t e n 

1 t a n TTn _ _ 1 t a n rrn 

•^Y" ^ ^2 
and ^2 

C o n s i d e r t h e h e h e v i r u r o f t h e h y p o t h e t i c a l h a r r e p r e s e n t i n g 

t h e e f f e c t o f t h e h a l l e n d s , w i t h r e s p e c t t o sucr^ess ive im.pacts o f 

i n c r e a s i n g v i o l e n c e . The a rea o f c ros55-sec t i ^ n o f t h i s h a r must 

he as-umed t o i n c r e a s e . v i t h t h e v e l o c i t y o f a p p r o a c h o f t he r e a l 

b a r s i n s u c h a way t h a t t h e r e l a t i o n b e t w e e n t h e p r e s s u r e d u r i n g t b e 

i m p a c t nnr] t h e s t r a i n i n t h e h a r i s as c l o s e an a r r - roach as p o s s i b l e 

t o t h e r e l a t i o n s h i p be tween P a n d - ^ f o r t h e b a l l e n d s , where P now 

r e p r e s e n t s t h e p r e s s u r e b e t w e e n t h e b a r s . 

F o r a b a r b e h a v i n g a c c o r d i n g t r the St-rVenant t h e o r y 

? cC y "but f o r a ba r b e h a v i n g a c c o r d i n g t o t h e m o d i f i e d H e r t z 

t h e o r y P ^ v ^ ' ^ ^ ' ^ ( see e q u a t i o n s (fS) and ( 7 ) p p l ( C , - ) 

Ru t f o r t h e h y p o t h e t i c a l bar^ P <C c o m p r e s s i o n X CTJ and as t h e 

Some e n d - c o n d i t i o n s a r e a p p l i e ^ i t o b o t h cor .ponents o f t h e s y s t e m 

t h e compres-^ion must be t h e sane f o r b o t h b a r s • Thus t h e RXK^3crlx 

c o m p r e s s i o n XJ^ , w i l l be p r o p o r t i o n a l t o v • b u t t h e c o m p r e s s t o n 
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i s a i > - e c t l y p r c o r r t i r n a 1 tr t h e v e l o c i t y so t h a t C T ^ x r v * " 
B u t t h e f r e q u e r c y n^^^Cir"^ ^ • '^^^ 

Thus n i ^ 

F u r t h e r , i f n^^ = n2 i t seer.is r e a s o n a M e t o assume 

t h a t t h e e n e r g y w i l l he e q u a l l y d i v i d e d het'/zeen t h e two modes o f 

v i h r a t i r n , so t h a t as t h e l e n g t h s o f t h e h y p o t h e t i c a l components 

and t h e c o m p r e s s i o n s w i l l he e q u a l , t h e a reas must a l s o he e q u a l . 

^ = ^ . Now t h e second h y p o t h e t i c a l b a r w i l ] he r e p r e s e n t a t i v e 

©f t he P.t-^Venant e f f e c t 4 f i t s a rea o f c r o s s - s e c t i r n rem.ains 

c o n s t a n t , w'-en r e p r e s e n t i n g one p^ i r o f b a r s . B u t n2 w i l l a l s o 

be c o n s t a n t so t h a t ng 

Thus (7^ n^^ 

^2 ^2 

and t he f i n a l form, o f e q u a t i c n ( 2 0 ) becomes 

1 t a n rrn = ^ 1 t a n rrn ( 2 1 ) 
n]_ 2n]_ n2 2n2 

T h i s e a u a t i o n g i v e s n when n^^ and n ^ a re knoArn; and w i l l 

be r e f e r r e d t o as t h e " c o n d i t i o n a l " e q u a t i o n . 

SOLUTICr OF W^. COTDITIPNAL E'''UAT10^^ . 

The e q u a t i o n may be w r i t t e n 

t a n (rr n^2ni) n 
t an^r r n / 2 n 2 ^ ^2 

L e t e-i = _ I 2 L - ®2 = 
2 n i 2n2 

Then n-\ _ = ^2 
n2 "©X 3© t h a t t h e e q u a t i o n becomes 

— l^"^ = 02 ( 2 2 ) 
Tan i)2 -ngj; 
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o r , t a k i n g l o g a r i t h m s 

L o g . ( - t a n 03_) - l o r . t a n G2 = i o g C-2 - l o g . . . ( 2 3 ) 

Now _ n j 

n2 i s e s s e n t i a l l y p o s i t i v e , so t h a t the l e a s t v a l u e s o f 

9]_ and s a t i s f y i n g t h e e q u a t i r n s must be s u c h t h a t 02 l i e s b e t w 

0 and TT and be tween rr and vl I t 1 s t o be h o t e d t h a t 

the s m a l l e s t v a l u e s o f and 62 c o r r e s n o n d t o t h e l o w e s t v a l u e 

o f n K i . e . t o t h e f u n d a m e n t a l o s c i l l a t i r n . The f i r s t h a r m o n i c 

i s r e p r e s e n t e d bv v a l u e s o f G2 be tween TT and rr, and kd-^ 

b e t w e e n v and Srr^ 
7 and so on f o r t h e ^^.ipher harm-onics . 

To s o l v e e q u n t i r n ( 2 3 ) a g r a p h was c o n s t r u c t e d w i t h v a l u e s 

o f l o g e as a b s c i s s a e , be tween 0 and rr ( F i g . 5 6 ) . F o r v a l u e s o f 

0 bet' .veen 0 and rr t h e g r a n h l o g G a g a i n s t l o g t? n G was 

c o n s t r u c t e d , e b e i n g G2 o f t>^e c o n d i t i r n a l e q u a t i o n . F o r v a l u e s 

o f e b e t w e e n v and rr t h e o rd ina t -es were t h e v a l u e s o f 1 ^ t K x t « i n x » : 

( - t a n e ) sc t h a t f o r t h i s r a n g e 0 r e p r e s e n t e d 6-j_ o f t h e e q u a t i o n 

F i n a l l y a t h i r d c u r v e was c o n s t r u c t e d such t h a t t h e v e r t i c a l d i s t a n c e 

o f each p o i n t f r o m t h e l e f t h a n d cur^^e wns n u m . e r i c a l l y e q u a l t o t h e 

h o r i z o n t a l ^Us tance o f t h e same p o i n t f r o n t he r i g h t hand c u r v e . 

C o n s i d e r any p o i n t , Q, on t h i s , t h e c e n t r e c u r v e . 

Then t h « T ^ ^ h o r i z c n t a 1 d i s t a n c e f r - m Q. t o t h e r i g h t h a n d c u r v e 

g i v e s l o g GQ̂  - l o g 02 v / h i l e the v e r t i c a l d i s t a n c e t c t h e l e f l ^ h a n d 

c u r v e ^ g i v e s l o g . t a n 63 - l o g ( - t a n 0,) so t h a t p o i n t s on t h e 

c e n t r e cur'^^e g i v e t h e v a l u e s o f G2 s a t i s f y i n g t h e c o n d i t i o n a l 

e q u a t i o n f o r v a r i o u s v a l u e s o f t h e r a t i o . The v a l u e s o f 02 a r e 
- 1 

marked on t h e c u r v e a t v a r i o u s p o i n t s . The c o r r e s p o n d i n g c u r v e 

f o r 0 | c o u l d have been c o n s t r u c t e d on t h e r i g h t o f t h e d i a g r a m , b u t 



t o d e t e r m i n e t h e v a l u e o f n a kno.vleclge o f and n2 i s 

s u f f i c i e n t . A l l t h e va lues use ^ /ere ch e c k e d by d i r e c t c a l c u l a t i o n . 

F o r s m a l l v a l u e s ©f G2 ( l e s s t h a n 0 . 1 ) t h e c u r v e was 

t'^o i n a c c u r a t e ^ 3o t h a t d i r e c t caDcula^ t ion was necess-'^.ry. A c c o r d i n g ­

l y t h e c o n d i t i o n a l e q u a t i o n was w r i t t e n 

t a n TTn _ ^ 1 t a n rrn 

2nQ_ r\2 2 r\2 

and f o r a g i v e n v a l u e o f n^^ a t a b l e was c o n s t r u c t e d s h o w i n g t h e 

V a l u e s o f n rrn , t a n rrn rrn , t a n rrn 
^ n i 2 n i ' ^ n g " 2n2 

and f i n a l l y t h e r a t i o ( - t a n rrn ) / ( t a n rrn ) . V a l u e s o f n 
^ 1 ^ns 

were t r i e d u n t i l t h e r a t i o m.entione(i was s u f f i c i e n t l y n e a r l y e q u a l 

t o - { J . ) . 
n2 ^ 

n-L and n2 

i s g r e a t e r t h a n 02 s o t h a t n2 i s g r e a t e r t h a n n ^ . As t h e d u r a t t ^ n 

o f c o n t a c t a c c o r d i n g t o t h e S t . ^ V e n a n t t h e o r y i s u s u a l l y l e s s t h a n 

t h a t a c c o r d i n r t o t h e H e r t z t heo r^ / , n2 was t a k e n t o r e p r e s e n t t h e 

f r e q u e n c y o f l o n g i t u d i n a l o s c i l l a t i o n o f t h e h y p o t h e t i c a l b a r 

r e p r e s e n t i n g t h e S t . - V e n a n t s o l u t i o n . Thus n ^ = V s where 

C i s t h e l e n g t h o f t h e a c t u a l b a r . 

I n t h e e x p e r i m e n t s on e q u a l b a r s o n l y f i t f e v a l u e s o f I 

were u s e d , so t h a t t h e f i l f e v a l u e s o f n ^ were t a k e n anf l f o r each o f 

t h e s e n was c a l c u l a t e d f o r v n l u e s o f n-j^ c o v e r i n g t h e w h o l e r a n g e 

o f t h e e x p e r i m e n t s . 

The c a l c u l a t i o n o f t h e f r e e p e r i o d s o f a con-pos i te b a r i s 

baaed on t h e b e h a v i o u r o f systerrs c a p a b l e o f e x e c u t i ^ \ - ; s i m p l e ha rmon . 

i c m o t i o n . B u t the r e l a t i o n s h i p b e t w e e n t h e d i sp l r>cemen t ( JL ) and 

t h e t i m e c i u r i n g the j imp c t , f o r b a r s i m p i n g i n g a c c o r r ' i n g to the mod-



1^^ 

i f i e d F e r t ^ t h e o r y , i s n o t i - ^ o n t i c a l j t h t v ^ r t i n a sys t em e x e c u t i n g 

s i r n l e h a r r o n i c m o t i r n r f t h e sane n i . p l i t u d e . To i n v e s t i g a t e t h i s 

p o i n t t h e r e l a t i o n s h i p betwer .n tine i n d e n t a t i r n , and t h e t i m e t 

d u r i n g t h e i m p a c t was c a l c u l a t e ^ f r o r t>ne r o d i f i e d T-iertx t > i e o r y 

( F i g . 57 ) ^ has been p l o t t e d a g a i n s t t v because t h i s c u r v e 
<i I til 

a p p l i e s t o a l l c a s e s . ) I f t h e d u r a t i o n o f c o n t - c t c a l c u l a t e d f r o m i 

t h i s t h e o r y i s t ^ , i t i s c o n s i d e r e d t h a t t h e p e r i o d i c t i m e o f t h e 

a p p r o p r i a t e component c f t h e I j i y p o t h e t i c a l b a r i s not 2t-^ b u t 2 t J 

where 2 t ^ i s t h e p e r i o d i c t i r e o f a s i m p l e s i n e o s c i l l a t i o n o f l 

a m p l i t u d e i n w h i c h t h e r e l a t i o n s h i p be tween t pnd most n e a r j y 

r e s e n h i e s t h a t c a l c u l a t e d f r a i : the t h e o r y . 

The i n f l u e n c e o f l o n g i t u d i n a l waves p r o b a b l y i n p r e v e n t s la 

t he r e a l i s a t i o n o f the upper p o r t i - c n o f t h e c u r v e and t h e p e r i o d i c 

t i m e i s - m o s t p r o b a b l y i n f l u e n c e d o n l y by t h e shane o f t h e p o r t i o n 

o f t h e c u r v e repT>5 s e n t i n r t h e bep:inn: 'ng and end o f t h e im.pac t . I t 

1 i 

w i l l be seen t h a t i f t j = O.VPOt^ t h e s i n e c u r v e prr. c t i c a l l y 

c o i n c i d e s w i t h t h e c a l c u l a t e d c u r v e o v e r a c o n s i d eraTnle r a n g e . 

I t i s t h e r e f o r e s u g g e s t e d t h a t s^ f a r as t h e o s c i l l a t i o n s o f t h e 

c o m p l e x system: a r e c o n e e r n e d , b a r s b e h a v i n g a c c o r d i n g t o t h e 

t h e o r y o f t h e F e r t z t y p e may be r e p l a c e d by b a r s i n w h i c h t h e c o n n e c ­

t i o n b e t w e e n t h e d i s p l a c e m e n t and t ime d u r i n g t h e i m p a c t f o l l o w s 

q s i m p l e s i n e r e l a t i o n s h i p , b u t f o r wh ich t h e d u r a t i o n o f c o n t a c t 
i s o . v g o t ^ 

^fhen^n^ = ^ l j ( see p . '^7 

( I n t h e c a l c u l a t i o n s r e n i r d u c e d ; t ^ has been t a k e n t o be 0 .766t3_ , 



«4l 

f o l i o v i n g an e a r l i e r e s ^ i r i a t e o f t h e vr^lue o f t h e c o n s t a n t . I h e 

accurac:^ o f t h e r e s u l t s i s n r o b a b l y n o t v e r y g^-eat so t h a t c o m p l e t e 

r e v i s i o n i s c o n s i d e r e d unnecessar^r . I t may be note^ l t h a t a s l i g h t 

m o d i f i c a t i o n o f t h e l i i r d t i n g v a l u e o f y ar iopter i f o r t h e c a l c u l a t i c m 

c o u l d com.pensate f o r a change i n t h e v a l u e o f t^; ) . 

H 
I n t h e a c t u a l i m p a c t t h e o r e s s u r e r i s e s f r o m z e r o t o a 

maxim.um' and f a l l s t o z e r o a g a i n , a f t e r w h i c h t h e b a r s s e p a r a t e . T H i s 

c o r r e s o o n d a t o h a l f an o s c i l l a t i o n o f t h e complex s y s t e m , so t h a t 

t h e d u r a t i o n o f c o n t a c t , t i s e q u a l t o 1 
^Tn". 

Us-'ng t h e c o n d i t i o n a l e q u a t i o n , v a l u e s o f n f o r 

v a r i o u s v a l u e s o f n ^ were c*. I c u l a t e d f o r e a c h l e n g t h o f b a r , 

and f r o m , t h e above c o n s i d e r a t i o n s t h e c o r r e s p o n d i n g v a l u e s o f 

Log ( t ^ X 10"^) and l o g ( t x lo"^) were c a l c u l a t e d . The f i v e 

c u r v e s so o b t a i n e d a r e shown i n f i g . -58. 

T/.PLE X X I . 

Summ.ar^/ o f r e s u l t s o f c a l c u l a t i o n s . 

l̂ TQte r — G 2 i s m:easureri i n d e g r e e s . 

n , , l o g . 6]^ L o g . 02 
X 10"3 

L o g . ( t i X 

L e n g t h o f b a r s 6 3 . 6 cm. ng = 1.96^ X 10^ 

.3 .8163 1.424 .579 1.338 

. 4 .6913 1.542 .760 1.213 

. 5 . '^^44 1 .628 .927 1 .116 

. 6 .5152 1 .691 1.072 1.037 

. 9 3 6 

. 8 1 8 

.732 

.669 



TAHITI X X I . ( c o n t i n u e d ) 

° 1 L o g . L o g . 9 2 n 

X 1 0 " ^ 

L ^ g . ( t 3 ^ X 1 0 ^ ) L o g . ( t x l 

. 7 .4483 1 .738 1.194 .970 .622 

. 8 .3903 1 .778 1.309 .912 .582 

. ( 2 .9424 1.203 . 348 1.514 1.157 

1.0 . 2934 1.823 1.452 .815 .537 

L e n g t h o f b a r s 4 9 . 6 cm. n ^ = 2 . 5 2 Q X 10^ 

.35 .8576 1.387 . 6 8 8 1 .271 . 8 6 1 

.40 . 7996 1.444 .779 1.213 .808 

. 4 5 .7485 1.489 .869 1.162 .760 

. 5 5 .6613 1.573 1.048 1.074 .679 

. 65 .5888 1.632 1.202 l.(D02 .613 

.75 .5266 1.682 1.344 .940 . 5 7 1 

. 85 .4723 1.724 1 .471 .885 . 5 3 1 

. 9 5 . .4240 1.755 1.594 .837 . 4 9 7 

1.00 .4017 1.768 1 . 6 4 1 .815 .484 

1.15 .3410 1.799 1.764 .754 .453 

L e n g t h o f b a r s 3 5 . 6 cm. n2 = 3 . 5 1 Q X 10^ 

.40 .94 53 1.302 .789 1.213 .803 

.50 .8464 1.395 .979 1.116 . 7 0 8 

. 6 0 .7672 1.470 1.163 1.037 .633 

.70 . 7003 1.533 1.540 0 . 9 7 0 .572 

. 8 0 .6423 1.5B6 1.503 0 . 9 1 2 .522 

. 9 0 .5912 1.630 1.663 0 . 8 6 1 . 4 7 8 

1 .0 .5454 1.666 1.815 .815 . 440 

1.2 .4662 1.726 2 . 0 7 6 . 7 3 6 .382 



IH3 

T A H I T ; X X I . c o n t i ^ u e n . 

X 10""^ Log Log n X lO"*^ Log( t -L X 10^ ) Log ( t x K 

L e n g t h o f ^ars 1 1 7 . 0 cm. n ^ = 7 . 3 5 ^ X 10''^ 

0 . 6 1 .0883 1.160 1.18 1.037 , 6 2 7 

e.8 .9634 1 .282 1.56 .912 .505 

1.0 .8665 1 .575 1.94 .815 .412 

1.2 .7873 1 .451 2 . 3 1 .736 .336 

1.4 .7204 1.5J5 2 . 6 7 .669 .272 

1.6 .6624 1 .568 3 .02 . 6 1 1 .219 

R^SULT.T BY DIRECT CAIi3TJI.A n o i v . 

^1 ^ 1 ^ 1 t a n 0]^ t a n 02 ^2 n L o g . 4 L o g . 
X lO - ' ^ ^2 ( d e g r e e s ) (degrees ) x l O " ^ "L X 10 ) ( t X K : 

L e n g t h = B.B CFi. n2 = 1 « . 7̂ ^ X 10^ 

0.7 2 1 . 0 2 1 7 9 . 6 - .0075 .1584 9^ 1.399 .970 . 554 

l .C 1 4 . 7 1 17P.2 - .0147 .2159 1 2 . 2 ^ 1.992 .815 .400 

1.3 1 1 . 3 1 1 7 8 . 6 - . 0248 . 2 8 1 1 15.7 '^ 2 . R80 . 7 0 1 . 2 8 7 

1.6 9 . 2 0 1 7 7 . 8 - .0375 .3443 19 3 .163 . 6 1 1 .199 

1.8 8 .18 1 7 7 . 2 - . 0494 .4040 22 3 . 5 4 8 .559 .149 

2.0 7 . 3 6 1 7 ^ . 5 - .0605 .4452 24 3 .922 . f ^ l 3 7 . 1 0 6 

2.2 6 .69 176 .4 - .0620 .4150 26 4 . 3 2 .472 . 064 



COMPARISON WITH EXPERT ENTAL RESULTS. 

F o r each l e n g t h o f b a r t h e r e i s o n l y one c u r v e , - a cco rd ing t o t h e 

t h e o r y , so t h a t on t h e l o g ( t-̂ _ x 10^)^ l o g ( t x 10^) diagr^vrn a l l t h e 

e x p e r i : i : e n t r ) l r s ' ; l ' , . i f r o i ^ i r = t o r 2" s h o u l d l i e on t h e same 

c u r v e . T h i s r e s u l t , i t e e l f s u f f i c i e n t l y r ' \ r n a r k a b l e , v^as a c t u a l l y 

o b t a i n e d ( f i g u r e s 59 t o 65) b u t b e f o r ' ^ d i s c u s s i n g vhese m a t t e r s 

t h e method by ;vh ich t h e x -o i / i t s v;ere p l o t t e d i s o f I n t e r e s t . 

EXPRESSION FOR t ] . 

t j ^ i s g i v e n by t h e e x p r e s s i o n xjr v'^ C'"^ T ^ where 

is i t s ^ ^ l f a f u j i c t i o n o f y > i n d e p e n d e n t o f v , / and r . 

U s i n g a c o n s t a n t v i . l u e o f t h r o u g h o u t , t h e c a l c u l a t i o n s v;ere 

s i m p l i f i e d by t h e use o f - g r a p h i c a l method o f r e p r e s e n t i n g t h e 

e q u a t i n^ 

Log t ^ s L o ^ l | r -(IV^) l o g r ^ y l o g V ^ (^ - t r ) l o g - ^ 

The l i m i t i n g v ^ l u e o f y d e r i v e d f r o m t h e ; ^ c u r v e s was 

- 1 , b u t by c a l c u l a t i z Vie V::)1UG o f l o g t - i , f o r nu^jarous 
4.39 

c o l l i s i o n s and by c o m p a r i s o n v - i t h t h e t h e o r e t i c a l c u r v e s i t v.-as f o u n d 

tha*" c l o s e r agreem^^nt v'as o b t j l / . e d f o r Y x - 1 . The '='xperi'» e n t n l - e » i | 

e r r o r i n t h e d e t e r m i n a t i o i ' S o f y was s u f f i c i e n t l y g r e a t t o j u s t i f y t h e 

use o f t h i s l a t t e r v a l u e ; so t h a t t h e e x p r e s s i o n f o r t ^ becomes 

Log (t-L X 1 0 ^ ) - 0.57^7 ~ -^^"^^ -^^^ ^ " ^ ' ^ ^ ^ 4 l o g ^- .2252 l o g x . . ( 2 4 

The v a l u e s o f t h e f i r s t t w o t e r m s o f t he r i g h t hand s i c e o f t h i s 

e q u a t i o n was c a l c u l a t e d f o r each r a d i u s o f t h e b a l l end and t h e r e s u l t 

marked o f f on t h e Log(tQ_ x 10"̂ ) a x i s o f t h e d i a g r a m . T h r o u g h t h e s e 

p o i n t s v e r t i c a l l i n e s were d r a w n f r o m w h i c h t h e v a l u e s o f t h e 

r e m a i n i n g t e r m s (.5884 \ogl « .22^2 l o g x ) c o u l d . b e measured t o 

g i v e Log ( t | x 10^) i n e v e r y c a s e . F o r t h i s purpo?'^ - n ' y mark 



was ma-e on a s t r i p o f c e l l u l o i d and l a b e l l e d x = 1 . From t h i s 

mark d i s t a n c e s were n e a s u r e d , u s i n g the s c n l e o f t h e Log ( t ^ >C 10"^) 

a x i s , t o r e p r e s e n t t h e v a l u e s o f .3884 l o g / ; 4n t h e same d i r e c t t l o n 

t h e v a l u e s o f .2232 l o x x were marked o f f and l a b e l l e d . Thus t h e 

d i s t a n c e b e t w e e n two o f t h e l i n e s on t h e s t r i p gave t h e v a l u e o f t h e 

l a s t two term.s o f t h e e q u a t i o n . As t he v a l u e s o f t h e f i r s t tv^o ta?ms 

were a l r e a d y miarked on t h e diagram^ measurements f r o m t h e s e l i n e s 

w i t h ^ t h e c e l l u l o i d s t r i p i n m e d l a t e l y gave t h e v a l u e s o f l o g ( t 3 _ x K ) ^ ) 

I n t he d i a g r a m s t h e r e s u l t s o f t he f i r s t g r o u p o f e x p e r i m e n t s 

a r e shown. I t was n o t p r a c t i c a b l e t o d i s t i n g u i s h t h e d i f f e r e n t 

p o i n t s a c c o r d i n g t o t he v a l u e o f r , b u t i t was n o t i c e d t h a t t h e r e 

was no a p p a r e n t t e n d e n c y t o t h e p r o d u c t i o n o f sep j^ ra te c u r v e s f o r 

t h e va?ous b a r s , o r m.ore c o r r e c t l y t h e r e appea red t o be no o r d e r e d 

a r r a n g e m e n t o f t h e p o i n t s w i t h r e s p e c t t o t h e c i r c u m s t a n c e s o f i n i p a c t , 

e x c e p t t h a t i m p l i c i t i n t he c a l c u l a t i o n o f (t-j_ x 1 0 ^ ) . Owinfe t o t h e 

sor.ewhat a r b i t r a r y n a t u r e o f t h e a s s u m p t i o n s made i n t h e c a l c u l a t i c r ; 

e x a c t agreement be tween theor;^^ and exoerdment was n o t e x p e c t e d . 

THE VALUES OF V 

From t h e method useri f o r c o n s t r u c t i n g t h e c u r v e s ( f i g . 5 8 ) 
. 1 

t ^ = V 

and i f a s h o r t l e n g t h o f t h e c u r v e i s c o n s i d e r e d 

t = C t ^ . n e a r l y , where On, and / a r e c o n s t a n t s . 
2 1 - ' - ' 2 

B u t , e x p e r i m . e n t a l l y t = Av X so t h a t 

Thus t he s loped o f t h e t h e o r e t i c a l c u r v e s d e t e r m i n e t h e v a l u e r o f ^ . 

I t ma-''' ^® n o t e d t h a t a s e r i e s o f d e t e r m i n a t i o n s o f t f o r one p a i r 

o f b a r s r e s p r e s e n t s o n l y a s m a l l l e n g t h o f t h e c u r v e , so t h a t a 



f a i r l y p r o n o u n c e d curv?;l-,u^e o f t h e 15g (t- j^ x 1 0 ' ^ ) , L o g ( t x 1 0 ^ ) 

c u r v e w o u l d be necessar^r t o a f f e c t t h e L o g - t , l o g x d i a g r a m . 

Be low I - 6 3 . 6 cnnv, t h e t h e o r e t i c a l l i n e s a re n o t s e r i o u s l y C u r v e d , 

b u t f o r ^ = 6 3 . 6 e n . t h e c u r v a t u r e i s f a t r l y l a r g e : i t i s s u g g e s t e d 

t h a t t h i s w i l l o q ^ l a i n t h e o b s e r v e d v a r i a t i o n o f - 1 w i t h r f o r 

b a r s o f t h i s l e n g t h . r 
The a c c o m p a n y i n g t a b l e shov;s t h e c o r » i p a r i s o n be tween t h e 

o b s e r v e d and c a l c u l a t e d v a l u e s o f y . Fo r t h i s , t h e s l o p e o f t h e 

t h e o r e t i c a l c u r v e f o r t h e v a l u e o f t ] _ c o r r e s p o n d i n g t o x = 4 cm was 

t a k e n ; b e i n g a t a b o u t t h e c e n t r e o f t h e e x p e r i m e n t a l r a n g e . 

TABLE XXV. 

V a l u e s o f 
C a l c . O b s . C a l c . O b s . C a l c . Obs. 

r = 2" r = 1" 

1 
y 

C a l c . Obs. Gale 

r = 5 /16" r : 

Obs. C a l c . Obs . 

1.W 
4: 

r = 1/8" 

. ) 

.6 8 . 7 5 . 7 . 5 1 

'.6 6 .59 6 . 2 2 

f.6 6 .05 5 .89 

4 . 7 3 5 .06 

I 14 .53 4 . 3 8 

6 . 6 3 7 .33 6 . 1 6 6 . 8 7 5 .79 6 .30 5 .63 5 .88 5 . 1 7 

6 . 2 2 6 . 7 2 5 . 8 1 5 . 9 1 5 . 4 8 6 .24 5 .34 5 .56 5 .10 

5 . 4 5 5 . 9 7 5 .14 5 . 6 4 4 . 8 7 5 . 7 7 4 . 8 2 6 . 1 8 4 . 8 2 

4 . 7 2 5 .10 4 . 6 0 5 .12 4 . 6 0 4 . 9 9 4 . 6 0 4 . 7 2 4 . 6 0 

4 . 5 3 5 . 2 8 4 . 5 3 4 . 9 0 4 . 5 3 4 . 6 5 4 . 5 3 4 . 5 3 

5 .68 

5 .99 

5 .68 

4 . 9 9 

4 . 6 7 

I t w i l l be se^.n t h a t i n a g e n e r a l way t h e c a l c u l a t f i j j j ^ arit l 

o b s e r v e d v a l u e s o f - 1 a re i n a g r e e m e n t , a l t h o u g h t h e c a l c u l a t e d va io ie 
r 

i s , t h r o u f i h o u t , somewhat s m a l l e r t h a n t h e o b s e r v e d v a l u e . T h i s i s 

o f i n t e r e s t i n t h a t t h e use o f - i = 4 . 4 8 i n s t e a d o f - 1 = 4 . 3 9 

m i g h t have been e x p e c t e d t o g i v e t h e o r e t i c a l v a l u e s l a r g e r t h a n t h e 

expe 
r i m e n t a l v a l u e s . F u r t h e r , t h e c a l c u l a t e d v a l u e s o f - 1 show 
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a s u f f i c i e n t l y l i n e a r r e l a t i ons>^ip wit>^ / , ' a l t h o u g h , a g a i n as i n 
t h e e x p e r i m e n t a l c u r v e , t h e p o i n t f o r 6 3 . 0 ^ i s u s u a l l y som.ewhat 

o f f t h e l i n e . The mean v ^ l u e o f t h e i n t e r c e p t o f t h e t h e o r e t i c a l 

c u r v e s on t h e a x i s I - 0 i s a b o u t - 2: 
4 . 3 

UNEQUAL RARS^ 

I t has a l r e a d y been p o i n t e d ou t t h a t f r o m t h e p o i n t o f v i e w 

o f t h e H e r t z t h e o r y t h e l e n g t h o f t h e b a r s i j o n l y i m p o r t a n t i n 

so f o r as i t a f f e c t s t h e mass . A c c o r d i n g l y i n c a l c u l a t i n g t h e v a l u e 

o f l o g (t^^ X 1 0 ^ ) t h e f o r m u l a t ^ ^ x r ' f r ^ ^ ' ^ was s t i l l 

u s e d , b u t f o r t was s u b s t i t u t e d 2 / i / o . The second component 
X l + Z p 

o f t he com-plex system, must have had a l e n g t h e q u a l t o t h a t o f t h e 

two b a r s p l a c e d end t o e n d , i . e . i ^ I , so t h a t t h e e f f e c t i v e 
1 2 

l e n g t h t o be c o n s i d e r e d so f a r as l o n g i t u d i n a l o s c i l l a t i o n s were 

c o n c e r n e d was 
2 

To h-ove com.pleted t h e c a l c u l a t i o n s f o r u n e q u a l b a r s i n t h e 

sam.e mianner as f o r b a r s o f t h e same l e n g t h w o u l d have n e c e s s i t a t e d 
4 

t h e c o n s t r u c t i o n o f a f u r t h e r s e r i e s o f c u r v e s c o n n e c t i n g L o g . ( t x 10 ) 

and l o g ( t ^ X lo"^) f o r a new s e t o f l e n g t h s . The l a b o u r i n v o l v e d 

i n t h e s e c a l c u l a t i o n s was c o n s i d e r a b l e , so t h a t i t was c o n s i d e r e d 

s u f f i c i e n t t o d e t e r m i n e Log ( t x 1 0 ^ ) f o r a number o f l e n g t h s f o r 

each v a l u e o f l o g (t^^ x 10^^) and f r o m t h e s e r e s u l t s t o deduce b y 

i n t e r ^ ^ a t i o n t h e v a l u e o f l o g ( t x 10^ ) f o r L = i \ ^ l 2 

T h i s was done f o r t h r e e v a l u e s o f t h e d i s p l a c e m e n t , x , 

i n a l l cases e x c e p t f o r ^ , = 6 3 . 6 cm, = w h i c h w o u l d 

have n e c e s s i t a t e d e x t r a p o l a t i o n t o a l e n g t h o f 8 1 . 8 cm. I t w i l l 

be n o t i f i e d t h a t no a l l o w a n c e has been made f o r t he l o s s o f e n e r g y 



i n t h e i m p a c t o f t h e s e u n e q u a l b a r s . As l e s s momentum i s t r a n s f e r r e d 

f rom, one b a r t o t h e o t h e r t h a n w o u l d hf:.ve been t h e case w i t h two 

b a r s each o f l e n g t h il I 2 i t w o u l d be e x p e c t e d t h a t t h e 

e x p e r i m . e n t a l d u r a t i o n o f c o n t a c t w o u l d be l e s s t h a n t h e c o r r e s p o n d i n g 

c a l c u l a t f d o v a l u e . 

TA^^LE X X V I . 

4 = 6 3 . 6 cm. 

X = 1 cm. X = 4 cm. X = 8 cm. 

4 
(cm) 

t X lo"^ t X 10^ t X 10^ t X 10 t X lo"^ t X 1' 4 
(cm) C a l c u l a t e d Observed C a l c u l a t e d Observed C a l c u l a t e d Observe" 

80 5 .82 5 .64 4 . 5 5 4 . 5 8 4 . 1 6 4 . 1 7 

6 3 . 6 5 . 6 1 ^ .15 4 . 3 8 4 . 1 6 3 . 9 5 3 . 7 7 

4 9 . 6 5 . 2 7 5 .09 4 . 0 8 3 . 9 4 3 . 6 8 3 . 5 8 

3 5 . 6 4 . 9 0 4 . 4 2 3 . 7 8 3 .64 3 .40 3 . 3 3 

1 7 . 0 3 . 9 5 3 . 6 0 3 . 0 5 2 . 9 5 2 . 7 2 2 . 6 8 

8 .5 3 . 2 6 2 . 9 4 2 . 6 1 2 . 2 2 2 . 2 9 1.95 

1 = 3 5 . 6 cm. 

100 5 .32 4 . 8 1 4 . 2 3 4 . 1 5 3 . 8 6 3 .83 

80 5 . 0 8 4 . 6 6 3 . 9 7 3 . 9 0 3 .60 3 . 5 7 

6 3 . 6 4 . 9 0 4 . 3 8 3 . 7 8 3 . 5 2 3 . 4 0 3 . 2 4 

4 9 . 6 4 . 6 3 4 . 2 0 3 . 5 4 3 . 3 1 3 . 1 4 2 . 9 9 

3 5 . 6 4 . 3 5 3 . 7 6 3 . 2 5 3 . 0 1 2 . 8 6 2 . 6 9 

1 7 . 0 3 . 6 6 3 . 2 1 2 . 7 7 2 . 4 6 2 . 4 2 2 . 1 9 

8 .5 2 . 9 8 2 . 6 6 2 . 2 4 2 . 0 2 1.98 1.78 

2 
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She agreement be tween t h e o b s e r v e d and t h e c a l c u l a t e d r e s u l t s 

i s b e s t f o r t h e h i g h v e l o c j t j e s , b u t i t w i l l be n o t e d t h a t t h e 

d i s c r e p a n c y ^ ^ f o r any one v e l o c i t y i s f n i r l y c o n s t a n t so t h a t t h e 

shape o f t h e e x p e r i m e n t a l t - / c u r v e s i s i ^ p r o d u c e d by t h e 

t h e o r e t i c a l r e s u l t s . F u r t h e r t h i s agreement i s m a i n t a i n e d down t o 

- 8 .5 cm. where the d u r a t i o n o f c o n t a c t i s i n be tween t h e t i m e 

t a k e n by a wave t o t r a v e l up and down t h e l o n g e i r b a r and t h a t t a k e n 

t o t r a v e l up and dov/n t h e s h o r t e r b a r . The c i r c u m s t a n c e s o f i m p a c t 

w i l l be c o m p l i c a t e d b y t he f a c t t h a t a wave w h i c h has s t a r t e d f r o m 

the j u n c t i o n and w h i c h has been r e f l e c t e d a t t h e end o f t h e s h o r t e r 

b a r and r e t u r n e d t o t h e j u n c t i o n w i l l n o t c o r r e s p o n d i n t im.0 w i t h 

a s i m . l l a r wavd i n t h e o t h e r b a r , so t h a t i t i s p r o b a b l p t h a t a s e r i e s 

o f s m a l l l o n g i t u d i n a l d i s t u r b a n c e s w i l l be t r a n s m i t t e d a c r o s s t h e 

j u n c t i o n i n t o t h e l o n g e r b a r . 

Somie l i g h t i s t h rov /n upon t h e p rocesses a t w o r k b y t h e 

r e s u l t s o f t h e e x p e r i m e n t s on t h e c o e f f i c i e n t o f r e s t i t u t i o n . 

THE COEFFICIEITT OF RESTITUTION. 

The k i n e t i c E n e r g y l o s t d u r i n g i m p a c t i s g ive i> b y t h e 

e x p r e s s i o n \ - ^ ( l - 6 ^ ) v ^ where M, m are t h e masses 
M • m 

o f t h e b o d i e s . The g r e a t e s t p o s s i b l e v a l u e o f t h i s e x p r e s s i o n i s 

4 mv^ where m i s t he mass o f the s m a l l e r b a r , and t h i s l o s s i s equd. 

t o t h e k i n e t i c e n e r g y o f t h e s m a l l e r b a r mov ing w i t h a v e l o c i t y v . 

Thus t h e e x p r e s s i o n M ( i - d ^ w / 1 n ( i -g^) 

t he r a t i o o f t h e e n e r g y a c t u a l l y l o s t t o t h a t w h i c h p o s s i b l y c o u l d 1B 

l o s t . I t i s t h i s q u a n t i t y w h i c h i s r e f e r r e d t o when t h e " p r o p o r t i o n 

o f e n e r g y l o s t " d u r i n g jthK an i m p a c t i s m e n t i o n e d . 

The b e h a v i o u r o f t h e b a r s w i t h r e s p e c t t o t h e e f f e c t o f 
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l o n g i t u d i n a l o s c i l l a t i o n s has been r e f e r r e d t o t'^e v i ' ^ r a t i o n s o f 

a h y p o t h e t i c a l b a r o ; l e n g t h ^ - j ^ + ^ 2 • a c t u a l case t h e 

p o i n t t o w h i c h e n e r g y i s a p p l i e d , and f T O m w h i c h e n e r g y i s w i t h d r a w r 

a t t h e end o f t h e c o l l i s i o n , i s d i s t a n t f rom one e n d . By 

a n a l o g y w i t h t h e case o f a s t r i n g whose o s c i l l a t i o n s a t one p o i n t , 

n o t t h e c e n t r e , a r e s u d d e n l y s t opped i t w i l l be seen t h a t i t i s 

u n l i k e l y t h a t a l l t h e e n e r g y o f t h e v i b r a t i o n s w i l l be c o n v e r t e d 

i n t o k i n e t i c e n e r g y when t h e b a r s s e p a r a t e ; w h i l e t he e x p e r i m e n t s 

on e q u a l b a r s show t h n t t h e e n e r g y i n t h a t case i s so c o n v e r t e d . 

I t aopea r s p r o b a b l e t h a t t h e e n r g y i n t h e l e n g t h / , - to where 

<2 i s t h e l e n g t h o f t h e l o n g e r b a r , w i l l n o t be c o n v e r t e d i n t o 

k i n e t i c i energy^* The same r e s u l t w o u l d be o b t a i n e d f r o m a p a i r o f 

p e r f e c t l y f l a t - e n d e d b a r s i m p i n g i n g e x a c t l y i n a cco rdance w i t h t h e 

S t •Vena nt;»i t h e o r y . 

The p r o p o r t i o n o f t h e e n e r g y l o s t w i l l , f o r a g i v e n p ^ t r 

o f b a r s , v a r y * i t h " y , a l t h o u g h i ^ s a b s o l u t e v a l u e 

c a n n o t be c a l c u l a t e d because t h e d i s t r i b u t i o n o f s t r e s s a l o n g t h e 

b a r s i s u n k n o w n . I f t h i s d i s t r i b u t i o n o f s t r e s s does n o t v a r y 

s e r i o u s l y w i t h t h e v e l o c i t y , and t h e r e seems t o be no r e a s o n why 

i t s h o u l d , t h e n t h e f i - a c t i o n o f t he e n e r g y w h i c h i s l o s t d u r i n g 

t h e c o l l i s i o n , i s p r o p o r t i o n a l t o ^ " ^2 • A n o t h e r e f f e c t 

e n t e r s i n t o t h e q u e s t i o n , h o w e v e r , because i n a l o n g imipact a 

c o n s i d e r a b l e p r o p o r t i o n o f t h e e n e r g y i n t h e l o n g i t u d i n a l waves 

w i l l r e t u r n t o t h e l u n c t l o n where some w i l l be r e f l e c t e d ^ some 

t r a n a m i t t e d t o t h e o t h e r b a r ; and some, p r o b a b l y t h e g r e a t e s t 

p a r t , w i l l be r e c o n v e r t e d i n t o l o c a l s t r e s s e s o v e r t h e a r ea o f 

c o n t a c t . 
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' . Y r i t i n g E -^^^—- ^ ^ v f i l l i n d i c a t e t h e 

p r o p o r t i o n o f e n e r g y p r e s e n t as l o n g i t u d i n a l o s c i l l a t i o n s . I f e a c h 

tin-.e a l o n g i t u d i n a l d i s t u r b a n c e r e t u r n s t o t h e j u n c t i o n a c e r t a i n 

p r o p o r t i o n o f t h e e n e r g y i s c o n v e r t e d i n t o l o c a l s t r e s s e s a n d 

s t r a i n s , t h e n <^ s h o u l d be p r o p o r t i o n a l t o £ " ^ ^ where k i s 

a co i^ t an t and £ t he base o f n a t u r a l l o g a r i t h m s . To i n v e s t i g a t e 

t ^ i s , l o g ^ was p l o t t e d a g a i n s t t x 10"^. The r e l a t i o n s h i p a c t u a l l y 

was l i n e a r i n each o f the t h r e e cases where s u f f i c i e n t d a t a were 

a v a i l a b l e , s o t h a t ^ = A*-C where A*̂  i s a c o n s t a n t i n d e p e n d ­

e n t o f t and X , t h e d i s p l a c e m e n t . 

TABLE X X V I I . 

^ = 6 3 . 6 cm. = 17 

X 
( c m . ) 

LogJ^ 

2 . 099 - . 7 6 6 

4 . 1 5 7 - . 5 6 6 

6 . 189 - . 4 8 5 

8 .230 - . 4 0 0 

1 0 . . 255 - . 3 5 5 

= 1 4 . 7 , k = 1 .37 T. 10'^ 

, , . 1 . 3 7 ( t X 1 0 « ) <p = 1 4 . 7 £ 

= 1.7 X 10' 



11^ = 63.6 cm. = 8.5 cm. 

X 
(cm) 

2 .222^ -.538 
4 .299 -.408 
6 .341 -.351 
8 .349 -.341 

10 .382 -.302 

A-̂  = 1.95 k = .742 X 10 

- = 1.3 X 10^ tTTt 

= 3F̂ .6 cm. £2 = 8 . 5 cm. 

X E Log. (/) 
(cm) ^ » A-̂  = 0.66 k = .576 x 10^ 

2 .1C>6 -.764 

4 .127 -.685 

6 .131 T.672 

8 .144 -.631 

10 .153 -.604 

^'=0.66 ^ - 5 V 6 ( t x l 0 4 ) 

= 1.5 x 102 
2 

The factor £, w i l l i n c l u d e the i n f l u e n c e of v e l o c i t y of approach 

upon t h e energy converted i n t o l o n g i t u d i n a l v i b r a t i o n s . 

^ w i l l not be n u m e r i c a l l y equal t o the p r o p o r t i o n of the energy 

c o n v e r t e d i n t o l o n g i t u d i n a l o s c i l l a t i o n s , but the TaLue of should 

i n d i c a t e the i n f l u e n c e of the dimensions of the bars on the energy 

i n t h a t form, as i t i s indepenrient o f v anrl t . I t w i l l be s een 
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t h a t A-̂  ?'pcreases w i t h the l e n g t h , ~f- <^ ,^ of the whole system; 

so t h a t the longer the b a r s , i t i g e n e r a l , the g r e a t e r w i l l be the 

i n f l u e n c e o f l o n g i t u d i n a l o s c i l l a t i o n s . 

The f a c t t h a t k i s d i r e c t l y p r o p o r t i o n a l t o / to seems 
1 

t o show t h p t the i n f l u e n c e o f the v e l o c i t y of approach on the 

p r o d u c t i m of l o n g i t u d i n a l oso.i^. 1 1 a t i o n s i s g r e a t e r Cor the l o n g e r 

b a r s , a circumstance which, i n the case o f equal b a r s , rnay account 

f o r the discrepancy between the observed and the c a l c u l a t e d values 
of - _1 . 

r 
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CONCLUSION. 
I n c o n c l u s i o n I am gl'-^d t o take t h i s o p p o r t u n i t y t o express 

my very s i n c e r e g r a t i t i x d e t o Prof ess or J . . P ."/agstaf f , under whose 

d i r e c t i o n the work was undertaken, f o r h i s continued h e l p and 

encouragement d u r i n g the i n v e s t i g a t i o n . I should a l s o l i k e t o 

tha - 1 ' t h e 5 nstrument-maker, I, r . A .E .Beecrof t , who prepared most 

of the bnrs used f o r the experiments. 
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